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PREFACE. 


The present book forms Part 11. of The Elements of Statics 
and Dynamics^of which Part 1. {Statics) has already been 
published. 

Tt aims St being useful for Schools and the less ad- 
vanced students of Colleges; the examples are, in conse- 
quence, large in number, and generally of a numerical 
and easy character. Except in two articles and a few 
examples at tiie end of the Chapter on Projectiles, it-is 
only presumed that the student has a knowledge of Ele- 
mentary Geometry and Algebra, and of the Elements of 
Trigorfometry. 

It is sugg^ted that, on a first reading of the subjects, 
all articles marked witli an asterisk should be omitted. 

Part L and Part II. are, as far as is possible, independ- 
ent of one araother; hence, any teacher, who wishes his 
pupils to. commence with Dynamics, may take Part II. 
before Part L, by omitting an occasional article whicl^ 
refers to ta tics. 

Any corrections of . mistakes, or hints for improvement 
will be gratefully received. , 

‘ ■ ■ S.’L. LONEY. 

Barnes, S.W. ® 

^ March, 1891. 



PREFACE TO THE THIRD EDITION. 


It having become desirable to re-set the type for a new 
Edition, I have taken the opportunity of tlioroughly over- 
hauling the whole book. Its general scope is unaltered, 
but I have introduced more graphical and experimental 
work; I have, however, confined myself to experiments 
that can be arranged by a teacher with the simplest of 
apparatus in an ordinary clas*s-room. 

*For two new figures on Pages 142 and 180 I am in- 
debted to the kindness of Dr R. T. Glazebrook, who al- 
I owed me to make use of blocks prepared ‘for his l^echa- 
nics. «. 

I hope that the additions that have been rtuide will add 
to tire usefulness of the book. 

S. L. LONEY. 


* Royal I-Iolloway College, 

Englefield Green, Surrey. 
May I5th, 1906. 


PREFACE TO THE FOURTH EDITION. 


This standard work is widely used throughout India and 
since it was last revised in. 1906 considerable changes have 
been made in tiie courses of studies in Mathematics in the 
Indian unf^ersities. The Decimal currency and the Me- 
tric, System of Weights and Measures have been adopted 
and it turns out that the major portion of the courses in 
Mathematics should cover problems and exercises in the 
new units. Accordingly this revised edition is brought ^ut 
introducing most of the problems in M.K.S. system. Some 
examples and exercises have been retained on the British 
units •as it^is imperative that the pupils should have a 
£iowiedge^,#f these as well. 

In addition some materials from the audior’s An Element- 
ary Treatise on the Dynamics of a Particle and Rigid Bodies 
involving eleinentary use of Calculus are included in the 
new edition. A short introductory chapter on Vectors is 
also added. These are incorporated in order to cover thp 
requirements of the students. 


July 2nd, 1969 


THE EDITOR 
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DYNAMICS. 


CHAPTER I. 

- e , ■ 

VELOCITY, ^ 

li Ip* at any instant the position of a moving point 
be P, and at any subsequent instant it be Q,, then PQ,is 
the change in its position in tlie intervening time. «■* '*"" 

A point is said to be in motion when it changes its 
position. The path of a moving point is tlie curve drawn 
■* «»through all the successive positions of the point. 5 

# 'J 

■ 2. • Speed. Def. The speed of a moving point is the rate ^ | 

at ivhich it describes its path. «» | 

A point is said to be moving with uniform speed when ! 

it moves through equal lengths of its path in . equal times, 

, however small these times may be. 

Suppose a train describes 30 miles in each of several consecutive . 
hours^ We are not justified in saying that its speed is uniform unless 
%ve know that it dSscribes half & mile in each minute, 44 feet in each 
second, one-millionth of 30 miles in each one-millionth of an hour, and . I 

so on. ' I 

When uniform, the speed of a point is measured by the ‘ 

distance passed over by it in a unit of time ; when variable, i 

by the distance which would be passed over by the point in 
a unit of time, if it cqgitinued to move during that unit of : 

. time with tlie speed which it has at the instant under i 

consideration. ^ ■ ■ - j 
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By saying &a*.. a train is moving with a speed of 40 miles an hou^' 
we do not mean th^t it has gone 40 miles in the last hour, or that it 
will go 40 miles in the next hour, but that, if its speed remained constant 
for one hour, then it would describe 40 miles in that hour. 


Wiien the speed of a point is not uniform, it may be 
measured at any instant as follows; take the distance s 
that it describes in the next tenth of a second; then the 
' s . space described . 
quantity i.e.. . is an approximation to 

the speed required. For a nearer approximation, let be 
the distance described by it in the one-hundredth of a 


second which follows the moment considered; then 




space described . 

’"-^^HmTtaken — * “ ^ licarer approximation. A still 


nearer approximation is where is tlie distance 

described in the one-thousandth of a second which follows 
the moment under consideration; and so on, the rime being" 
taken smaller and smaller. By this means we obtain a 
definite notion of the varying velocity at any instant. 

In matliematical language this conception amounts to 
the following: Let s be the length of the portion of the path 
deszrihed by a moving point in the small time t following the 

instant under consideration; then the ultimate value of p cu 

the time t is taken smaller and smaller, is the measure of the' 
speed of the moving point at the instant under consideration, ' 


In a similar way the rate of change of any quantity 
(be it money, population of a country, or speed or anything 
else whose change can be measured) is the ratio of the 
change in that quantity to the smdll time in which the 
change occurs. 
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TJie units of length and time usually Employed in 
England are a foot and a second. ■ 

A foot is the third part of a yard. A yard is defined 
to be the distance between the centres of two small gold 
plugs inserted in a solid brass bar which is kept at West- 
minster. , , , 

*A day, i.e., the time taken by the Earth to rotate once 
on its axis, is divided into 24 hours, each hour into 60 
minutes and each minute into 60 seconds. Hence the 
definition of a second. 

In scientific measurements the unit of length generally 
used is the centimetre, which is the one hundredth part of 
a metre. A metre was meant to be defined as one^^ten- 
millionth part of a quadrant of the Earth’s surface, i.e^, of the 
dista^nce from the North Pole to the Equator. In practice 

is the lei^gth of a certain platinum bar kept in Paris. 

,'■5’ 

• "'One mfetre— 39-37 inches approximately, and therefore 
a foot =30 -48 centimetres nearly. 

A decimetre is y^th, and a millimetre nietre. 

4. The unit of speed is the speed of a point which 

• moves uniformly over a unit of length in a unit of time. ^ 
Hence the unit of speed depends on these two units, and if . 
eitlier, or both of them, be altered, the unit of speed will 
also, in general, be altered.- 

5. If a point be moving with speed m, then in each 
unit of time the point moves over u units of length. 

.Hence in t units of time the point passes over « . t units 
oflengtli. « 


*The day referred to is a sidereal day. In practice the system of mean, 
solar day (civil day) is used. 
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■ Hepxe- the distance j passed over by a point which moves 
with speed u for time t is given by jt—m . h 

It is easy to change a velocity expressed in one set of 
units to other units. For instance a velocity of 60 miles 
per hour is equivalent to 

' 1 mile per minute, 

or -jnt per second, 

or £.||- 0 feet per second, 

i.e., 88 feet per second. m 

Ex. 1. Show that the speed of the centre of the earth is about 18*5 
miles per second, assuming that it describes a circle of radius 93000000 
miles in 365 days. 

Ex. 2. Show that the speed of light is about 194000 miles per second 
assuming that it takes 8 minutes to describe the distance from tlie sun 
to th^arth. 

6. Bisplacemeat. The displacement of a moving 
point is its change of position. To know the displacement 
of a moving point, we must know both the length and the 
direction of the line joining the two positions of ^he moving 
point. Hence the displacement of a point involves- both 
magnitude and direction. 

Ex. I.<^A man walks 3 miles due east and then 4 miles due north; 
show that his displacement is 5 miles at an angle tan~^ | nortli of east. 

. Ex, 2. A ship sails 1 mile due south and then ■v/2 miles south-west; 
slicswjhiat its displacement iS's/S miles in a direction tan~^ ^ west of 
**sbutiir 

. Ex, 3. A vessel proceeded as follows, all the angles being reckoned 
from the north towards the east; 5 miles at 225°, 6 north, 2 at 90°, 3 at 
135°, 4 at 300°. The time taken was 2 hours, and the tide was flowing 
' from east to west at the rate of 3 miles per hour. Show graphically 
that the true distance between the initial and final positions of the vessel 
is about 3‘18 miles and that it had moved towards the west a distance 
of 8-88 miles approximately. o 

|; 7. Velocity. Def. The velocity of a moving point is the 
rate of its displacement. a, 

A velocity therefore possesses both magnitude and direc- 
tion. 
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A point is said to be moving witH ujaiform velocityj 
when it is moving in a constant direction, and passes over 
equal lengths in equal times, however small these times 
may be.’ • 

When uniform, the velocity of a moving point is mea- 
sured by its displacement per unit of time; when vari- 
abiC, it is measured, at any instant, by the displacement 
that the moving point would have in a unit of time, if it 
moved dering that unit of time with the velocity which it 
has at the instant under consideration. 

As in Ai't. 2, the velocity of a moving point, when not 
uniform, may be obtained by finding its ^splacements in 
the next tiijj ^ second after the raojpent ^ 

considered, and we thus obtain approximations gradually 
getting nearer and nearer to the measure required. • 

■-» - Mathemtitically, if d he the displacement of the point in 
the small J/ime t following the instant under consideration, then 

the ultimate value of as t is taken smaller and smaller, is the 
velocity at the^instdnt under consideration. 

8. It will be noted that when the moving point is 
moving in a straight line, the velocity is ^the same a^ihe # 
speed. * 

If the motion be not in. a straight line the velocit)' is . 
not the same as the speed. For example, suppose a point 
to be describing a circle uniformly, so that it passes over 
equal lengtlrs of the aref in equal times however small; tiien 

direction of motion (viz., the tangent to the circle) is 
different at different^points of the circumference; hence 
. in this case the velocity of the point (strictly so called) 
is variable, whilst its is constant. 
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9* The piagnitude of the unit of velocity is the velocity 
of a point which undergoes a displacement equal to a unit 
of length in a unit of time. 

When we say that a moving point has velocity v, we 
mean tliat it possesses v units of velocity, i.e., that it would 
undergo a displacement, equal to v units of length, in the 
unit of time. 

If the velocity of a moving point in one direction be 
denoted by v, an equal velocity in an opposite direction is 
necessai'ily denoted by — 0 . 

The expression ft/sec. is by some writers used to denote 
a velocity of one foot per second. Thus “ a velocity of 
3 ft/sec.” means “ a velocity of 3 feet per second.” So “ a 
velocity of 10 cm/sec.” means ‘‘a velocity of 10 centi- 
metres per second.” 

10. Since tlie velocity of a point is known wh^n its 
direction and magnitude are both known, tye can con- 
veniently represent the velocity of a moving ’point by a 
straight line ABi thus, when we say that the velocities of 
two moving points are represented in magnitude and 
direction by the straight lines AB and CD, we mean that 
they move in directions parallel to the lines drawn from 
A to D, and C to D respectively, and with velocities which 
are'p^oportional to the lengths AB and CD. 

11. A body may have simultaneoi:i,sly velocities in 
two, or moi’e, different directions. One of the simplest 
examples of this is when a person walks on tlie deck of a 
moving ship from one point of the deck to another. He 
has one motion with the ship, and aSiother along the deck of 
the ship, and his motion in space is clearly different from 
what it would have been had either the ship remained at 
rest, or had the man stayed at his original position on the 
deck. 
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Again, consider the case of a ship steaming with its bow 
pointing in a constant direction, say due north, whilst a 
current carries it in a different direction, say south-east, 
and suppose a sailor is climbing a vertical mast of’ the 
shipi The actual change of position and the velocity of 
the sailor clearly depend on three quantities, viz., the rate 
and direction of the ship’s sailing, tlie rate and direction of 
the current, and the rate at which he climbs the mast. 
His actual velocity is said to be “ compounded ” of these 
three velocities. 

In the following article we show how to find the velo- 
city which* is equivalent to, or compounded of, two velo- 
cities given in magnitude and direction. 

12. Theorem, Parallelogram of Velocities. ^ 
a momhg poin^ possess simultaneously velocities which are repre- 
in magnitude and direction by the two sides of a parallelo- 
gram drqwnfrom a point, they are equivalent to a velocity which 
is represented in magnitude and direction by the diagonal of the 
parallelogram passing through the point. 

Let the two simultaneous velocities be represented by 
^ the lines AB and AC, and let their magnitudes be u and jj, 

Complete the parallelogram BACD. 

Then we may imagine the motion of the point to be 
along the line AB with the velocity u, whilst the line AB 
moves parallel to the foot of the page so that its end A 
describes the line AC wiffi velocity v. In the imit of time 
• the moving point will have moved through a distance AB 
along the line AB, and, the line AB will have in the same 
lime moved into the position CD, so that at the end of the 
unit of time the moving point will be at D. 
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NoWj since »tlie two coexistent velocities are constant 
in magnitude and direction, the 
Velocity of the point from A to D 
must also be constant in magni- / 

tude and direction ; hence AD is A. 

the patli described by the moving ^ 
point in the unit of time. 


B E 


Hence AD represents in magnitude and direction the 
velocity which is equivalent to the velocities*' represented 
by AB and AG. 


To facilitate his understanding of the previous artic|e the student 
may look on AC as the direction of motion of a steamer, whilst AB is 
a chalked line, drawn along the deck of the ship, along which a man is 
waking at a uniform rate. 


13. Def. The velocity which is equivalent to two or more 
velocities is called their resultant, and these velocities aTe called 
the components of this resultant. * 

The resultant of two velocities u and v in directions 
which are inclined to one another at a given angle a may 
be easily obtained. « 

In the figure of Art. 12, let AB and AC represent the 
^locities u and v, so that the angle BAG is a. , 

Then we have, by Trigonometry, 

AD^=AB^-\-BD^~2AB • BD cos ABD, 

Hence, if we represent the resultant velocity AD by 
we have 

w^~u^-\-v^-\-2uv cos a, since /_ABD=7T—a, 

Also, if we denote the angle BAD by (9, we have 
AB sin ADB sin DAG 


hr ~;0V 

. mwciTr 

sin (a~~0) __ sin a cos 6— cos « sin* 0 Q' 
' V sin 0 sin 0 ■ - ^ j\ 

=sin a cot 0— cos a. ^ f^. c^ f 


Hence the resultant of hm velocities u and v inclined to one 
mother at an angle a, is a velocity ‘\/v^-\-v^-\-2uv cos a in- 
clined at an angle tan~^ - to the direction of the velo- 

. * u-\~v cos a 


The direction of the resultant velocity may also fee 
obtained as follows; draw DE perpendicular to to 
meet i1* produced if necessary, in E; we then have 

-- ? ED BD sin EBD 

# tan DAB- aB+BD cos EBD 


14. A velocity can be resolved into two component 
^velocities in an infinite number of ways. For an infinite 
number of parallelograms can be described having a given 
line AD as diagonal ; and, if ABDC be any one of these, 
the velocity AD is e'quivalent to the two component veloci- 
ties riB and riC. 

The most important case is when a velocity is to be 
resolved into two velociti^ in two directions at right angles^ 
* one pf these directions being given. When we speak of 
the component of a velocity in a given direction it is under- 
stood that the otlier direction in which the given velocity 
is to be resolved is perpendicular to this given direction. 
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ThiiSj Suppose we wish to resolve a velocity repr©» 
sented by AD^ into two components 
at right angles to one another, one 
of tliese components being along a 
line AB making an angle B with 
AD, 

Draw DB perpendicular to AB, 
and complete the rectangle ABDC. 

Then the velocity AD is equivalent to tffe two com- 
ponent velocities AB and AG. 

Also AB=AD cos 0~u cos B, 
and AC—BD—AD sin B=u sin B. 

We thus have tlie following important 

Theorem. A velocity u is equivalent to a velocity u cos B 
along a line making an angle B with its own direction ^together 
with a velocity u sin 6 perpendicular to the direAion of the jksi 
component, ^ 

The case in which the angle 6 is greater thaii a right 
angle may be considered as in Statics, Art. 30. 

Ex. 1. A man is walking in a north-easterly direction with a velocity 
of 4 miles per hour; find the components of his velocity in direction 
due nordi and due east respectively. 

’*^Ans. Each is 2 ^72 miles per hour. 

Ex. 2. A point is moving in a straight line with a velocity of 10 feet 
per second; find the component of its velocity in a direction inclined at 
an angle of 30° to its direction of motion. 

Ans, 5 VS feet per second. 

Ex. 3. A body is sliding down an inclined plane whose inclination 
to the horizontal is 60°; find the compj^ents of its velocity in the hori- 
zontal and vertical directions. 

Ans. I and « where u is the velocity of the body. 

15, Components of a velocity in two given directions. 

If %vc wish to find the components of a velocity « in twa given direc- 
tions making angles a and /3 with it, we proceed as. follows. 
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Let AD represent u in magnitude and direction, Dr'aw AB and 
AC making angles a and j9 with it, and through D flraw ’parallels to 
complete die parallelogi’am ABDC as in Art. 12, Since the sides of a 
triangle arc proportional to the sines of the opposite angles, wc have 

' . AB BD AD ■ • 

sin ADB sin BAD sin ABD’ 

• 

■’sin sin a sin (a+^)’ 


. AB=AD ■ ;■ and BD^AD-, — y — -3- . 

sm (a+^)" sin (o+i8) 


Hence the ccJtnponent velocities in these two directiona arc 


“sin 


16» Triaiagle of Velocities. If a moving point possesses 
simultamously velocities represented by the two sides AB and J^C 
of a triangle taken in order, they are equivalent to a velocity repre- 
sented by AC. 

For, compic|ting the parallelogram ABCD, the lines AB 
and BC represent the same velocities as AB and AD and 
hence have a's their resultant the velocity represented by AC. 

CUss?« 1. If there be simultaneously impressed on a point three 
velocities represented by the sides of a triangle taken in order, the 
jKsint will be at rest. 

Cor. 2. If a moving point possesses velocities represented by li-OA 
*and irOB, they are equivalent to a velocity where G isj*- 

point on AB such that 

X’AG^n^GB. 

For, by the triangle of velocities, the velocity X'OA is equivalent 
to velocities A-OG and A-GA; also the velocity fi-OB is equiv^ent to 
ft'OG and /rGBi but the velocities A'GA and fi-GB destroy one another; 
hence the resultant velocity is (A + /t)*0(?. 


17, Pasrallelopiped of Velocities. By a proof similar to that 
“for the parallelogram of velocities, it may be shown that the resultant 
of three velocities represented by the three edges of a parallelopiped 
meeting in a point, is a velocity represented by the dmgonal of the 
pgxallelopiped passing through that angular point. Conversely, a 
velocity may- be resolved into three others. 
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id. Poiyg4sn of Velocities. If a moving point 
possess simiiltarieouvsiy velocities represented by the sides 
■AB, BG, CD,....KL of a 
polygon (whether the sides 
of llic polygon are, or are 
not, in one, plane), the 
resultant velocity is repre- 
sented by AL. 

For, by Art. 16, the 
velocities AB and BC are 
equivalent to that repre- 
sented by x4C; and again 
the velocities AC and CD to AB, and .so on; so that the 
figal velocity is represented by AL. 

Cor. If the point L coincides with A (so that the 
polygon is a closed figure) the resultant velocity vanishes, 
and the point is at rest. 8 

19. When a point possesses simultaneously velocities 
in several different directions in the same plane, their re- 
sultant may be found by resolving tire velocities along two 
fixed directions at right angles, and then compounding tlie 
resultant velocities in these directions. 




Suppose^a point possesses velocities u, v, w , ... in direc- 
tions inclined at angles a, jS, y, ... to a fixed line OX, and 
let perpendicular to OX. The components of u along 
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OX and. O t* are respectively w cos aand « siji a;, the com» 
ponents of v are v cos /8 and v sin j8; and so for tlie others. 
Hence the velocities are equivalent to 

u cos a-j-^ cos /3-1-zo cos y- . . .parallel to OX, 
and ’ u sin a-{-v sin ^-\~w sin y . . . .parallel to OT. 

If tlieir resultant be a velocity V at an angle 0 to OX, 
we must-have , ' • 

Vcos B—u cos a-T’o cos ^-\-w cos y+ . . . i, 
and V sill 6~u sin a+y sin ^-\-w sin yd* ..... 


Hence, by squaring and adding, 

V^={u cos a-f y cos jSd- . ..)^+(m sin a+v sin jSd- . 

u sin a-j-v sin jS-f- . .. 
u cos a+w cos ... * 


and, by division, tan 6= 


These two equations give V and B. 


^ I EXAMPLES. I. 

1. A vessel iteams with its bow pointed due north with a velocity of 15 km 
an hour, and is carried by a current which flows in a south-easterly direction 
at the rate of 3-\/2 km per hour. At the end of an hour find its distance and 
bearing from the point from which it started. 

The ship has two velocities, one being 15 km per hour northwards, 
and the other 3 VS krn per hour south-east. 

Now the latter velocity is ecjuivalent to 

3 V2 cos 45”, that is, 3 km per hour eastward, 
and 3 V2 sin 45“, that is, 3 km per hour southward. 

Hence the total vcldcity of the ship is 12 1cm per hour northwards 
and 3 km per hour eastward. 

Hence its resultant velocity is '1^12*4-3®, i.e., VlSS kra per hour 
n a direction inclined at an angle tan to the north, i.e., 12’37 km 
per hour at 14°2'' east of nortli.K 

•• 2. A point possesses simidtanemisly velocities whose measures are 4, 3, 2 and 

1 ; thd angle between the first and second is 30°, between the second and third 
90°, and between the third and fmrth 120°; find their restdtant. 

. Take OX along the direction of the first velocity and OT perpendi- 
cular to it. ■ 


i 

i 
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■’Ilie angles %vliich the velocities make with OX are respectively 0®, 
30®, 120®, and 240®. 

Hence, if F be the resultant velocity inclined at an angle Q to OX, 
wc have 

V cos 0=a4+3 cos 30®+2 cos 120®-l-l.cos 240®;' 
and Fsin0=» 3 sin 30®+2 sin 120°4-l.sin 240®. 

Wc therefore have 

, rr ‘ a <jl |0 i V3 3 + V3 

and Fsm ^=3-^ 4-2- — 1- — UX — . 

Hence, by squaring and adding, 

F»=16+9V3=31-5885, so that F=.5-62, 
and, by division, 

tan 0= 2V3-3=-4-641=tan 24°54'. 

oH-oVo 

Mence the resultant is a velocity equal to 5*62 incliired at an angle 
24°54' to the direction of the first velocity. 

Graphically, this result may also be obtained by drawing; mark 
off OA on OX equal to 4 cm and draw AB, making AB equal% 3 cm 
and XAB equal to SO®. 



Draw BC perpendicular to AB and equal to 2 cm and then CD 
at an angle of 120° with BC produced aijid equal to 1 cm. 

Join OD, 

On measurement, OD—5-62 cm, and the A,AOD^25° nearly., 

3. The velocity of a ship is 8 tt miles^er hour, and a ball is bowled 
across tiie ship perpendicular to the direction of the ship with a velocity 
of 3 yards per second; describe the path of the ball in space an®, sho-w 
that it passes over 45 feet in 3 seconds. 
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4. A boat is rowed with, a velocity of 6 kra per hcmr sti'aight across 
a river which flows at the rate of 2 km per hour. If its breadth be 
300 metresj find how far down the river the boat will reach the opposite 
bank below the point at which it was originally directed. 

5. A man wishes to cross a river to an exactly opposite point on 
the other bank; if he can pull his boat with twice the velocity of the 
current, find at what inclination to the current he must keep the boat 
pointed. 

6. A boat is rowed on a river so that its speed in still water would 
be 6 km per hour. If the river flows at the rate of 4 km per hour, draw 
a figure to show the direction in which the head of the boat must point 
so that tlie motfcn of the boat may be at right angles to the current, 

7. A stream runs with a velocity of 1 J km per hour; find in what 
direction, a swimmer, whose velocity is 2| km per hour, should start 
in order to erpss the stream perpendicularly. 

What direction should be taken in order to cross in the shortest time? 

8. A ship is steaming in a direction due north across a current run- 
ning due west. At the end of one hour it is found that the ship nas 
made 8\/3 km in a direction 30° w'est of north. Find the velocity 
of the current, and the rate at which the ship is steaming. 

9. T*wo steai^ers X and 2" are respectively at two points A and B, 
"'Wfeich are 5 km* apart. X steams away with a uniform velocity of 

10 km per hour in a direction making an angle of 60° with AB. Find 
in what direction T must start at the same moment, if it steams with a 
uniform velocity of 10V3 km per hour, in order that it may just come 
into collision with X; find also at what angle it will strike X and the 
time that elapses before they meet. 

10. A tram-car is moving along a road at the rate of 10’8 km per 
hour; in what direction must a body be projected from it with a velocity 

«of 500 cm per second, so that its resultant motion may be at right 
angles to the tram-car ? 

11. A ship is sailing north at the rate of 4 metres per second; the 
current is taking it east* at the rate of 3 metres per second, and a sailor 
is climbing a vertical pole at the rate of 2 metres per second; find the 
velocity and direction of the sailor in space. 

12. Find the components of a velocity « resolved along two lines 
inclined at angles of 30° and 45° respectively to its direction. 

, 13. A point which possesses velocities represented by 7, 8, and 13 

is at rest; find tiie angle between the directions of the two smaller 
velocities, ^ 

. 14. A point possesses velocities represented by 3, 19, and 9 inclined 
at angles of -120° to one another; find by drawing and by calculation 
their resultant. 
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15. A peint possesses simultaneously velocities represented by u, 
2«, Si/SW) and 4 k; the angles between the first and second, the second 
and third, and the third and fourth, are respectively 60°, 90“, and 150°; 
show, by drawing and by calculation, that the resultant is u in a direction 
inclined at an angle of 120° to that of the first velocity. 

16. A point has equal velocities in two given directions; if otie 
ol‘ tiiese velocities be halved, the angle which the resultant makes with 
the other is halved also. Show that die angle between the velocities 
is 120°. 

17. A point possesses _ velocities represented in magnitude and 
direction by the lines joining any point on a circle to the ends of a 
diameter; show that dieir resultant is represented hf the diameter 
through the point. 

18. A point possesses simultaneously four velocities: the first’* is 
24 metres per sec.; the second is 36 metres per sec. at 40° to the first; the 
third is 45 metres per sec. at 50° to the second; and the fourth is 60 metres 
per sec. at 35° with the third; show, by a drawing, that the resultant 
veBcity is about 1 18*5 metres per sec. at about 82° with the direction of 
the first component velocity. 

20, Average Speed and Velocity, The apverage 
Speed of a point in a given period of time i% the same 
the speed of a moving point which moves with uniform 
speed, and describes the same path as the given point in 
the given time. Thus the average speed of a moving point 
in a given period of time is the whole distance described 
by the point in the given time divided by the whole time. 

average speed of an athelete who runs 100 yards in , 
lOf seconds is lOOd-lOf or 9-j^ yards per second. 

Again suppose a train describes one mile in the first 
5 minutes after leaving a station, then runs 15 min. at 
the rate of 20 miles per hour, and finally takes 6 min, 
over the last mile before coming to rest. 

The total space described=l+%° + l =7 miles. , 

The time taken =54-15+6= 26 minutes. 

Its average speed =y’^ miles per minute=^^x60 mile§ 
per hour =16- 15 miles per hour nearly. 
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The average velocity of a given point in any direction 
(strictly so called) is the whole displacement in the given 
direction in the given time divided by the given time. 

21.. Relative Motion, Rest and motion are relative 
terms ; we do not know what absolute motion is ; all motion 
that we become acquainted with is relative. 

For example, when we say that ■ a train is travelling 
northward at the rate of 40 miles an hour, we mean that 
that is its velocity relative to the earth, i.e., it is the velocity 
tiiat a person standing at rest on the earth would observe 
in the train. Beside this motion along the surface it 
partakes witli the rest of the earth in the diurnal motion 
about tlie axis of the earth; it also moves with the earth 
round the sun; and in addition has, in common with!*the 
whole solar system, any velocity that tha.t system may have. 

22,* Consider tiie case of two trains moving on parallel 
-““mils in the lame direction with equal velocities and let 
A and B bs; two points, one on each train ; a person at one 
of theiri, A say, would, if he kept his attention fixed on B 
and if he were unconscious of his own motion, consider B to 

B .M 


be at rest. The line AB would remain constant in magni- 
tude and direction, and the velocity of B relative . to A 
would be zero. 

Next, let the first train be moving at the rate of 20 
miles per hour, and let the second train B be moving in the 
-» same direction at the rate of 25 miles per hour. In this 

, B 
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case th,e Ikie joining A to B would (if we neglect the dist- 
ance between the rails) be increasing at the rate of 5 
miles pet' hour, and this Would be the velocity of B relative 
t'o A. 

Thirdly, let tlie second train be moving with a velocity 
of 25 miles per hour in the opposite direction to that of the 
first; the line joining A to B would now be increasing at the 
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rate of 45 miles per hour in a direction opposite to tliat of 
motion, and the relative velocity of B with respect to A 
would be —45 miles per horn'. 

In each of these cases it will be noticed that the rela- 
tive velocity of the second train with respect to the first 



is obtained by compounding with its own velocity a velo- 
city equal and opposite to that of the first! 

Lastly, let the first train be moving along the line OC 
with velocity u, whilst the second train is moving with 
velocity v along a line O^D incliaed at an angle 0 to OC. 

Resolve the velocity v into two components, viz., y cos B * 
parallel to OC and v sin 6 in the perpendicular direction. 

As before, the velocity of B relative to A, parallel to, 
OC, is V cos 9—u; also, since the point d has no velocity 
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perpendicular to OC, the velocity of B relative W ^ in that 

^rvelocity of B relative to ^ consist of two 
lienee me vci y parallel to OC, and v sm 8 

peroScuki^tobc. These two components are eqmvaient 

rroriginal velocity . of the train ^ combined wrth a 
velocity equal and opposite to that ol A, ^ 

Hence we have the following important result: 

Relative*Vel®city. mien the distance between f ^ 
is during either in direction or in magnitude or in both, the 
either point is said to have a velocity relative to the other; also the 
of one point B w^ respect ^ a secondjomt 
A is obtained by compounding with the velocity of ^ 

which is equal and opposite to that of A ^ consider 

23 It may be advisable for the student to consider 

relative m“uon in a slightly different manner. Supple 
Jlje velociticstof the two points A and B “ ^ 
by the lines.^B and Ba. so ^hat “ “ne second the po^ihons 
of the points change from A and E to P and Q, 
the Darallelogram APRB and join BQ,. 

By Xt lithe velocity Ba is equivalent to two veto^ 
eitii represented by BR and Ba; BB is equal and 

•*’“HenL“he^ielocity of B Is equivalent “ 
one, BB, equal and parallel to that of A, and die othe y 

^ The velocity of B relative to ^ is therefore represented 

by Ed- 
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But RQjis the resultant of velocities RE and i.e., of 
the velocity of B and a velocity equal and opposite to that 
of Hence the relative velocity of B with respect to A is 
obtained by compounding with the actual velocity of B a velocity 
equal and opposite to that of A. • 

24, From the previous article it follows that, if two 
points A and B l)e moving in the same direction witli 
velocities m and y respectively, the relative velocity of B 
with respect to A in that direction h v—u, an^ that of A 
with respect to 5 is M—y. 

If they be moving in different directions the relative 
velocity is found by compounding velocities by means of 
the parallelogram of velocities. 

Ik. A train is travelling along a horizontal rail at the rate of 30 miles 
per hour, and rain is driven by the wind, which is in the same direction as the 
motion of the train, so that it falls with a velocity of 22 feet per second and at 
an angle ofZQ° with the vertical. Find the apparent direction of the rain to^ person 
travelling with the train. » 

The velocity of tlie train is 44 feet per second. 

Let AB represent the actual velocity of tlie rain so tha% itAE be a 
vertical line, the angle EAB is 30°. 

Draw AG horizontal and opposite to the direction of the train and 
let it represent in magnitude the velocity, 44 feet per second, of the 
train. 



0 "”iE B 


Complete the parallelogram ABDC. ^ 

Join AD, and let the angle EAD he 0. 

AD is the apparent direction of the rain. 

From the triangle BAD, we have « 

BD sin DAS _ sin (g+30°) 
AB ~ sin BDA ~ cos 0 
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• 1! = 

••22 


• sin Q CQS 30°-j-cos 9 sin 3Q° 
cos B 


= tan 0 CO? 30®^ sin . 30°, 


/. 2-tan + 

tan fi—y'3 — tan 60°. 


Hence 0_ is 60°. It follows, since BAD is a right angle, that the 
appareiit direction of the rain is at right angles to its real direction. 

EXAMPLES, n. 

1. A railway train, moving at the rate of 36 kin per hour, is struck 
by a stone, moving horizontally and at right angles to the train with a 
velocity of 500 cm per second. Find tlie magnitude and direction of 
the velocity with which the stone appears to meet tiie train. 

One ship is sailing due east at the rate of 12 km per hour, and 
anbther ship is sailing due north at the rate of 16 km per hour; find 
th^^clative velocity of tiie second ship with respect to the first. ^ 

{^3.y One ship is sailing south with a velocity of 15^2 km per hour 
ahff another south-east at the rate of 15 km per hour. Find the 
appare:;j,t velocity and direction of motion of the second vessel to an 
obseiwer on the, first vessel. 

4, A ship is sailing north-east with a velocity of 10 km per hour, 
and to a passenger on board tire wind appears to blow from the north 
with a velocity of lQ\/2 km per hour. Find the true velocity and 
direction of the wind. 

(5. /A ship steams due west at the rate of 15 kra per hour relative 
tovth'e current which is flowing at the rate of 6 km per hour due soutli. 
What is the velocity relative to the ship of a train going due north at the 
^ rate of 30 km per hour? .«* 

6, In a tunnel, drops of water which are falling from the roof are 
noticed to pass the carriage window of a train in a direction making 
an angle tan“^|- with tile horizon, and they are known to have a velocity 
of 730 cm per second. Neglecting the resistance of the air, find the 
velocity of the train. 

1^7. / To a man walking at the rate of 2 km an hour the rain appears 
tOvfall vertically; when he ii^j^reases his speed to 4 km per hour it 
appears to meet him at an angle of 45°; find the real direction and speed 
• of the rain. 

8. A steamer is going duf west at 14 km per hour, and the wind 
appears from the drift of the clouds to be blow'ing at 7 km per hour 
frozn the north-west. Find its actual velocity and make a geometrical 
construction for its direction. 
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9. A railway train is moving at the rate of 45 km per hour, when 
a pistol shot striSes it in a direction making an angle sin“^| with the 
train. The shot enters one compartment at the corner furthest from 
the engine and passes out at the diagonally opposite corner; the coin- 
partment being 2-44 metres wide and 1’83 metres long, show that 
the shot is moving at the rate of 128 km per hour, and traverses the 
carriage in OT 14 second. • 

S Two trains, each 61 metres long, are moving towards each 
on parallel lines with velocities of 32 and 48 km per hour res- 
pectively. Find the time that elapses from the instant when they first 
meet until they have cleared each other, 

ii. The wind blowing exactly along a line of railway, two trains, 
moving with the same speed in opposite directions, kave the steam 
track of the one double that of the other; show that the speed of each 
train is three times that of the wind. 

12. One ship, sailing east with a speed of \5 km per hour, passes d certain 
point at noon; and a second ship, sailing north at the same speed, passes the 
same point at T30 p.m.; at what time are they closest together, and what is the 
distance then? 

£et O be the fixed point, A tlie position of the second ship at 12*0 
noon, so that OA=22^ km. 

^15 B 

=^ 15^2 

''K 


The relative velocity of the first ship with respect to the .second is ^ 
oBftained by compounding with its velocity of 15 a velocity equal and 
opposite to that of the second ship, i.e,, a velocity of 15 southwards. 
Hence this relative velocity is 15V2 in the direction OK, i.e., south- 
east. 

Draw AL perpendicular to OK. Then AL is clearly the shortest 
distance required. It 

1 45 

= 0.4 sin u40I-=22|x —TH = -7-V2==15-9 km nearly. 

VZ V 

Also the time after 12*0 noon. 

=thc time in which OL is described with the relative velocity i5 v^2 




OL 

15V2 


= f hour. 
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Otherwise* thas! Let P and Q, be the actual positions* of die ships 
at the end of time and let PQ~x. 

Then OP=OT-15t-l5[|-t], . 

and 0Q,=:15t, • 

Hence a''*-=152[(|-<)H/"3 = 15”“X2[P-|/+|] 

=2xl5Lx[(t-|)<^+Ty. 

Now a square can never be negative, so that its least value is zero. 

Hence the least value of x is when t — f , and then 
r= V2 X 1 5 X Vt? ~ 15-9 nearly. 

13. A shipi^tcaming north at the rate of 12 km per hour observes a 
ship, due east of itself and distant 10 km, which is steaming due west 
at the rate of 16 km per hour; after what time are they at the least 
distance from one another and what is this least distance ? 

14. Two points are started simultaneously from points A and B 
which are 5 feet apart, one from A towards B with a velocity which 
would cause it to reach B in 3 seconds, and the other at right aisles 
to the direction of the former with | of its velocity. Find their remive 
velocity in magnitude and direction, the shortest distance between 
them, and the time when they are nearest. 

15. A ship i; sailing due east, and it is known that the wind is 
iStowing from the north-west, and the apparent direction of the wind 

(as shown by^a vane on the mast of the ship) is fromN.N.E.; show 
that the speed of the ship is equal to that of the wind. 

16. A person travelling eastward at the rate of 4 km per hour, 
finds that the win^fi seems to blow directly from tlie north; on doubling 
his speed it appears to come from the north-cast; find the direction of 
the wind and its velocity, 

^ 17. A person travelling toward the north-east, finds that the win^ 

appears to blow from the north, but when he doubles his speed it 
seems to come from a direction inclined at an angle cot“^ 2 on the east 
of north. Find the true direction of the wind. 

18- Two points move with velocities v and 2v respectively in oppo- 
site directions in the circumference of a circle. In what positions is 
their relative velocity greatest and least and what vd.ues has it then? 

25. Angular Velocily. Def. If a point P be in 
motion in a plane, and if 0 be a fixed point in the plane and 
OA a fixed straight line drawn through 0, then the rate at which 
the angle AOP increases is called the angular velocity of the 
moving point P about 0. 


E. D.2 
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When miifoa-m, tlae angular velocity is meas’ured by the 
number of radians in the angle which is turned through by 
OP in a unit of time. 

When variable, it is measured at any instant by what 
would be the angle turned through by the line OP in a 
unit of time, if during that unit it continued to turn at the 
same rate as at the instant under consideration. 

Exs. If the line OP turn through 4 right angles (i.e., 2Tr radians) 
in one second, the angular velocity is 27r. e 

If it turns through three-quarters of a right angle in one second, the 
angular velocity is I • ^ or 

If OP makes 7 revolutions in one second, the angular velocity is 
7 X 2^ or Htt. 

^6. The angular velocity can always be expressed in 
terms of the linear velocity when the path is known. 

The only case that we shall consider is jyhen tTte an- 
gular velocity is uniform, and the moving point P is 
scribing a circle about the fixed point 0 as c^ntrg. 



If a moving pomt describes a circle^ its angular velocity about 
the centre of the circle is equal to its vpeed divided by the radius of 
the circle. 

Let P be the position of the moving point at any time, 
and in the unit of time let the point describe the arc PQ^. 
In this time tlie line OP turns through the angle POQ, 
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Heace the angular velocity is equal to 'the number of 
radians in the angle POQ,. 

. arc rQ. 

But the number of radians in FOCi— Qp • 

Also, since the arc Pa,h described in one second, it is 

equal to the speed y. _ j r 

Hence, if be the angular velocity and r die radius ol 

the circle, we have 

j, 

r 

i.e., v=ro>. 

Exs (1) If the moving point describes a circle of 3 feet radius witli 
uni a;gid!u- velocity, the speed is given by zi=3.1=3 feet per second. 

(2) If the moving point describes a circle of 5 feet radim wi& speed 
8 ilt pisecondlitrangiliar velocity o> is given by radian per 

The earth makes a complete revolution about its own axis in 
24 hoi&I TKangul^ velocity of any point on its surface therefore 

— ?!! radians per second. 

24x60x60 

Since the* earth’s radius is 4000 miles, the velocity of any point on the 
equator 

• - X 4000 miles per second 

24x60x60 

= 1047 miles per hour approximately. 

" examples, id. 

1 A wheel turns ^bout its centr^ mating 200 revolutions per 
minute ; it is the aSular velocity of any point on the wheel about 

the centre? , . . i . 

9 A wheel turns about its centre, paking 4 revolutions per second; 
iTh • velocity of any point on the wheel about the centre 

r^iusS^ar vSS iHtieiins of the wheel be 50 enV 
3 If the minute hand of a clock be 6 cm long, find the velocity 

* of tiio end in centimetre per second. 

What is its angular velocity^ 

, „ .r-ir.v'Uirs of the cxtrcmities of the hour, minute, 

^1- seSSTanS of" Iheir lengths being -48, -8. and -24 ctn 
respectijpely. , * 


26 


DTKAMICS 


Exs. 


5. A treadniili, with axis horizontal and of diameter fO feet, makes 
one revolution in 40 seconds. At what rate per hour does a man upon 
it walk over its surface, supposing he always keeps at the same height 
above th<? ground ? 

6. From a train moving with velocity V a carriage on a road parallel 
to the line, at a distance d from it, is observed to move so as to appear 
always in a line with a more distant fixed object whose least distance 
from the railway is D. Find the velocity of the carriage. 

7. A point moves in a circle with uniform speed; show that its 

angular velocity about any point on the circumference of the circle is 
constant. ... 


■I 


8. A string has one end attached to the corner of a square board, 
fixed on a smooth horizontal table, and is wound round the square 
carrying a particle at its other end; the particle is projected with velo- 
city « at right angles to the side of the square whose side is a; if the 
length of the string be 4a, find the time that the string takes to unwrap 
itself from the squai'e, assuming that the speed of the particle remains . J 
the skme throughout the motion. ' -f 

**9. A wlwel rolls uniformly on the ground, without sliding, its centre 
describing a straight line; to find the velocities of different points of its rim.^ I 

Let 0 be the centre and r the radius of the wheel, ^nd let v be th^ ' 

velocity with which the centre advances. Let A be the point of the • - 

wheel in contact with the ground at any instant. • ■ i 

Now the wheel turns uniformly round its centi'c whilst tlie centre " * | 
moves forward in a straight line; also, since each point of the wheel l 

in succession touches the ground, it follows that any point of the wheel 
describes the perimeter of the wheel relative to the centre, whilst the 
centre moves through a distance equal to the perimeter; hence the 
velocity of any point of the wheel relative to the centre is equal in 
ixiagnitude to the velocity v of the centre. ® 
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Hence an.y point P of the wheel possesses two velocities each eqisal 
to one along tlie tangent, PT, at P to the circle, and the other in the 
direction, PM, in which the centre O is moving. 

Hence the velocity of d==B— 1'=0, and so .d is at rest for the instant. 

So the velocity ofB—v+v—Zv. 

Consider the motion of any other point P. It has two velocities, 
each equal to v, along PM and PT respectively. 

Now, since PM and PT are respectively perpendicular to OB and 
OP, the ^MPT= /POP=0 (say). 

The resultant of these two velocities c is a velocity 2i’ cos - along 


PL, . where Z.LPT=iZ.MPr^~=r ^OPJ. 


Hence £APL= /_OPT=a right angle. 

Hence the direction of motion of the point 
AP, and its angular velocity about A 

• n 0 O 0 

2v cos 2v cos 2 


AP 


2r cos I 


P is perpendicular to 


= the angular velocity of the wheel about 0. 

Hence c^ch point of the wheel is turning about the point of contiact 
of the wheel with the ground, with a constant angular velocity whose 
measure is the velocity of the centre of the wheel divided by the radius 
of the wheel. 


10. An engine is travelling at the rate of 60 km per hour and its 
wheel is 1|- m in diameter; find the velocity and direction of motion 
of each of the two points of the wheel which are at a height of 1 5 m 
above the ground. 

11. If a railway carriage be moving at the rate of 36 km per hour 
and the diameter of its wheel be 90 cm, what is the angular velocity 
of the wheel when there is no sliding? Find also tire i-elative velocity 
of the highest point of the wheel with respect to the centre. 

12. If a railway carriage be moving at the rate of 36 km per hour 
and the radius of the wheel be 60 cm, what is the angular velocity of 
the wheel when there is no ^ding? Also what is the relative velocity 
of the highest point of the wheel with respect to the centre ? 

^3. The wheel of a carnage is of radius 60 cm and the carriage is 
moving at the rate of 16 km per hour; if there be no slipping, find the 
velocity of the highest point, and also the velocities of points which are 
at heights of 30 and 90 cm respectively above the ground, y 
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ACCELERATION. 

27, Ctaiige of Velocity. Suppose a point at any 
instant to be moving witli a 

velocity represented by OA, q b 

and that at some subsequent / 

time its velocity is represented / / 

by OB. / / 

J(jin AB^ and complete the j 

parallelogram OABC. o A 


Then the velocities repre- 
sented by OA and OG are equivalent to the velocity OB.’-^ 
Hence the velocity OC is the velocity which must be com- 
pounded with OA to produce the velocity OB. The velocity 
OC is therefore the change of velocity in the given time. 

Thus the change of velocity is not, in general, the 
difference in magnitude between the magnitudes of the 
tv\^ velocities, but is that velocity which compounded with 
the original velocity gives the final velocity. 

The change of velocity is not constant'^^unless the change 
is constant both in magnitude and direction. 

EXAMPLES-^IV. 

1. A point is moving with a velocity of 10 metres per second, and at a subse- 
quent instant it is moving at the same rate in a direction inclined at 30“ to the 
former direction; find the change of velocity. « 

On drawing the figure, as in the last article, %ve have OA~OB~\Q, 
and the angle .‘105—30°. 




ACCELERATION 29 

Since 0/1* OB, we have ZOilB-75°, and therefore / ^00-105“. 

-\^/ 3— 1 


Also 45*20/1 sin 1 


2V2 


Hence the change in the velocity, i.e., 00, is 5- 176 metres per second 
in a dkection incliLd at 105“ to the original direction of motion. 

? A shin is observed to be moving eastward with a velocity of 
3 L per hmw and at a subsequent instant it is found to be moving 
nortoJd at the rate of 4 km per hour; find the change of velocity. 

3 A point is moving with a velocity of 5 metres per second, and at 
a stbsequmt instant it it moving at the same rate m a direction inclined 
at 60° to its former direction; find the change of velocity. 

4 A poiiit is moving eastward with a velocity of 20_ metres per 
secondf aL one hour afterwards it is moving north-east with the same 
speed; find the change of velocity. 

5 A point is describing with unhbrm speed a circle, of radius 

7 metres in 11 seconds, starting from the end of a fixed diameter; find 
th?cLngc in its velocity after it has described one-sixth of the circum- 
ference. * 

28, Acceleration. Bef. The acceleration of a moving 
point is the rate of change of its velocity. 

Note that* the acceleration of a moving point has both 
magnitude and direction. 

The •acceleration is uniform when equal changes of 
velocity take place in equal intervals of time, however 
small these inlervals may be. 

When uniform, the acceleration is measured by the 
change in the velocity in a unit of time; when variable, 

' it is measured at any instant by what would be the change 
of the velocity in ^ a Unit of time, if during that time the 
acceleration continued the same as at the instant under 
consideration. 

29. The magnitude of the unit of acceleration is the 
acceleration of a point \»hich moves so that its velocity is 
• changed by the unit of velocity in each unit of time. 

lienee a point is mi^ving witli n units of acceleration 
when its velocity is changed by n units of velocity in each 
unit of time. 
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Thus a poiac is inoving with 10 centimetre-second units of accelera- 
tion when its change of velocity is 10 cm per second in each second. 
This acceleration is sometimes called an acceleration of 10 cm/sec®. 

30. Theorem. Parallelogram of Acceleratiosas, 
If a moving point have simultaneomly two accelerations represented 
in magnitude and direction by two sides of a parallelogram drawn 
from a pointy they are equivalent to an acceleration represented by 
the diagonal of the parallelogram passing through that angular point. 

Let the accelerations be represented by the sides and 
AC of the parallelogram ABDC, i.e., let AB anci AC repre- 
sent the velocities added to the velocity of the point in a 
unit of time. On the same scale let EF represent the 
velocity which the particle has at any instant. 



Draw the parallelogram EKFL having its sides parallel 
to AB and AC; produce EE to M, and EL to jV*, so that 
ICM and LjV* are equal to AB and AC respectively. 
Complete The parallelograms as in tire above figure. 
Then the velocity iSF is equivalent to velocities E/C and 
EL. But in the unit of time the velocities ICM and LJV are 
the changes of velocity. > 

Therefore at tlie end of a unit of time the component 
velocities are equivalent to EM ai\jl EJV, which are equi- 
valent to EO, and this latter velocity is equivalent to velo- 
cities FF and FC, (Art, 16.) 
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Hence in tlie unit of time FO is the change' of velocity 
of the moving point, i.e.j FO is the resultant acceleration of 
tlie point. 

But FO is equal and parallel to AD. 

Fi&xce AD represents tfie acceleration which is equi- 
valent to the accelerations AB and AC, i.e., AD is the 
resultant of the accelerations and .4C. 

31. It follows from the preceding Article that accelera- 
tions are resolved and compounded in the same way as 
velocities, and propositions similar to those of Arts. 13-19 
will be true when we substitute “ acceleration ” for 

velocity 

Velocities and aceelerations, and also forces (Art* 72) 
are examples of an important class of physical quantities 
which are called Vector quantities. The characteristic of 
a Vector cjuantity is that it has direction as well as magni- 
tude, and is thus fitly represented by a straight line; in all 
cases Vector quantities are compounded by the paralklo- 
grammic law. 

In the language of Vectors Arts. 12 and 30 are exam- 
ples of the Addition of Vectors, and it would be said tliat 
the addition of the Vectors AB and BD (or AC) gives 
the Vector AD. 

In contradistinction to Vectors, quantities which only 
possess magnitude, and not direction, are called Scalars. 
Kinetic Energy, which will be defined later on, is an 
example of a physical quantity which is a Scalar; other 
examples are a ton of c<Jal, a sum of money, etc. Scalar 
quantities are compounded by Simple Addition. 

« 

32. Theorem. A point moves in a straight line, starting 
with velocity u, and moving with constant acceleration f in its 
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direction of motion; if v be its velocity at the end of time t, and s be 
its distance at that instatit from its starting pointy then 

(1) 0= ll+ft, 

(2) i = 

(3) 

.(1) Since f denotes the acceleration, i.e., the change in 
the velocity per unit of time, denotes the change in the 
velocity in hunits of time. 

But, since the particle possessed a units of velocity 
initially, at the end of time t it must possess -j- // units of 
velocity, i.e. 

v—u-[-ft. 

(St) Let V be the velocity at the middle of the interval 
so that, by ( 1 ) , V—u -\-f ^ . 

Now the velocity changes uniformly throughout the* 
interval t. Hence the velocity at any instant, ..preceding 
the middle of the interval by any time T, is as much less 
than F", as the velocity at the same time T after the middle 
of the interval is greater than V. 

Hence, since the time t could be divided into pairs of 
» such equal moments, the space described is the same as if 
the point moved for time t with velocity F. 

(3) 'Lhe third relation can be easily deduced from tlie 
first two Ijy eliminating /. betweenp them. 

For, from (1), iP--=,(iiA-ftY 

^u^ry2iift~WfH^ 

==^f2f(ut-{-im. 

Hence, by (2), . 
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32a. AUernative proof of equation (2), 

Let the time t be divided into n equal intervals, each, equal to y, 
so that i=«T. 

The velocities of the point at the beginning of these successive in- 
tervals are 

a, Z/+/T, «+2 /t, a+(n— 1 )/t. 

Hence the space which would be moved thi-ough by the point, if it 
moved during each of these intervals t with the velocity which it has 
at the beginning of each, is 

^i=M,T + [ji-f/T].T + + [?r+/(ji— l)T].r 

*»=n.ar+/T«.{i+2+3 .+(«-!)> 

=n.ur -\-fT'^, , on summing the a.p., 

—ut -'r ift^- f 1--], since T=-. 

\ nj n 

Also the velocities at the ends of these successive intervals are ^ 
u+f'T, u+2fr u+nfr. 

Hence the space which woidd be moved through by the point, if 
it mowed during each of these intervals r with the velocity which it 
has at the end of each, is 

jy == («-!-/t) .t + (m + 2 /t ) . t -h .1^ (u+nfr). 7 

, •=^nur+fr\l+2A3 +«) 

as before. 

Now the true space s is intermediate between and also the 
larger we make n and therefore the smaller the intervals r become, the 
more nearly do the two hypotheses approach to coincidence. 

If we make n infinitely large the values of Ji and both become 
ut+iftK 

Hence . s—ut+iffi. 

33. Equations (1), (2) and (3) of Article 32 can also 
be established by use of calculus as follows : 

A. Analytical expression for velocity and acceleration. 

Let the distance of a moving point P from a fixed point 0 be x at 
any .time t. Let its distance similarly at time t+ be so 

that P(l~ A-v. 
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Tlj.e velocity of P at time 

— limit, when A^=0, of 

A* 

=limit, when A#=0, of 

A* 

dx 

Hence the velocity v = 

Let the velocity of the moving point at time A^ he t‘-j- 
Then the acceleration of P at time 
=limit, when Af=0} of 

At 


~dt 

dt^' 


B. Motion in a straight line with constant acceleration f. 
Let X be the ^stance of the inoving point at time t fro&i a fixed point . 


in the straight line. 

Then —=/. (1), ” ' 

iix IT 

Hence, on integration, ^ — 'jf. (2), 

where A is an arbitrary constant. 

Integrating again, we have 

x=Ut^+At+B (3), 

where B is an ai'bitrary constant, , 

Again, on multiplying (1) by 2^ , and integrating with respect to 
we have 

(4), 

where C is an arbitrary constant. 


These three equations contain the solution of all questions on motion 
in a straight line with constant acceleration. The arbitraiy constants 
j4, B, C arc determined from the initial conditions.. 
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Suppose for example that the particle started from a fixed point O 
on the straight line with velocity u in a direction away from 0, and 
suppose that the time t is reckoned from the instant of projection. 

We then have that when i=Oj then v= 
dons (2), (3) and (4) give B—i 


■u and x~o. Hence the equa- 
, and 


Hence we have 


, . « = u+ft, 

X = ut-\-lN 
and v^—u^+2fx. 

* 

34 , When the moving point starts from rest we have 
M=0, and the formulae of Art. 32 take the simpler fonns 
v—fL 

and '» s^=:2fs. . . * 

3^. GrapMc Method. Velocity-Time Giis.*ve, To 
determine, by means of a graph, the distance described in a given 
time when the velocity of the moving point is varying. 

Take two straight lines OX and OT at right angles, 
and let times be represented by lengths drawn along OX, 
so that a unit of length in this direction represents a unit 
of time. 
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At each point Af erect a perpendicular MP to represent 
the velocity of the moving point at the time represented 
by OM.- The tops of all these ordinates will be found to 
lie on a line such as BPQC, which is curved or straight. 

We shall show that the distance described in time OA 
by the moving point is represented by the area bounded 
by OB, OA, AC and the curved line BC. 

Take an ordinate J^Q, close to MP. Then during the 
time MjV the point moves with a velocity which is greater 
than MP and less than JSfQ_. Hence, since the distance 
described with constant velocity == velocity X time, tlie 
distance described by it in time MJV is > MP.MM and is 
<JVQ^. MN, i.e., the number of units of space described 
in tfme MN is intermediate between”^ the number of units 
of area in the rectangles PN and QM. Similarly, if we 
divide OA into any number of equal small parts and^^erect 
parallelograms on each. 

Hence the number of units in the distance described in 
time OA is intermediate between tlie space represented by 
tlie sum of the inner rectangles and tire sum of the outer 
rectangles. 

Now let the number of portions of time into which the 
time OA is divided be made indefinitely large; then tiiese 
two series of rectangles get nearer and nearer to one 
another and to the area of the curve. Hence the number 
of units of space described in time OA is ultimately equal 
to the number of units of area in the area OACB. 

36. Case of uniform acceleration. Let u be the 
initial velocity and f the constant acceleration. 

On OTmark off 0.B to represeKt the velocity m at time 
0. Since the velocity at any time t' 
the ordinate MP at M=OB-{-f. OM / ( ^ ) ■ 
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Draw jST£/ parallel to OX to meet MP in T and AC 
h\U. , ■ » , ' 

Then rF=MP~ OP =/.0M, by (1), 

TP TP 


so that 


-=4i,=tanPPr. 


OM BT 

Hence TBP is a constant angle, and therefore P lies on 
a straight line passing through B. 

In this case, therefore, the velocity-time curve is the 
straight line 'BC, and UC=BU,ta.n CBU=f.t. 

Hence the number of units of space described in time ^ 
== the number of units of area in OACB 
—area OPC/d-farea BUC 
:==^OA.aB^hBUMC 

=:OAlOB-\-\uC-\:=tlu+m 

37 . In the figure of ^ Art. 35 since PQ, is the increase 
of velocity in time MN the acceleration of the moving 
point at this instant = the value, when MN is made inde- 
finitely small, of [Art. 28] 

^ .=the value of tan (2PP. 
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But when MN h made indefinitely small tlie point 
moves up to P, PQ. becomes the tangent at P, and tan QPR 
becomes, tlie tangent of the angle that the tangent at P 
makes with OX. 

Hence in the Velocity-Time graph the numerical value 
of the acceleration is the slope of the curve to the Time-Line. 


38. Space described in any particular second. 

[The student will notice carefully that the formula (2; of Art. 32 
gives, not tlie space traversed in die second, but that traversed 
in t seconds.] 

The space described in the Pb second - 
—space described in t seconds— space described in (i— i) 
seconds 

= - lu(t~ 1)^] 


==u-\-f 


2t-~\ / 

2 * ^ 


Hence the spaces described in tire first, second, third, 
. .nth seconds of the motion are 


“+J/. 


These distances form an arithmetical progression whose 
common difference is f. 


Hence, if a body move with a uniform acceleration, the 
distances described in successive seconds form an arith- 
metical progression, whose comraS>n difference is equal to 
the number of units in the acceleration. 


The space described in any particulaf second may be otherwise 
found as follows. As in Art. 32, the space described in the second 
is the same as that which would be described if the point moved dmiiig 
that second with the velocity which it has at the middle of that second. 
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Now the Velocity at the middle of the /th second 
= velocity at the end of time (/— i) 

Hence the space described in the second 


39. Ex. I. A train, which is moving at the rate of miles per hour,, 
is brought to rest in 3 minutes with a uniform retardation; find this retardation, 
and also the distance that the train travels before coining to rest. 


60 miles per hour= 


60x1760x3 

60x60 


88 feet per second. 


Let /be the acceleration with which the train moves. 

Since in ISO seconds a velocity of 88 feet per second is destroyed,, 
we have (by formula (1), Art, 32) 

B=88+/(I80). 

II ft/sec. units. 

[N?B. /has a negative value because it is a retardation.] 

Let X be the distance described. By formula (3), we have 

0 - 882 + 2 (-||).a,'. 

«=882x 11=7920 feel. 

Ex. 2. A point is moving with uniform acceleration; in the eleventh and 
fifteenth seconds from the commencement it moves through 720 and 960 cmfi 
respectively; find its initial velocity, and the acceleration with which it moves. 

Let u be the initial velocity, and / the acceleration. 

Then 720= distance described in the eleventh second 
= [a.n-i-|/.lP]-{M.10+J/.10*}. 

720=a+-V-/.. (1). 

So 960=[«.15+J/.15**]-{«.14+J/.14s}. 

960 =«+ %»-/■•• ( 2 ). 

Solving (1) and (2), we have «=90, and/=60. 

Hence the point started with a velocity of 90 cm/ per second, and 
moved with an acceleration^f 60 cm/sec. units. 

Ex. 3. A body starts from rest at A and moves with uniform acceleration f 
in a straight line, f sec. later a second body starts from A and moves with 
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uniform velocity u in the same line. If u > 'If T, prove that the second body 
will be ahead of the first for a time 

jV-uiu-'Z/T)' 

Let the two bodies meet after t sec,, the time being measured from 
the start of the first body. 

Hence we get, 

kffi^n{t-~T) ( 1 ). 

liquation (1), being quadratic in i, shows that the bodies will meet 
twice with each other. 


Solving (1) we have, 




So the required interval is 

^^Vu{ti~2f T), which is real and non-zero only when 2/T>0. 

Ex, 4. Two cars start ojf to race with velocities /q and Wi and travel in a 
straight line with uniform accelerations f ^ and f.j.. If the race ends in a dead 
heat, prove that the length of the course is * 

2(tq--«^) (uif s—a-sfi) 

Let the two cars reach the destination in time t and the distance 
travelled be i'. 

Hence we get 

( 1 ), 

and (2). 

From (1) and (2) we get 


/a-/r •' 


..( 3 ), 




fr«m (3) and (1) or (2). 


Ex. 5. If in the rectilinear motion of a point, the time t and position x 
satisfy the equation * 

t—ax^fbxfy-c, 

where a, b, c are given constants, prove that 


ACCELERATION 

(i) the velocity in liie position x is (2ax-rb)~^; 


4i 


(ii) the acceleration is inversely proportional to the cube of the 
distance from a certain fixed point in the line of motion, and find the 
coordinate of the fixed point. 


Differentiating with respect to i, 
t== ax^-'rbx-i-c, we get 

dx I 

dt 2ax-\-b 

Differentiating (1) we get 

d^x -2a ^dx 

dt'^ dt 

i 




..( 2 ). 


M*+2-«)' 

Equation (2) shows that the acceleration varies inversely as the cube of 
the distance of the moving point from a fixed point — ^ on the line 


Es:. 6. A parUcle moves towards a centre of attraction starting from rest at a 
distance a fro m the c entre; if its velocity when at any distance x from the centre 

varies as find the law of force, 


H<=r= 


..( 1 ). 


Differentiating (1) with respect to t, we get 


dh 
df " 








- /i V 


Thus the force of attraction towards the fixed point varies inversely 
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EXAMPLES. V, 

1. I'he quantities s, and t having the meanings assigned to 


them in Art, 32, 

(1) Given 

2, 

/= 

3, 

#= 5, 

find V and s; 

(2) Given 

7, 

/- 

- 1, 

7, 

find V and s; 

(3) Given «%= 

% 

v= 


5= 9, 

find / and t; 

(4) Given v= 

- 6, 


-9, 

f~ — fj 

find u and t. 


I'he units of length and time are a centimeh’e and a second. 


2. A body, starting from rest, moves with an accel^ation equai 
to 2 crn/sec. units; find the velocity at the end of 20 seconds, and the 
distance described in that time. 

3. In what time would a body acquire a velocity of 36 km per 
hour, if it started with a velocity of 4 metres per second and moved with 
the cm^sec. unit of acceleration ? 

4. With what uniform acceleration does a body, starting from rest, 

desciToe 1000 cm in 10 seconds? ** 

5. ^ A body, starting from rest, moves with an acceleration of 3 
centimetre-second units; in what time will it acquire a velocity of 
30 centimetres per second, and what distance does it traverse in that 
time. 

6. A point starts with a velocity of 100 cm per second and moves 
with —2 centemetre-second units of acceleration. When will its 
velocity be zero, and how far will it have gone ? 

^ A body, starting from rest and moving with uniform acceleration, 
describes 5130 cm in the tenth second; find its acceleration. 

8. A particle is moving with uniform acceleration; in the eighth 
and tliirteenth second after starting it moves through 255 and 225 cm 
respectively; find its initial velocity and its acceleration. 

9. In two successive seconds a particle moves through 615 and 
705 cm respectively; assuming that it was movingi^with uniform accele- 
ration, find its velocity at the commencement of the first of these two 
seconds and its acceleration. Find also how far it had moved from rest 
Ijcfore the commencement of the first second. 

> 10, A point, moving with uniform acceleration, describes in the 
last second of its motion 5 ®Kths of the whde distance. If it started from 
rest, how long was it in motion and through what distance did it move, 
if it described 15 cm in the first second? . 

li. A point, moving with uniform afceleration, describes 25 cm 
in the half second Avhich elapses after the Jfirst second of its motion, 
and 198 cm in the eleventh second of its motion; find the acceleration 
of the point and its initial velocity. . 



cm pcx sscccTAiu. auu waiu itii : 

:c. .Find when and where it will^ , J'l' 

- t Pt ^ 
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'*"'’ 12. A body moves for 3 seconds with a constant accelei'ation during 
which time it describes 24 metres 30 cm the acceleration then ceases 
?md during the next 3 seconds it describes 2 1 metres 60 cm; find its initial 
velocity and its acceleration. . 

i3.,;/‘Hic speed of a train is reduced from 36 km an hour to 9 ktn 
per hour whilst it travels a distance of 150 metres; if the retardation 
be uniform, find how much further it will travel before commg to rest. 

14. A point starts from rest and moves with a ■uniform acceleration 
of 13 ft/scc. units; find the time taken by it to traverse the first, second, 
and third feet respectively. 

15. A particle starts from a point 0 with a uniform velocity of_ _ 

120 cm per tecond, and after 2 seconds another particle leaves O in the^ ^ ; 

same direction with a velocity -of 15Q^ cm per second and with j 
acceleration equal to 90 cm per sec.^ ^ Fiiid^ wh£n and w^r 
overtake the first particle. ” . 

16. A point moves over 7 metres in the first second during which it 
is observed, and over 11 and 17 metres in the Aird and sixdi seconds 
respectively; is tliis consistent with the supposition that it is Sj^bject 
to a uniform acceleration? ^ 

17. A point is moving in a north-east direction witli a yelocity 6, 
and has accelerations 8 towards the north and 6 towards the east. 

Find Its position after the lapse of one second. [The units are a centi-^ 
metre and a second.] 

18. A pax’ticle starts with a velocity of 200 cm per second and 
moves hi a straight line witli a retardation of 10 cm per sec. per sec.; 
find how long elapses before it has described 1 500 cm and explain the 
double answer. , 

19. Two points move in the same straight line starting at the same 
moment from the same point in it; the first moves with constant velo- 
city u and the second with constant acceleration/; during the time that 
elapses before the second catches the first, show that the greatest distance 

between tlie particles is ^ at the end of from the start. 

20. In a ruii of 12 minutes from rest to rest a train ha.s the following 
speeds, in miles per hour, at the end of each minute; 25, 40, 50, 50, 

45, 40, 40, 45, 45, 35, 20, 0. Draw a curve representing the relation 
between tlie speed at any instant and the time from the start, and 
estimate the average velocity during the run. 

21. A point starts from rest, and its velocities at the end of each 
second up to the seventh are as follows; 5, 18, 38, 62, 78, 81 and 83 
feet per second. Sketch th« velocity curve on a time base, and esti- 
mate the distance tlirough which tlic point moves in the seven seconds. 

Estimate also the instant at which the acceleration is greatest and the 
value of the acceIej;ation at that instant. 
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22. The velocities of a body are found to be 4, 8*8, 19, 22, 15-7, and 
10 feet per second at intervals of 5 seconds from rest. Plot the curve 
of velocities to a time base, and estimate the distance passed over in the 
30 seconds. Find also tlie acceleration at 16 seconds from the start, 

23. A train stopping at two stations 2 miles apart takes 4 minutes 
on the journey from one of the stations to the other. Assuming that 
its motion is first that of uniform acceleration ,v and then that of uniform 

retjy’dation y, prove that - ~ = 4. 

X y 

24. Il'zJi, V. 2 , Vit be the average velocities in three successive intervals 
of tiruu i-A of a point moving in a straight line with uniform accelera- 

Vi — Vj tx - 1 - h ^ 

H - Pa h + ^3 ‘ 


tion, show that 


25. Two trains on the same line are approaching one another with 

velocities Ui and % respectively. When there is a distance x between 
them each is seen from the other. Prove that it is just possible to avoid 
a collision if ~ \ ff( 

wherc*/i and are the greatest retardations which the brakes can 
produce in the respective trains. 

26. If a point moving under uniform acceleration describes succes- 
sive equal distances in times ti, then 

1 ^ ^ 3 

+ + r. 

27. Prove that for a particle moving with uniform acceleration / in 

a straight line, (f “ i)/ « 

where s is the space described in t seconds, s' during tlie next t' seconds. 

28. A distance s is divided into n equal parts at the end of each of 
• which the acceleration of a moving particle is increased by show that 


tlie velocity of the particle after describing the distance is 
where /is the initial acceleration of the particle starting from rest. 

29. The velocity of a train increases at a constant rate /i from o to y, 
then I'omains constant for an interval, anjf finally deci'eases to o at the 
constant ratc /j. If x be the total clistance described, prove that the 

total time taken is * 

30 . If a, b, c be the space described by a particle during the /A- , 
r^>i, seconds of its motion respectively, prove that 

a{q--r)^b{r-~p)+c{p~q)^o. 





¥ ACCELERATIOjY 45 

31. The faw of motion of a body moving along a straight line is 
.r being its distance from a fixed point on the line at time t, and v 

its velocity there; prove that it moves with a constant acceleration. 

32. A particle moves from rest at a distance c from a fixed point o, 
%vith an acceleration ^ away from o at a distance ,v. Find its velo- 
city when it is at a distance 2c from o. 

33. A particle, moves in a straight line with an acceleration 
away from a fixed point o on the line, x being the distance of the particle 
i'rom 0 and n being a constant. 

If ,v=ff anS ^ “ Fat time /=o, show that at time t, 
at 

■ V . 

.v=fl cosh fd -f - sinh 
n 

34. A particle moves along a straight line, and at a distance from 

a fixed point o on the line its velocity is /t \/ - — "• Prove tiiatits 

acceleration is directed towards o and is inversely proportional to the 
squarg of the distance. 


CHAPTER III. 


MOTION UNDER GR/WITY, 


40. Acceleration of falling 'bodies, 
heavy body of any kind falls towards the 
earth, it is a matter of everyday experience 
that it goes quicker and quicker as it falls, 
or, in other words, that it moves with an 
accekraiion. That it moves with *'a con- 
stant acceleration may be roughly shown by 
the following experiment first performed by 
Morin. 

A circular cylinder covered with paper is 
connected with clock-work and made to rotate 
about its axis which is vertical. In front of 
the cylinder is an iron weight, can-ying a 
pencil 1^, which is compelled by guides to fall 
in a vertical line and is so arranged that the 
tip of the pencil just touches the paper oi?. the 
surface of the cylinder. 


When a 


r 



When the cylinder is revolving uniformly, the weight 
is allowed to drop and the pencil traces out a curve on 
the paper. When the weight has loached the ground the 
paper is unwrapped and stretched out on a flat surface. 
The curve marked out by the pencil is found to be such 
that the vertical distances described by the pencil from the 
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beginning of the motion are always proportional to the 
squares of the horizontal distances 
described by it, so that, if Q_, be 
any two points on the curve, then 
AM _ QM\ 

AN ” RN^' 

Now since the cylinder revolved 
uniformly, these horizontal distances 
are propor|ional to times that have 
efepsed from the commencement of the motion. Hence 
the vertical distance described is proportional to the square 
of the time from tire commencement of the motion. 

But, from Art. 34, we know that, if a point moves from 
rest with a constant* acceleration, the space describt'd is 
proportional to the square of the time. 

Hence we infer that a falling body moves with a con- 
stant accelei’ation. 

41, .Gsflileo’s Experimeiat, That the acceleration 
of a falling body is constant was first shown by Galileo 
by some experiments conducted at Pisa about the year 
1590. To avoid the difficulty of measuring the velocity 
of a freely falling body, wliicii soon becomes very large, he 
considered the motion down an inclined plane instead, and 
assumed that the law of motion for a small sphere rolling 
down a groove in’ an inclined plane would be similar to 
that of a freely falling body. 


Commencing from the top of his groove, he measured 
off distances clown it proportional to 1, 4, 9, 16, . . , i.e., pro- 
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poi'tional to P, 2^, 3'^, 4'^,... He then let his small sphere 
start from the top, and verified that the times of its 
describing these distances were proportional to i, 2, 3, 4, . . . 
Hence the distances described from rest were proportional 
to die squares of the times. But, as in Art. 34, the 
distances are proportional to the squares of the times 
when the acceleration y is constant. 

Hence it follows that the acceleration down the inclined 
plane is constant, and fi'om that Galileo assumed that the 
acceleration of a freely falling body is constant also. 

The great difficulty Galileo had was in measuring time 
accurately, as the clocks of his time were very inaccurate. 
He used a vessel of water of large transverse section which 
had*in its bottom a small hole whic]^ he could close with 
his finger. When the ball started he removed his finger, 
and the water ran out into a vessel placed to receive it. 
When the ball had reached one of his marks he closed the 
hole; the water that had meantime run out, was then 
weighed, and formed a fah'ly accurate measure' of the 
time that had elapsed. 

42. From the results of the foregoing, and other more 
accurate, experiments we learn that, if a body be let fall 
towards the earth in vacuo, it will move with an accelei-ation 
which is always the same at the same place on the earth, 
l^ut which varies slightly for different places. 

The value of this acceleration, which is called the 
“ acceleration due to gravity”, is always denoted by the 
letter ‘'g'\ 

When foot-second units are used, the value of g varies 
from about 32-091 at the equator to about 32-252 at the 
poles. In the latitude of London its value is about 32-19. 
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When ceptimetre-second units are used, the extreme 
limits are about 978 and 983 respectively, and in the 
latitude of Loudon the value is about 981 *17. 

The best method of determining the value of “ g ” is by 
means of pendulum experiments; we shall return to the 
subject again in Chapter XL 

[In all numerical examples^ unless it is otherwise stated^ the 
motion may be supposed to be in vacuo, and the value of g taken 
to be 'ST wh^i foot-second units, and 981 when centimetre-second 
units, are usedi] 

43. Vertical motion under gravity. Suppose a 
body is projected vertically from a point on the earth’s sur- 
face so that it starts with velocity u. The acceleration of the 
body is opposite to the initial direction of motion, and is 
therefore denoted by —g. Hence the velocity of the body 
continually gets less and less until it vanishes; the body is 
then for aninstant at rest, but immediately begins to acquire 
a velocity in a downward direction, and retraces its steps. 

Time to a given height. The height h at which a body 
has arrived in time t is given by substituting —g for / in 
equation (2) of Art. 32, and is therefore given by 
h~ut-~^gt^. 

This is a quadratic equation with both roots positive ; die 
lesser root gives the time at which the body is at the given 
height on the way up, and the greater the time at which it 
is at the same height on the way down. 

Thus the time that elapses before a body, which starts with a velocity 
of 64 feet per second, is at a height of 28 feet is given by 

28=64f—16f®, whence ^=1 or T 

Hence the particle is at the given height in half a second from the 
commencement of its motion, and again in 3 seconds afterwards. 
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44. Velocity at a given height. 

The velocity y at a given height h is, by equation (3) of 
Art. 32. given by 

v^=^u^-~2gh. 

Hence the velocity at a given height is independent of the 
time from the start, and is therefore the same at the same 
point whether the body be going upwards or downwards. 

45. Greatest height attained. 

At the highest point the velocity is just zem; lienee, if 
X be tile greatest height attained, we have 
0~u^—~2gx. 

Hence tlie greatest height attained = 

Also the time T to tlie greatest height is given by 

O^u-gT. 



46. Velocity due to a given vertical fall from rest. ' 

If a body be dropped from rest, its velocity after falling 
through a height h is obtained by substituting 0, g, and h for 
u,f and s in equation (3) of Art. 32; 

v— V2gh. 


EXAMPLES. VI. 


' i. A body is projected from the earth vertically with a velocity of 
1308 cm per second; find (1) hov/ high it will go before coming to rest, 
(2) what times will elapse before it is at a height of 654 cm. 

.--'■2. A particle is projected verticaMy upwards with a velocity of 
1308 cm per second. Find (i) when its velocity will be 872 cm per , 
second, and (ii) when it will be 872 cm above the point of projection. 


3. A stone is thrown vertically upwSl'ds with a velocity of 3924 cm 
per second. After what times will its velocity be 1962 cm per second, 
and at what height tvill it tlien he? 

+ if ; \k'T- • 
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4. /' Find (i)'t!ie distance faiicn from rest by a body in 10 seconds, 
(2) 'the time of falling 327 cm, (3) the initial vertical velocity when the 
body describes 29430 cm downwards in 10 seconds. 

5. A stone is thrown vertically into a mine-shaft with a velocity 
•of 2943 cm per second, and reaches the bottom in 3 seconds; find the 
dep& of the shaft. 

f6.| A body is projected from the bottom of a mine, whose depth ^ 
is cm, with a velocity of 24;g_cm per second; find the timein which 
the body, after rising to its greatest height, will return to the surface of 
the earth again. 

7. The greatest height attained by a particle projected vertically 
upwards is 5886 cm; find how soon after projection the particle will be 
at a height of 3270 cm. 

8. A body moving in a vertical direction passes a point at a height 
of 54*5 centimetres witii a velocity of 436 centimetres per second; with 
what initial velocity was it thrown up, and for how much longer will 

it rise ? 

9. A particle passes a given point moving downwards with a velo- 
city of fifty metres per second; how long before this was it moving up- 
wards <it the same rate ? 

10. A body is projected vertically upwards with a velocity of 6540 
centimetres per second; how high does it rise, and for how long is it 
moving upwards? 

1 1 . Given that a body falling freely passes through 5390 cm in the 
sixth second, find the value of g. 

12. A falling particle in the last second of its fall passes through 
5886 cm. Find the height from which it fell, and the time of its falling. 

13. A body falls freely from the top of a tower, and during the last 
second of its flight falls jfths of the whole distance. Find the height 
of the tower. 

14. A body falls Ireely from the top of a tower, and during the 
last second it falls /gths of the whole distance. Find the height of the 
tower. 

15. A stone A is thrown vertically upwards with a velocity of 
2943 cm per second; fin^ how* high it will rise. Aftej 4 seconds from 
the projection of ri, another stone B is let fall from the same point. 
Show, that A will overtake B after 4 seconds more. • 

16. A body is projected -fipwards with a certain velocity, and it is 
found that when in its ascent it is 29430 cm from the gound it takes 
4 seconds to return to the same point again; find the velocity of pro- 
jection and the whole height ascended. 
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17. A body projected vertically downwards described 22072-1- cm 
m t seconds, and 68670 cm in 2t seconds; find t, and the vejocity of pro- 
jection. 

18. A stone is dropped into a well, and the sound of the splash is 
heard in 7^^- seconds; if the velocity of sound be 1120 feet per second, 
find the depth of the well. 

19. A stone is dropped into a well and reaches the bottom with .a 
velocity of 96 feet per second, and the sound of the splash on the wmter 
reaches the top of the well in 3^% seconds from the time the stone starts ; 
find the velocity of sound. 

20. Assuming the acceleration of a falling body at^the surface of 
the moon to be one-sixth of its value on the earth’s surface, find the 
height to which a particle xauII rise if it be projected vertically upward 
from the surface of the moon with a velocity of 40 metres per second. 

47. Motion down a smootb inclined plane. 

AB be the vertical section pf a smooth inclined 


A 



plane inclined at a given angle a to the horizon, and let 
P be a body on the plane. 

If there were no plane to stop its motion, the body 
would fall vertically with an acceleration 

Now, by the parallelogram of accelerations, a vertical 
acceleration ^ is equivalent to 

(1) an acceleration ^ cos a perpendicular to the • 
plane in the direction 

and (2) an acceleration g sin a down the plane. 

Tlie plane prevents any motion perpendicular to itself. 
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Hence the body moves down the plane with an accelera- 
tion g sin ttj and the investigation of its motion is similar 
to that of a freely falling body, except that instead of ^ we 
have to substitute sin a. 

It follows at once that the velocity acquired in sliding 
from rest down a length I of the plane 

= Vig sin a Vl— V2g . I sin a — V2g . AC, 
and is therefore the same as that acquired by a particle in 
falling free|;|^ through a vertical height equal to tiiat of the 
plane. In other words the velocity acquired is independent 
of the inclination of the plane and depends only on the 
vertical height through which the particle has fallen. 

48, If the body be projected up the plane with initial 
velocity u, an investigation similar to that of Arts, 43»-4-5 
will give the motion. The greatest distance attained, 

; the time taken in tra- 


measdred up |lie plane, is 

versing this distance is — 

g sm c 


, and so on. 


EXAMPLES. VIL 


1 . A body is projected with a velocity of 2943 cm per second up a 

smooth inclined plane, whose inclination is 30°; find the distance d^s-^.,, , .. 
cribed, and die time that elapses, before it comes to rest. ' ''' ' 

2. A heavy particle slides from rest down a smooth inclined plane ■» 

which is 1090 cm long and 218 cm high. What is its velocity when,rt» ^^., 
it reaches the ground, syad how long does it take ? >5' '' ^ ' 

3. A particle sIHing down a smooth plane, 1962 cm long,' ' acqui^'^’ 
a velocity of 981 '’/2 cm per second; find the inclination of the plane. 

4. What is the ratio of the height to the length of a smooth inclined 
plane, so that a body may be four times as long in sliding down the 
plane as in falling freely down* the height of the plane starting from 
rest? 

5. A particle is projected upwards, (2) downwards, on a plane 

which is inclined to the horizon at an angle sin“^l; if the initial velocity 
be 16 feet ])er second in esich case, find the distances described and -I he 
velocities acquired in 4 seconds. . — 
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49. Theorem. The time that a body takes to slide down 

>'« (he 

Mghest point of the circle, is constant. 

tl of a vertical circle, of wHch A is 

the highest pomt and AD any chord. 

Let Z_DAB=ei put and AB^a, so that 

x~a cos d. 

cos 9. Let T be the time from A to D. Then AD is 
the distance described in time T iy a particle starting 
from rest and moving with acceleration g cos 9. ® 

~ig cos $ . 

~ 2 ^ 

. gcosO 'V g 

fT’‘ “ independent of 0, and is th^ same as the 
lime of falling vertically through the distance AB. 


• • cos a . j -c. 
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The same theorem will be fomid to be true for all chords 
of the same circle ending in the lowest point. 

5®, Liaies of quickest descent. ' The line of quick- 
est descent from a given point to a cur\’'e in the same 
vertical plane is the straight line down which a body would 
slide from the given point to the given ciu’ve in the shortest 
time. ' 

It is not, in general, the same line as the geometri- 
cally short^t line that can be drawn from the given point 
to the curve. For example, the straight line down which 
the time from a given point to a given plane is least,: is not 
the perpendicular from the given point upon the given 
plane, except in the case where the given plane is horizontal. 

51. Tkeorem. The, chord of quickest descent froM a 
given point F to a curve in the same vertical plane is where 
Q, is Ompoint on the curve such that a circle, having P at its highest 
point, touches the curve at Q^. 

For let a circle be drawn, having its highest point at 
P, to touch the given curve externally in Q. Take any 



other point on the curve, and let meet the circle 

again in'P. 
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Then,, since PCI3L is>Pi?, - 

the time down is>time down PR. 

But time down Pi2=time down PQ^(Art. 49), 

so that the time down Pd^ is> time down , 
and 0,1 is any point on the given curve. 

Hence the time down PQ, is less than that down aav 
other straight line from P to tlie given curve. 

Similarly it may be shown that, if we want the chord 
quickest descent from a given curve to a given point P, 
we must describe a circle having the given point P as its 
lowest point to touch the curve in d\ then OP is the 
required straight line. 


a ihe straight line of quickest descent from a given point P to 

a gimn straight line which is m the same vertical pltine as P, 

g™ straight line. Then we have to describe a 
havmg Us highest point at P to touch tlie given straight line 
Draw PB honzontal to meet BC in B. From BC cut off a porifon So 
SrS'"" required chord; for ft is cC ZfS 

circle can be drawn to touch BP and Bdat P and 4 respectively. 



Join P to the lowest point i? of the given circle to meet the circle 
the ^ required line. For join 0, the centre of 

tuc cncle, ,0 (J and produce to meet the vertical, hue through P in G. 
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The £ QP€= Z 05Q,. since 05 aiid CP are parallel, 

= L0QB =^ LCQP. 

Hence a circle whose centre is C, and radius CP, will have its highest 
point at P and will touch the given circle &t Q,. 


If P be within the given circle, join P to the highest point and pro- 
duce ftf) meet the circumference in CL; then PQ, will be the required line. 

52. E». 1. .4 caga in a mineshaft descends with Aftjsec. units of 
ration. After it has been in motion for 10 seconds a particle is dropped on it 
from the top of the shaft. What time elapses before the particle hits the cage? 

Let T be the time that elapses after the second particle starts. The 
distance it has fellen through is therefore LgT~. The cage has been 
in motion for (T-j- 10) seconds, and therefore the distance it has fallen 
through is 

|-.2(r-f-10)“ or (T+iO)L 

* Hence we have 


(r+io)2=i§r2=i6r2. 

10=47; 

3 5 seconds. 


Es. 2. A' stone is thrown vertically with the velocity which would just 
carry it to a height of IQO feet. Two seconds later another stone is projected 
vertically from the same place with the same velocity; when and where will they 
meet? • 

Let u be the initial velocity of projection. Since the greatest 
* is 1 OO.feet, wc have 

0=?t“»-2g.l00. 

/. K=V2idW=80. 

Let T be ihe time after the first stone starts before the two sioncs meet 
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Then the distance traversed by the first stone in time T= distance 
traversed by the second stone in time (T~ 2 ). 

. 8 or-i-^r 2 = 80 (r- 2 )- 4 ^(r- 2 )^ 

==80r- 160-i-^(Ta-4r+4). 

160-|g(4r-4) = 16(4r-4). 

/. T =3| seconds. 

Also the height at which they meet = 80 T— T'^ 

=280-196=84 feet. 

The first stone will be corning down and the second stone going up- 
wards. . » , 

/--y, EXAMPLES. VIII. 

1 . From a balloon, ascending with a velocity of 981 cm per second, 
a stone is let fall and reaches the ground in 10 seconds; how high was 
the balloon when the stone was dropped? 

If a body be let fall from a height of 1^62 cm at the same instant 
that another is sent vertically from the foot of the' height with a velocity 
of 1962 cm per second, what time elapses before they meet? 

,v>jf ijojiy Starts 1 sec. later than the other., what tirne will 

elapse? 

A tower is 15696 cm high; one body is dropped frcmi the top of 
the tower and at the same instant another is projected vertically up- 
wards from the bottom, and they meet half-way up; find the initial 
velocity of the projected body and its velocity when it gicets the descend- 
ing body. 

A body is dropped fi'om the top of a given tower, and at the 
same instant a body is projected from the foot of the tower, in the 
• same^ vertical line, with a velocity which would be just sufficient to 
take it to the same height as the tower; find where they will meet. 

-w/ 5 . A particle is dropped from a height hf and after falling |rds 
% pf that distance passes a particle which was projected upwards at the 

1.^ instant when the first was dropped. Find to what height the latter 

will attain. 

A body begins to slide down a smooth inclined plane from rest 
at the top, and at the same instant another body is projected upwards 
from the foot of the plane with such a velocity that they meet halfway 
up the plane; find the velocity of projection and determine the velocity 
of each when they meet. • 

7, A body is projected upwards with velocity n, and t seconds 
afterwards another body is similai’ly projected with the same velocity; 
find when and where they will meet. * 
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A balloon ascends %vith a uniform acceleration of 122| cm/sec. 
“units; at the end of Haifa minute a body is released from it; find the 
time that elapses before the body reaches tib.e ground. 

After a ball has been failing under gravity for 5 seconds it passes 
through a pane of glass and loses half its velocity; if it now reaches lire 
ground in 1 second, find the height of the glass above the ground, 

10. The space described by a falling body in the last second of 
its motion is to that described in the last second but one as 3 : 2 ; find 
the height from which the body was dropped, and the velocity with 
which it strikes the ground. 

i 1. A plane is of length 8829 cm and of height 1962 cm; show how 
to divide it txto three parts so that a particle at the top of the plane 
may describe the portions in equal times, and find these time.s. 

12. Show' that the time that a particle takes to slide down a chord 
of a vertical circle, starting from one end of a horizontal diameter, 
varies as the square root of the tangent of the inclination of the chord 
to the vertical. 

13. A number of smooth rods meet in a point A and rings p*laced 
on them slide down the rods, starting simultaneously from A. Show 

that after a time t the rings are all on a sphere of radius 

14. A number of bodies slide from rest down smooth inclined 
planes which all commence at the same point and terminate on the 
same horkontal plane; show that the velocities acquired are the same. 

15. Two heavy bodies descend the height and length respectively 
of a smooth inclined plane; show that the times vary as the spaces 
described and that the velocities acquired are equal. 

16. A heavy particle slides down a smooth inclined plane of given 
height; show that the time of descent varies as the secant of the inclina- 
tion of the plane to the vertical, 

17. A body slides down smooth choi’ds of a vertical circle ending 
in its lowest point: show that the velocity on reaching the lowest point 
varies as the length of the chord. 

18. If two circles touch each other at their highest or lowest points, 
and a straight line be drawn through the point to meet both circles, 
show that the time of sliding from rest down the portion of this line 
intercepted between the two circles is constant. 

19. * A plane, of height h and inclination a to the horizon, has a 
smootlr groove cut in it inclined at an angle /3 to the line of greatest 
slope; find the time that a particle would take to describe the groove, 
starting from rest at the top. 
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20. If a length s be divided into n equal parts at the ead of each of 

which the acceleration of a moving point is increased by find the vfdo- 

n 

city of a particle after describing the distance j if it started from rest 
with acceleration f. 


2 1 . A particle starts from rest with acceleration /; at the end of time 
t it becomes 2/; it becomes 3/ at end of time 2t, and so on, Find the 
velocity at the end of time nt, and show that the distance described is 

n(n+l) (2«+l) 

— j2— 

22. A body starts from rest and moves with uniform acceleration; 
show tliat the distance described in the (n®4-nd-l)th second is equal to 
the distance described in the first k seconds together with the distance 
described in the first (n+l) seconds. 


23. If a particle occupies n seconds less and acquires a velocity 
of m feet per second more at one place that at smother in falling through 

the same distance, show that — equals the geometrical mean between 
the numerical values of gravity at the two places, « 


24. A train goes from rest at one station to rest at another, 1584 
metres oflf, being uniformly accelerated for the first of the journey 
and uniformly retarded for the remainder, and takes 3* minutes to 
describe the whole distance. Find the acceleration, the retardation, 
and the maximum velocity. 

25. An engine-driver suddenly puts on his brake and shuts off 
steam when he is running at full speed; in the first second afterwards 
the train travels 2610 cm and in the next 2550 cm. Find the original 
speed of the train, the time that elapses before it comes to rest, and 
the distance it will travel in this interval, assmning the brake to cause 
a constant retardation. Find also the time the train will take, if it 
be 86 metres 40 cm long, to pass a spectator standing at a point 435 
metres 60 cm ahead of the train at the instant when the brake was 
applied. 

26. A railway-train goes from one station to another moving during 
the fix’st part of the journey with uniform acceleration /; when steam 
is shut off and the brakes are applied, it moves with uniform retardation 
f'. If a be the distance between the stations, show that the time the 

train takes is ^ 
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27. Duririg the first quarter of the journey from 
a station B the velocity of a train is uniformly accelerated, and during 
the last quarter it is uniformly retarded, and the iniddle half of the 
journey is performed at a uniform speed. Show that tlie average speed 
of the train is of the full speed. 


28. A lift ascending from a pit 600 metres deep rises during die first 
part of its ascent with uniform acceleration. On nearing the top the 
upward force is cut off, and the impetus of the lift is just sufficient to 
carry it to the top. If the whole process occupies 30 sec., find the 
acceleration during the first part of the ascent, and the maximum 
velocity attained. 

29. A tra*n starts from rest and reaches its greatest speed 
per hour in 5 minutes. This speed is maintained till it is 800 metres 
from the next stopping place. Find the values of the acceleration and 
retardation in metre-second units, and the whole 
journey if it be 160 km. Draw' also the velocitv'- 
journey 


CHAPTER IV. 

THE LAWS OF MOTION, 

53, In the present chapter we propose to consider the 
production of motion, and it will be necessary tfir commence 
with a few elementary definitions. 

Matter is “ that which can be perceived by tiie senses ” 
or “that which can be acted upon by, or can exert, force”. 

1^0 definition can however be giv^n that would convey 
an idea of what matter is to anyone who did not already 
possess that idea. It, like time and space, is a primary 
conception. 

A Particle is a portion of matter which is infinitely 
small in all its dimensions, or, at any rate, so" small that 
for the purpose of our investigations the distances between 
the different portions of it may be neglected. Sometimes 
bodies of a finite size can be treated as particles, as in the 
case of a cricket ball thrown into the air, or of a stone 
falling to the ground. Again in considering the motion of 
the Eardi round the Sun, the Earth itself may be treated 
as a particle. 

A Body is a portion of matter which is bounded by 
surfaces, and which is limited in every direction, so that it 
consists of a very large number 'X)f material particles. 

The Mass of a body is the quantity of matter in tlie 
body. 

Force is that which changes, or tends to change, the 
state of rest or uniform motion of a body. 
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These definitions may appear to the student to be vague, 
but we may illustrate their meaning somewhat as follows. 

Ifw^e have a small portion of any substance, say iron, 
resting on a smooth table, we may by a push be able to 
move it fairly easily; if we take a larger quantity of the 
same iron, the same effort on our part will be able to move 
it less easily. Again, if we take two portions of platinum 
and w'ood of exactly the same size and shape, the effect 
produced gn these two substances by equal efforts on our 
part will be quite different. Once more, if we have a 
croquet-ball and a cannon- bail, both of the same size, 
lying at rest on the ground, and we kick each of them 
with the same force, the effect on the first is greater than 
that on the second. ,Sg also we can distinguish between 
a cask full of water, and an empty one of the same size, 
by watching the effect of equal kicks applied to them. 

Thus common experience shows us that the same effort 
applied to different bodies, under seemingly the same 
conditions* does not always produce the same result. This 
is because the masses of the bodies are different. - 

54* If to tlie same mass we apply two forces in suc- 
cession, and they generate the same velocity in the same 
time, the forces are said to be equal. 

If tire same force be applied to two different masses, 
and if it produces, in them the same velocity in the same 
time, the masses are said to be equal. 

The student will notice that we here assume that it is 
possible to create forces of equal intensity on different 
occasions, e.g., we assume* that the force necessary to keep a 
spir§il spring stretched through the same distance is the 
same when other condi<feions are unaltered. 

Hence, by applying the same force in succession, we can 

obtain a number .of masses each equal to a standard unit of 

■ • « 



64 


DYNAMICS 


mass. T'he foregoing would be a theoreticab method of 
defining equal masses, applicable under all conditions. In 
practice, we shall find that equal masses have ecpial weiglits, 
so that the process of weighing is the simplest practical 
method of comparing masses. 

55. The British unit of mass is called the Imperial 
Pound, and consists of a lump of platinum deposited at 
Westminster, of which there are in addition several accii- 
rate copies kept in other places of safety. f 

The French, or .scientific, unit of mass is called a gramme, and is 
the _ one- thousandth part of a certain quantity of platinum kept in 
Paris. The gramme was meant to be defined as the mass of a cubic 
centimetre of pure water at a temperature of 4°G. 

It is a much smaller unit than a Pound. ^ 

One Gramme= about 15432 grains. 

One Pound —about 453-6 grammes. 

The system of units_ in which a centimetre, gramrqe, and second, 
are respectively tlie units of length, mass, and time, is generally called 
tlie o.o.s. system of units, 

56. Density. The density of a uniform body is the 
mass of a unit volume of the body; so thaty if m be the 
mass of volume V of a body whose density is p, then 

m—Vp. 

57. The Weight of a body is the force with which 

the earth attracts the body. - 

It can be shown that every particle of matter in nature attracts 
every otlier particle with a force, which varies directly as tine product 
of the masses of tlie quantities, and inversely as the square of the distance 
between them; hence it can be deduced that a sphere attracts a particle 
on, or outside, . its surface with a force Vhich varies inversely as the 
square of the distance of the particle from the centi-e of tire sphere. 
The earth is not accm-ately a sphere, and therefore points on its sm-face 
are not equidistant from the centre; hence die attraction of the earth foi- 
a given mass is not quite the same at all points of its surface, and there- 
fore the weight of a given mass is slightly different at different points of 
the earth. , 
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58, The. MomesitKin of a body is. proportional to 
the product of the mass and the velocity of the body. 

If we take as the unit of momentum the momentum of 
a unit mass moving with unit velocity, then the momentum 
of a body is mv, where m is the mass and v the velocity of 
the body. The direction of the momentum is tlie same as 
that of the velocity. , 

Thus the momentum of a body of 100 grammes moving with velo- 
city 275 cm per sec. is 27500 centimetre-gramme-second units of 
momentum, ^ 

59, We can now enunciate what are commonly called 
Newton’s Laws of Motion. “ The first two were discovered 
by Galileo (about die year 1590) and the third in some of 
its many forms was known to Hooke, Huyghens, Wallis, 
Wren and others before the publication of the PrincijiaH 
They were put into formal shape by Newton in his Principia 
publighed in the year 1686. 

They are : 

Law • Every body continues in its state of rest, or of uniform 
motion in a straight line, except in so far as it be compelled by 
external impressed force to change that state. 

Law n. The rate of change of momentum is proportional to 
the impressed force, and takes place in the direction of the straight 
line in which the force acts. 

Law m. To ejoery action there is an equal and opposite 
reaction. 

No strictly formal proof, experimental or otherwise, 
can be given of these tliree laws. On them however is 
based the whole system ftf Dynamics, and on Dynamics 
the whole theory of Astronomy, Now the results obtained, 
and the predictions made, from the thcoiy of Astronomy 
agree so well with the actual observed facts of Astronomy 
that it is inconceivable that the original laws on which the 
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suVjject is based should be erroneous. For ejcample, the 
Nautical Almanac is published four years beforehand; the 
motions of the Moon and the Planets are therein predicted^ 
and the' time and place of Eclipses of the Sun and Moon 
foretold; and the predictions in it are always correct. 
Hence the real reason for our belief in the truth of the 
above three laws of motion is that the conclusions drawi! 
from them agree with our experience. 

60. Law L We never see this law actually ex- 
emplified on the Earth because it is practically impossible 
ever to get rid of all forces during the motion of the body. 
It may be seen approximately in operation in the case of 
a piece of dry, hard ice projected along the surface of dry, 
weir swept ice. The only forces acting on the fragment of 
ice, in the direction of its motion, are the friction between 
the two portions of ice and the resistance of the air. “The 
smoother the surface of tlie ice the further tire small 
portion will go, and the less tire resistance of the air tire 
further it will go. The above law asserts that if the ice 
were perfectly smooth and if there were no resistance of the 
air and no other forces acting on the body, then it would 
go on for ever in a straight line with uniform velocity. 

The law states a principle sometimes called the Prin- 
ciple of Inertia, viz.— that a body has no innate ten- 
dency to change its state of rest or of uniform, motion in 
a straight line. h. lump of iron resting on the ground 
does not move by itself, nor unless it is acted upon by 
a force external to itself. 

If a portion of metal attached to a piece of string IjC 
swung round on a smooth horizontal table, then, if the 
string breaks, the metal, having no longer any force acting 
on it, iDroceeds to move in a straight line, viz. the tangent 



THE LAWS OF MOTION 67 

to the circle at the point at which its circular motion 
ceased. ' ■ 

If a man steps out of a rapidly moving train he "is gene- 
rally thrown to the ground ; his feet on touching the ground 
are brought to rest; but, as no force acts on the upper 
part of his body, it continues its motion as before, and jhe 
man falls to the ground. 

If a man be riding on a horse which is galloping at a 
fairly rapid pace and tlie horse suddenly stops, the rider is 
in danger of being thrown over the horse’s head. 

If a man be seated upon the back seat of a dog-cart, 
and the latter suddenly starts, the man is very likely to be 
left behind. 

61. (a) Law II. From this law we derive our method 
of measuring force. 

Let VI be ,the mass of a body, and f the acceleration 
produced in it by the action of a force whose measure 
is P. ^ • 

Then, by tlie second law of motion, 

P oc I'&te of change of momentum, 
cc rate of change of my, 
oc mxrate of change of y (if m is unaltered), 
cc m ./. 

P— A . mf, where A is some constant. 

Now let the unit of force be so chosen that it may pro- 
duce in unit mass the unit of acceleration. 

Hence, when m= 1 and/ = 1, we have P=l, 
and therefore • A= 1. 

The unit of force being thus chosen, we have 
* P=m. /. 

Therefore, when proper units are chosen, the measure 
of tlie force is equal to the measure of the rate of change 
of tlyi momenti^in. 
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61, (b) The above result can also be deduced by use of 
c^-lculus as follows: 

Force az rate of change of momentum. 

" oc m^(if m is unaltered) 

oc m ./. 

P— A . mfi where A is some constant. 

Then proceeding as in Art. 61(a), we get A=l. 

62. From the preceding Article it follows that the 

magnitude of the unit of force used in Dynamics depends 
on the units of mass, and acceleration, that we use. The 
unit of acceleration, again, depends, by Arts, 9 and 29, on 
the units of length and time. Hence the unit of /orce 
depends on our units of mass, length, and time. When 
tliese latter units are given the unit of force is a deter- 
minate quantity. ” , 

Wlien a pound, a foot, and a second are respectively the 
units of mass, length, and time, the corresponding unit of 
force is called a Foimdal. 


Heiac® tlie eqisatloji P— mf is a true relation, m 
being the nuimber of pounds in the toodyg P the 
niiBaber of poundals in the force acting on itj and 
f the number of usaits of acceleration produced in 
the mass m by the action of the force P on it. 

This relation is sometimes expressed in the form 
Moving Force 
Mass moved ‘ , 


Acceleration = 


N.B. All through this book thfe unit of force used will 
be a poundal, unless it is otherwise stated. Thus, when we 
say that the tension of a string is T, we mean T poundals. 
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63, When a gramme, a centimetrcj and a second are 
respectively the units of mass, length, and time, the corres- 
ponding unit of force is called a Dyne, [This .name is 
derived from the Greek word Svifapus, pronounced Dunamis, 
which means Force.] 

Hence when the equation P=mf is used in this system 
the force must be expressed in dynes, the mass in grammes, 
and the acceleration in centimetre-second units. 

64, Gonaection between tbe nnit of force asad 
tbe weight of the nnit of mass. As explained in .\rt. 
42, we know that, when a body drops freely in vacuo it 
moves with an acceleration which we denote by 

also the force which causes this acceleration is that which 
we call its weight. * 

Now the unit of force acting on the unit of mass pro- 
duct in it the unit of acceleration. 

Therefore g units of force acting on the unit of mass 
produce in it g units of acceleration (by the second law) . 

But the weight of the unit of mass is that which pro- 
duces in it g units of acceleration. 

Hence the weight of the unit of mass=^ units of force. 

65, Foot-Pound-Second System of units. In this system 
g is equal to 32 >2 approximately. 

Therefore the weight of one pound is equal to g units of 
force, i.e., to ^ poiindals, where g== 32-2 approximately. 

Hence a poundal is approximately equal to times 

the weight of a pound, i.e., to the weight of about half an 
ounce. 

Since has differenP values at different points of tire 
earth’s surface, and since a poundal is a force which is the 
same everywhere, it follows that tbe weight of a pound 
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Is not constants but bas different values at different 
points of the earth. 


66. Centimetre-Gramme-Second System of units. In this 
system g is equal to 981 approximately. 

Therefore the weight of one gramme is equal to g units of 
for/:;ej i.e., to g dynes, where 

^—981 approximately. 

Hence a dyne is equal to the weight of abouf. of a 

9ol ' 

gramme. 

The dyne is a much smaller unit than a poundal. The 
approximate relation between them may be easily found 
as fallows: ^ 

One Poundal 

One Dyne 1 „ 

wt. of a gramme 


981 ^ one pound 
32*2 one gramme 


981 

32-2 


X 453.6 (by Art. 55). 


Hence One Poundal = about 138O0 dynes. 


EXAMPLES. IX. 

1. A mass of 20 gm is acted on by a constant force which in 5 seconds 

produces a velocity of 1.5 cm per second. Find the force, if the mass was initially 
at rest. » 

From the equation we have /=-5-=3. 

Also, if P be the force expressed in poundals, we have 
p=20x 3=60 dynes. 

Hence P is equal to the weight of about i.e,, gm. 

2. A mass of 10 gm is placed on a smooth horizontal plane, and is acted 
on by a force equal to the weight of 3 gm; find the distance described by’ it in 
iO seconds. 

Here moving force = weight of 3 gm=3g dynes; 

and mass moved =10 gm. 
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Hence, if cm/sec. units are used, the acceleration = 


■ 10 ’ 

> that the-distance required=J . ~ .10®== 14715 c 


3. Find the magnitude of the force which) acting on a kilogramme for 5 
seconds, produces in it a velocity of one metre per second. 

Here the velocity acquired =100 cm per sec. 

Hence the acceleration=20 c.g.s. units. * 

Hence the force =1000x20 dyne.s= weight of about — dr 

yyi 

20-4 graranifes. - - — - 

4. Find the acceleration produced when 

(i) A force of 2000 dynes acts on a mass of 4 kg. 

A force equal to the weight of 2 kg acts on a mass of 4 kg. 

A force of 50 pounds weight acts on a mass of 10 tons. 

5. Find the force expressed (1) in dynes, (2) in terms of the ^veight 
of a gramme, that will produce in a mass of 9 kg an acceleration of 
300 cni/second units. 

6. » Find the force which, acting horizontally for 5 seconds on a 

mass of 3924 g?n placed on a smooth table, will generate in it a velocity 
of 15 metres per second. . / 

Findithe magnitude of the force which, acting o:i a mass of 10 cwt 
for 10 seconds, will generate in it a velocity of 3 miles per hour-. 

8. A force, equal to the weight of 2 kg, acts on a mass of 40 kg 
for half a minute; find the velocity acquired, and the space moved 
through, in this time. 

- 9. A body, acted upon by a uniform force, in ten seconds describes 
a distance of 7 metres ; compare the force with the weight of the body, 
and find the velocity accpiired. 

'10. In what time will a force, which is equal to the weight of 3 kg, . 
move a mass of 9 kg, through 2616 cm along a smooth horizontal 
plane, and what will be the velocity acquired by the mass? 

11. A body, of mass 200 metric tonnes, is acted on by a force equal 
to 2 X 10“ dynes ; how long will it take to acquire a velocity of 47 km 
520 metres per hour? 

12. In what time will a force, equal to the weight of 10 kg, acting 
on a mass of 1 metric tonne moves it through 1962 cm? 

13. A mass of 100 kg k 
and a uniform force acting on 
causes it to describe 1500 cm in 
to about 12 X 10“ dynes weight. 
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14. A. heavy truck, of mass 20 metric tonnes, is standiifg at rest on a 
smooth line of rails. A horse now pulls at it steadily in the direction 
of the line of rails with a force equal to the weight of 60 kg. How far 
-will it move in 1 minute? 

15. A force equal to the weight of 10 grammes acts on a mas.s 
of 27 grammes for 1 second; find the velocity of the mass and the 
distance it has travelled over. At the end of tire first second the force 
ceases to act; how far will the body travel in the next minute? 

16. A force equal to the weight of a kilogramme acts on a body 
continuously for 10 seconds, and causes it to describe 10 metres in that 
time; find the mass of the body. 

17. A horizontal force equal to the weight of 5 kg acts on a mass 

along a smooth horizontal plane; after moving through a space of 
750 cm the mass has acquired a velocity of 300 cm per second; find 
its magnitude. ^ 

, i 18. A body is placed on a smooth table and a force equal to the 
weight of 2 ’T' kg acts continuously on it; at the end of 3 seconds the 
body moving at the rate of 14-6 metres per Second; find its mass. 

0 19. A body, of mass 1*36 kg, is falling under gravity at the rate of 

30‘5 metres per second. What is the uniform force that will stop it (1) 
in 2 seconds, (2) in 0-61^ metre? 

20. Of two forces^ “dne acts on a mass of 5 lb. and in one-eleventh 
of a second produces in it a velocity of 5 feet per second, and the other 
acting on a mass of 625 lb. in 1 minute produces in it a velocity of 
18 mnes per hour; compare the two forces. 

21. A mass of 5 kg falls 300 cm from rest, and is then brought 
to rest by penetrating 30 cm into some sand; find the average thrust of 
the sand on it. 

, 22.^ A cannon-ball of mass 1000 grammes is discharged with a 

'' velocity of 45000 centimetres per second from a cannon the length of 
whose barrel is 200 centimetres; show that the mea%forpp;. exerted on 
the ball during the explosion is 5-0625 X 10“ dynes." V S 

23. It was found that when 30-5 cm was cut off from the muzzle of 
a gun firing a projectile of 45-4 kg, the velocity of the projectile was 
altered from 454 to 405 metres per second. Show that the force exerted 
on the projectile by the powder-gas at the muzzle, when expanded in 
the bore, was about 315 tonnes weight. 

24. A bullet moving at the rate of 6000 cm per second is fired "Into 
a trunk of wood into which it penetrates S2 -5 cm; if a bullet moving 
with the same velocity were fired into a similar piece of wood 12-5 cm 
thick, with what velocity would it emerge, supposing the resistance to 
be imiform? 
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25- A motor car travelling at the rate of 40 kilometres per hour 
is stopped by its brakes in 4 seconds; show that it will go about 22 
metres from the point at which the brakes are first applied, and that 
the force exerted by them is about *283 times the weight of the car. 
and would hold the car at rest on an incline of about 1 in 3|. 

67. A pouridal and a dyne are called Afcsolme Units 
because their values are not dependent on the value ®f 
which varies at different places on tlie earth’s surface. The 
weight ofj^a pound and of a gramme do depend on this 
value. Hence they are called Gravitaiion Units. 

68. The weight of a body is proportional to its mass and is 
independent of the kind of matter of which it is composed. The 
following is an expeVimental fact: If we have an aii^tight 
receiver, and if we allow to drop at the same instant, 
frorti the saijie height, portions of matter of any kind what- 
ever, such as a piece of metal, a feather, a piece of paper 
etc., a|l these substances will be found to have always 
fallen through the same distance, and to hit the base of 
the receiver ht the same time, whatever be the substances, 
or the height from which they are allowed to fall. Since 
these bodies always fall through the same height in the 
same time, therefore their velocities [rates' of change of' 
space] and their accelerations [rates of change of velocity] 
must be always the same. 

The student can approximately perform the above experiment 
withotit creating a vacuum."* Take a penny and a light .substance, 
say a small piece of paper; place the paper on the penny, held hori- 
zontally, and allow both to drop. They will be foimd to keep together 
in their fall, although, if they be dropped separately, the penny -will 
reach the ground much quicker than the paper. The penny clears 
the air out of tiie way of the paper and so the same result is produced 
as would be the case if there were no air. 
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Let and W<^ poimdals be the weights of any two of 
these bodies, % and /Mg their masses. Then since their 
accelerations are the same and equal to we have 


and 

* Wi /Mj : M/g. 

or the weight of a body is proportional to its mass. 

Hence bodies whose weights are equal hsr^^e equal 
masses; so also the ratio of the masses of two bodies is 
known when the ratio of their weights is known. 

The equation PV~ mg is a numerical one, and means 
that the number of units of force in tjie weight of a body 
is equal to the product of the number of units of mass in 
the mass of the body, and the number of units of accelera- 
tion produced in the body by its weight. » 


From the result of Art. 61, combined with this article, 
, P 

V 


P f - . 

we have 77^==—, i.e., the ratio of any force to the weight 


of a body is the same as the acceleration produced by the 
force acting on the body to the acceleration produced by 
gravity. 


Tliis form of the relation between P and f is preferred 
by some. , 


69. Distinction between mass and weight. The student must care- 
fully notice the difference between the mass and the weight of a body. 
He has probably been so accustomed to estimate the masses of bodies 
by means of their weights tliat he has not. clearly distinguished between 
the two. If it were possible to have a cannon-ball at the centre of the 
earth it would have no weight there; for the attraction of the earth on a 
particle at its centre is 2 ero. If, however^ it were in motion, the s'ame 
force_ would be required to stop it as would be necessary under dmilar 
conditions at the surface of the earth. Hence we sec that it might be 
possible for a body to have no weight; its mass however remains un- 
altered. * ^ 
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The confusion is probably to a great extent caused by the fact that 
the word “ pound ” is used in two senses which are scientifically diffe- 
rent; it is used to denote both what we more properly call “ the mass of 
one pormd ” and “ the weight of one pound It cannot be too strongly 
impressed on the student that, strictly speaking, a pound is a mass and 
a mass only ; when we wish to speak of the force with which the earth 
attracts this mass Ave ought to speak of the “ weight of a pound ”, This 
latter phrase is often shortened into “ a pound ”, but care must be 
taken to see in which sense this word is used. 

It may also be noted here that the expression “ a ball of lead -weighing 
2G lb.” is, strictly speaking, an abbreviation for “ a ball of lead whose 
weight is equal to the weight of 20 lb.”. The mass of the lead is 20 lb. : 
its weight 1 ^ 20 ^? poundals. 

79. Weighing by Scales and a Spring Balance. VVe have pointed out 
(Art. 42) that the acceleration due to gravity, i.e., the value of g, varies 
slightly as we proceed from point to point of the earth’s surface. When 
we weigh out a substance (say tea) by means of a pair of scales, we 
adjust the tea until the weight of the tea is the same as the weight of 
sundry pieces of metal uiiose masses are known, and then, by Aart. 68, 
we know that the mass of the tea is the same as the mass of the metal. 
Hence a pair of scales really measures masses and not weights, and so 
the ^:>pareut weight of the tea is the same everywhere. 

When we uSe a spring balance, we compare the weight of the tea 
with the force necessary to keep the spring stretched through a certain 
distaitce. !l^f then we move our tea and spring balance to another 
place, say from London to Paris, the weight of the tea will be different, 
whilst the force necessary to keep the spring stretched through the 
same distance ^s before tvill be the same. Hence the weight of the 
tea will pull the spring through a distance different from the former 
distance, and hence its apparent weight as shown by the instrument 
will be different. 

If we have two places, A and B, at the first of which the nuraerical . 
value of g is greater than at the second, then a given mass of lea will 
fas tested by the spring balance] appear to weigh more at A than it 
does at B. » 

Ex. 1. At the equator the value of g is 32 '09 and in London the 
value is 32-2; a merchant buys tea at the equator, at a shilling per 
pound, and sells in London; at what price per _ pound (apparent) 
niust he sell so that he may neither gain nor lose, if he uses the same 
spring balance for both transactions ? 

A quantity of tea which weighs 1 lb. at the equator will appe^ar 
3‘h9 32*2 

to weight lb. in Londi^n. Hence he should sell gjioq 

. 3209 . 


shilling, or at the rate of ; 


r shillings per pound. 
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Ex. 2. At a place A, ir=32’24j and at a place B, ^=32*12. A 
merchant buys goods at ;£^i0 per cwt. at A and sells at B,. using the 
same spring balance. If he is to gain 20^ per cent., show that his selling 
price must.be 12. Os. lOlif. per cwt. 

71. Physical ladepeiidesace of Forces. Tlie latter 
part of tile Second Law states tliat the change of motion 
produced by a force is in the direction in which the force 
acts. 

Suppose we have a particle in motion in the direction 
AB and a force acting on it in the direction then 
the law states that the velocity in the direction AB is 
unchanged, and that the only change of velocity is in the 
direction AC; so that to find tlie real velocity of the par- 
ticle at the end of a unit of time, we must compound 
its velocity in the direction AB with tlie velocity generated 
in that unit of time by the force in the direction AC. 
The same reasoning would bold if we had a §econd fbrce 
acting on the particle in some other direction, and so for 
any system of forces. Hence if a set of forces. act on a 
particle at rest, or in motion, their combined elEFect is 
found by considering the effect of each force oji the particle 
just as if the other forces did not exists and as if the particle were 
at rest, and then compounding these effects. This prin- 
.. ciple is often referred to as that of the Physical Independence 
of Forces. 

As an illustration of this principle consider the motion of a ball 
allowed to fall fi'om the hand of a passenger in a train which is travelling 
rapidly. It will be found to hit the floor of the carriage at exactly the 
same spot as it would have done if the carriage had been at rest. This 
shows that the ball must have continued to move forward with the 
same velocity that the train had, or, in other words, the weight of the 
body only altered the motion in the vertical direction, and had no 
influence on the horizontal velocity of the particle. 

Again, if any two small bodies be plsreed on the edge of a table, 
and be hit so that they leave the table at the same moment, but with 
velocities differing as much as possible, then whatever be their masses 
or their initial velocities, they will be heard to hit t)ie floor at the same. 
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instant. It hence follows that the vertical accelerations and velocities 
produced in the bodies are independent of their masses and also of their 
initial velocities. 

So also, a circus rider, who wishes to jump through a hoop, springs 
in a vertical direction from the horse’s back; his horizontal velocity 
is the same as that of the horse and remains unaltered ; he therefore 
alights on tire horse’s back at the spot from which he started. 


72« ParalMcegram of Forces. We have shown 
in Art. 30 that if a particle of mass m has accelerations 
and/g, rt^oresented in magnitude and direction by lines AB 
and AC^ then its resultant acceleration is represented 
in magnitude and direction by AD, the diagorud of t'hc 
parallelogram of which AB and ;dC' are adjacem sides. 


Since the particle has an acceleration /j in the direction 
AB there must be a force in that directions and 

similarly a force (=^^) in the direction AC. Let 
* ABx and AC^ represent these forces in magnitude and “ 
direction. Complete the parallelogram AB^D^Cy Then 
since the forces in the directions AB^ and AC^ are propor- 
tional to the accelerations in these directions, 

ABx :AB ::BxDx : BD. 

Hence, by simple geometry, we have .d, D and i)j in a 
* straight line, and 

" ADx\^AD -.-.AB^iAB. 

It follows 
the 
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which is equivalent to the forces represented by ABj^ and 

ACr 

Hence we infer the truth of the Parallelogram of Forces 
which may be enunciated as follows : 

If a particle be acted on by two forces represented in magnitude 
and^ direction by the two sides of a parallelogram drawn from a 
point, they are equivalent to a force represented in magnitude 
and direction by the diagonal of the parallelogram passing through 
the point. 

Clor. If in Arts. 13 — 19 which are founded on the 
Parallelogram of Velocities we substitute the word force ” 
for “ velocity ”, they will still be true. 

73. Law in. To every action there is an equal and opposite 
reaction. 

Every exertion of force consists of a mutual action 
between two bodies. This mutual action is caPed the s’tress 
between the two bodies, so that the Action and Reaction 
of Newton together form the Stress. 

Illustrations. 1. If a book rests on a table, the book presses the 
table with a force equal and opposite to that which tlie table exerts on 
the book. 

2. If a man raises a weight by means of a string tied to it, the string 
exerts on the man’s hand exactly the same force that it exerts on the 
weight, but in the opposite direction. 

3. The attraction of the earth on a body is its weight, and the body 
attracts tlie earth with a force equal and opposite to its own weight. 

4. When a man drags a heavy body along the ground by means 
of a rope, the rope drags the man back with a force equal to that with 
which it drags the body forward. [The weight of the rope is neglected.] 
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[In the figure AB represents the central line of the man’s bedy. 
F and R are the horizontal and vertical forces which the earth exerts 
on his feet, and rvhich_ are equal and opposite to the forces his feet 
exert on the earth. T is the tension of the rope which acts in opposite 
directions at its ends. F is the horizontal force between the earth and 
the body. 

The man mo ves because F> T. 

The body moves because T>F'. ^ 

Thus at the commencme>it of the motion we have F> T >F', 

When the man and body are moving uniformly these three forces 
are equal.] ^ 

5. In the case of a stretched piece of indiarubber, with the ends 
held in a man’s hands, the indiarubber pulls one hand with a force 
equal and opposite to that with which it pulls the other hand. 

The compressed buffers between two railway carriages push one 
carriage with a force exactly equal and opposite to that with which 
they push the other carriage. , 


CHAPTER V. 


THE LAWS OF MOTION (continued). APPLICATION TO 

W!\ SIMPLE PROBLEMS. 

ly 74. Motioa of two particles conssected fey a 
string. , 

Two particles^ of masses ?n^ and m^, are connected by a light 
rnextensible string which passes over a small 
smooth fixed pulley. If m-^ be> find the 
resulting motion of the system, and the tension /'""A 

of the string. 

Let the tension of the sti'ing be T 
dynes; the pulley being* smooth, this will 
be the same throughout the string. 

Since the string is inextensible, the ve- 
locity of upwards must, throughout 
the motion, be the same as that of 772 ^ 
downwards. 

Hence their accelerations [rates of I . 

change of velocity] must be the same in 
magnitude. Let the magnitude of the ^ 

common acceleration be/. 

Now the force on downwards is tn^g—T dynes. 

Hence '>nig—T—m^f (^ 1 ). 

So the force on upwards is T~m^ dynes; 

/. T~ m^g=m^f ............. ./ 2 ) 

Adding (1) and (2), we have . ^hich is the 

common acceleration. 
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Aiso^ from (2), 

r=«.(/+5) = ^a dynes .....{3). 


Since the acceleration is known and constant, the 
equations of Art. 32 give the space moved througli and 
the velocity acquired in any given time. • 

Experlmeat. By using the foregoing result the value of g may be 
roughly obt^ned if allowance be made for the friction etc., of the 
pulley. 

Fix a light pulley at a convenient height from tlic ground, so tiiai; 
the distance through which the masses move may be measured. Round 
the pulley put a light string having at its ends two equal masses 
[weights of the shape P, in Art. 82, are convenient]. By trial find the 
mass R which, when placed on the right-hand P, will make it very 
slowly and uniformly descend to tlie ground. Thi.s mass R is in gcfieral 
smallj and we shall neglect it. 

Now place on the same P an additional mass Q, so tliat it descends 
to the ground With an acceleration / which is given by the predous 
formula. For mi =P-\- d and ma— P. 


Measure the distance A through which the weight falls, and the time 
that it takes; then 

Here everything is known except^ which can thus be 
In an actual experiment the pulley used was a light 
The original masses P at the ends of the string were each 265 grammes. 

A small mass of the shape Q, ^2] equal to 4 grammes 
placed on one of the weights P v/as found to just make it very slowly 
descend to the ground, so thatrfhis weight just overcomes the frictional 
resistance. 

Ah extra mass of 9 grammes was put on, and the combined weight 
was then found to descend a distance of 8 feet to the floor in 5‘5 seconds. 
[This time can be found to a considerable degree of accuracy by a 
stop-watch or by placing an ordinary watch beating four times per 
die ear; the mean of several determinations should be taken.] 
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Neglecting the 4 grammes put on in order to overcome the frictioin 
we have /h,= 265 and m®— 265+9. 


.?= - 


/“ si si's 

1= i ^ (5*5)2 

2 539 ^ > ’ 

8x2x539x4 


—about 31-7. 


9x121 

This is as accurate a result as we can expect to obtain from this 
experiment. 

That the tension of the string is as found may be experimentally 
verified as follows* r 


Attach the pulley to the end A of a uniform rod, which can turn 
about its centre. Then if during the motion the pulley C Ije at rest, 
the tension of the string dC must, by result (3), 


=27'+wt. of pulley C— g+wt. of pulley, 

and hence to keep the beam horizontal weights rnust be put into the 
scale-pan at B which will just balance this tension. 

As a numerical illustration take ?«i=70 and m.2=30 grammes; let 
the mass of the pulley C be 40 grammes and that of the scale-pan B 
be 10 grammes. 

During the motion, 

4,70.30 j,. 

2 += 84 grammes weight; 

therefore total weight to be placed in the scale-pan 

=wt. of pulley (7-!- 84 grammes— 10 grammes =114 grammes. 

Put 114 grammes into the scale-pan B; and hold the pulley C, so 
that it cannot rotate, in such a positiomthat BOA is horizontal; now 
let motion ensue; the beam will be found to remain horizontal so long 
as the motion continues; this shows that the tension of tlie string AC 
really was 124 grammes as the theory gives. 
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If the string be slipped off the rim of the pulley, so that no motion 
can ensue, then, in order to balance niy and the weights that must 
be put into the scaie-pan 

=wts. of C, m j , and ?/ 2 a— vvt. of the scale-pan 
=40+70+30 — 10— 130 grammes. 

Kencc when there is motion we see, from experiment, that the tension 
oi' the siring is less than when the pulley is not free to move. 

particles^ of masses and are connected by 
alight inexlensible string; is placed 

Oil a smooth, horizontal table and the — ->- ^ 

sirmg passes over a light smooth pulley 
at the edge of the table j hanging 

freely ; find the resulting inotion. 


Let the tension of the string be T dynes. 

The velocity and acceleration of along the table siust 
be equal to the velocity and acceleration of in a vertical 
direation. 

Let / be tlie common acceleration of the masses. 

The force on downward is m^^g—T; 

...(i). 

The only horizontal force acting on is the tension T ; 
[for the weight of is balanced by the reaction of the 
table]. 

( 2 ). 

Adding (1) and (2), we have 

giving the required acceleration. 

Hence, from (2), T— g dynes— 'weight of a 

”1** 7722 

whose nsass is ^ 


76. Two masses, and m^, are connected iy a 
mg is placed on a smooth plane inclined at an angle a 
horizon, _ and the string, after passing over 
a ^ small smooth pulley at the top of the 
plane, supports m^, which hangs vertically; 
if rn^ descends, find the resulting motion. 

i^et the tension of the string 
T dynes. The velocity and accelera- 
tion of mg up the plane are clearly equal 
to the velocity and acceleration of vertically ' 

Let /be this common acceleration. For the motion of 
we have 



mig~-T=mJ ( 1 ). 

Wie weight of is vertically downwai'ds. 

Fhe^ resolved part of perpendicular to the inclined 
plane is balanced by the reaction R of the plane, since 
■has no acceleration perpendicular to the plane. 

^ The resolved part of the weight down the inclined plane 
iS ^ 2 ^ sin a, and hence the total force up the plane is 

T—mg^sina. 

Hence ^ 2 ). 

Adding (I) and (2), we easily have 
sin a 

Also, on substitution in (1), 

nr li mi— m., sinal 

= %^^^2(l+sin g) ^ 

mi/mg 

giving the tension of the string. 
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' EXAMPLES. X. ■ 

* I, A mass of 9 kg, descending vertically, drags up a mass of 6 kg 
by means of a sliing passing over a smooth pulley; find the acceleration 
of the system and the tension of the string. 

2. Two particles, of masses 7 and 9 kg, are connected by a light 
string passing over a smooth pulley. Find (1) their common accelera- 
tion, ('2) tlic tension of the string, (3) the velocity at the end of 5 seconds, 
and (4) the distance described in 5 seconds. , 

*^'3. Two particles, of masses 11 and 13 kg, are connected by a 
light string passing over a smooth pulley. Find (1) the velocity at the 
end of 4 seconds, and (2) the space described in 4 seconds. If at the 
end of 4 seco>.ds the string be cut, find the distance described by each 
particle in the next 6 seconds. 

4. hlasses of 450 and 550 grammes are connected by a thread 
passing over a light pulley; how far do they go in the first 3 seconds of 
the.jqiotion, and what is the tension of the string ? 

/ Two masses of 5 and 7 kg are fastened to the ends of a cord 
passing over a frictionless* pulley supported by a hook. When 4hey 
are free to move, show that the pull on the Look is equal to 1 If kg 
w^ht. 

^wo equaj masses, of 3 kg each, are connected by a light string 
hanging over a smooth peg; if a third mass of 3 kg be laid on one of 
th^m, by how much is the pressure on the peg increased? 

(7.^ Two niasses, each equal to P, are connected by a light string 
passing over a smooth pulley, and a third mass P is laid on one of them; 
find by how much the pressure on the peg is increased. 

8. Two masses, each equal to m, are connected by a string passing 
..over a smooth pulley; what mass must be taken from one and added 
the other, so that the system may describe 61 metres in 5 seconds? 

A mass of 3 kg, descending vertically, draws up a mass of 2 kg 
byineans of a light string passing ov^er a pulley; at the end of 5 seconds 
th^tring breaks; find how much higher the 2 kg mass will go. 
f 10.| A body, of mass 4| kg, is placed on a smooth table at a distance 
of'-245| cm from its edge, and is connected, by a string passing over 
the edge, with a body of mass J kg; find 

(1) tlie common acceleration, 

(2) the time that elaps«jp before the body reaches the edge of 
the table, 

and (3) its velocity on leaving the table. 

1 i . A mass of 350 grammes^ placed on a smooth table at a distance 
of 245-25 cm from its edge and connected by a light ' string passing 
over the edge with a mass of 50 grammes hanging freely; what time 
will elapse before the first nutss will leave the table? 
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V,.12.j A particle, of mass 5 kg, is placed on a smooth .plane inclined 
at '3TJ'° to the horizon, and connected by a string passing over the top 
of the plane with a particle of mass 3 kg, which hangs vertically; 
find (l)'thc common acceleration, (2) the tension of the string, (3) the 
velocity at the end of 3 seconds, (4) the space described in 3 seconds. 

13. A particle, of mass 2 kg, is placed at the bottom of a plane, 
inclined at 45° to the horizon and of length 210 cm, and is connected 
with a mass of 1-5 kg by a string passing over the top of the plane; find 
the^ common acceleration of the masses, and the time that elapses 
before the first arrives at the top of the plane. 

14. A body, of mass 6 kg, is placed on an inclined plane, -whose 
height is half its length, and connected by a light string passing over 
a pulley at the top of the plane with a mass of 4 kg whiclvhangs freely; 
find the distance described by the masses in 5 seconds. 

15. A mass of 6 ounces slides down a smooth inclined plane, whose 
height is half its length, and draws another mass from rest over a 
distance of 3 feet in 5 seconds along a horizontal table which is level 
with the top of the plane over which the string passes; find the mass 
on the table. 

■^1®. A mass of 250 gm is attached by a string passing over a smooth 
pulley to a larger mass; find the magnitude of the latter so that, if 
after the motion has continued 3 seconds the string be cut, the former 
will ascend 54|- cm before descending. . 

we 17. Two scale-pans, of mass 3 lb. each, are connected by a string 
passing over a smooth pulley; show how to divide a mass of 12 lb. 
between the two scale-pans so that the heavier may descend .a distance 
of 50 feet in the first 5 seconds, 

18. Two strings pass over a smooth pulley; on qne side they are 
attached to masses of 3 and 4 kg respectively, and on the other to one 
of 5 kg; find the tensions of the strings and the acceleration of the 
system. 

19. A string hung over a pulley has at one end a weight of 10 kg 
and at the other end -weights of 8 and 4 kg respectively; after being 
in motion for 5 seconds the 4-kg weight is taken off; find how much 
further the weights go before they first come to rest. 

20. Two unequal masses are connected by a string passing over 
a small smooth pulley; during the ensuing motion show that the thrust 
of the axis of the pulley upon its supports is always less than the sum of 
the weights of the masses. 

21. A string passing across a smootli table at right angles to two 
opposite edges has attached to it at the ends two masses P and Q, which 
hang vertically. Prove that, if a mass be attached to the portion 
of the string which is on the table, the acceleration of the system when 
left to itself will be 
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77. Motioia 00 a rongli plane.. A particle slides down 
a rough plane inclined to the horizon at an angle a\ if be the 

coefficient of friction, determine the 7notion. 

Let m be the mass of the particle, so that its weight is 
mg dynes; let R be the normal reaction of the plane, and 
fxR die friction. _ • 



The total force perpendicular to the plane is 
. (^Ji—mg cos a) dynes. 

The total force down the plane is {mg sin a— ixR) 
dynes. 

Now perpendicular to the plane there cannot be any 
motion, and hence there is no change of motion. 

Hence the acceleration, and therefore the total force, in 
that direction is zero. 

R— mg cos a— 0. .... ....(1). 

Also the acceleration down the plane 

^ moving force ^ (si„ cos a), by (1). 

. mass moved m. 

Hence the velocity of the particle after it has moved 
from rest over a length I of the plane is, by Art. 32, equal 
to V^^rpn a~ix cos a). 
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Similarly, if the particle were projected up the plane, 
we have to change the sign of and its acceleration in 
a direction opposite to that of its motion is 

^(sin a+/z cos a). 


4k ^ Two equally rough inclined planes, of equal height, whose 
incfinations to the horizon are and a^, are placed back to 
back; two masses, m-^ and m^, are placed on their inclined faces 
and are connected by a light inextensible string passing over a 
smooth pulley at the common vertex of the two planes: if 
descend, find the resulting motion. 

Let T be the tension of the string, and the re- 
actions of the planes, and /i the coefficient of friction. 



Since % moves down, the friction on it acts up the 
plane. 

Since moves up, the friction op it acts down the 
plane. 

Hence the total force on m^ down the plane 
—m^g sin a^- T- 
—Mj^g (sin aj^- ^cos af)- T. 

Hence, if / be the common- acceleration of the two 
particles, we have 

mj_g{sin fi cos aP) — T^m^f . 


( 1 ). 
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Similarly* the total force on % up the plane 
= T- ^ 2 ^ sin ag 
= T— [sin a 2 +/x cos Og]. 

Hence 

T~m^ {sin cL^Hiicos, -(2) 

Adding (I) and (2),* we have 

/K+m,) ['"1 “1-'^“ “lAl 

1 ' 2 ; A L — 7?22 (sin ag+^cos a 2 )j 
giving the required acceleration. 

W* A train, of mass 50 tons, is ascending an incline of 
1 in 100; the engine exerts a constant tractive force equal to the 
weight of I ton, and the resistance due to friction, etc. mo^ be 
taken at 8 lb. weight per ton; find the acceleration with ivhich 
the trmn ascends the incline. 

The train is retarded by the resolved part of its weight 
down the incline, and by the resistance of friction. 

The latter is equal to 8 X 50 or 400 lb. wt. 

The inclme*' is at an angle a to the horizon, where 
sin a=Y-|- 5 . 

The resolved part of the weight down the incline there- 
fore 

— fl/ sm a— 50x2240 lb, w't. ■ 

= 1120 lb. wt. 

Hence the total force to retard the train=1520 lb. wt. 

But the engine pulls vnth a force equal to 2240 lb. 

• weight. 

Therefore the total fo?ce to increase the speed equals 
(2240—1520) or 720 lb. weight, i.e., 720^ poundals. 

Also the mass moved is 50 X 2240 lb. 
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Hence the acceleration — 


720 ^. 

50x2240 


9 ^ 

"Tioo 


Exs« 


Since the acceleration is known, we can, by Art, 32, 
find the velocity acquired, and the^-space described, in a 
given lime, etc. 


EXAMPLES. XL 


1. A mass of 5 kg on a rough horizontal table is connected by .a 
siring with a mass of 8 kg which hangs over the edge of the table; if 
the coefficient of friction be I-, find the resultant acceleration. 

Find also the coefficient of friction if the acceleration be half that of a 
freely falling body. 

2. * A mass Q, on a horizontal table, whose coefficient of friction is 
VS, is connected by a string wdth a mass 3Q, which hangs over the 
edge of the table; four seconds after the commencement of the motion 
the string breaks; find the velocity at this instant. ^ 

Find also the distance of the new position of equilibrium of Q, from 
its initial position. 

3. A mass of 200 grammes is moved along a rough horizontal 
table by means of a string which is attached to a mass of 40 grammes 
hanging over the edge of the table; if the masses take, twice the time to 
acciuire the same velocity from rest that they do w’hen.the table is smooth, 
find the coefficient of friction. 


4. A body, of mass 10 kg is placed on a rough plane, whose 
coefficient of friction i| and whose inclination, to the horizon is 

30'^; if the length of the plane be 122 1 cm and th^ body be acted on by a 
force, parallel to the plane, equal to 15 kg weight, find the time that 
elapses before it reaches the top of the plane and its velocity there. 


5. If in the previous question the body be connected with a mass 
of 15 kg, hanging freely, by means of a string passing .over the top of 
the plane, find the time and velocity. » 


6. A rough plane is 3000 cm long and is inclined to the horizon at 
an angle sin~‘ the coefficient of friction being and a body slides 
down it from rest at the highest point; Snd its velocity on reaching the 
bottom. • 


If the body were projected up the plane from the bottom so as just 
to reach the top, find its initial velocity. . . 
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7. A particle slides down a rough inclined plane, whose inclination 
to the horizon is ? and whose coelBcient of friction is f : show that the 

time of descending any space is twice what it would be if the plane were 
perfectly smooth. 

, *8. Two rough planes, inclined at 30° and 60° to the horizon and 
of the same height, are placed back to back; masses of 5 and 10 kg: 
are placed on the.' faces and connected by a string passing over tha»top- 

o ithe planes; if the coefficient of friction be — 7 %, find the resulting 
acceleration. 

9. If in the previous question the masses be interchanged, rvhat is 
the resulting acceleration? 

A train is moving on horizontal rails at the rate of 2 1 km 650 in 
per second; if the steam be suddenly turned off, find how far it \vill go 
before stopping, the resistance being 4 kg per metric tonne. 

11. If a train of 203 i-qptric tonnes, moving at the rate of 48 kijx per 
hour, can be stopped in 54 metres, compare the fi'ictional resistances 
with the weight of a tonne. 

12. • A train is running on horizontal rails at the rate of 30 miles 
per hour, the r6sistance due to friction, etc. being 10 lb. wt. per ton; 
if the steam be shut off, find (1) the time that elapses before the train 
comes to rest, (2) the distance described in this time. 

13. In the previous question if the train be ascending an incline 
of 1 in 1 12, fincl the corresponding time and distance. 

■/ 14. A train of mass 203 metric tonnes is running at the rate of 64 km 
per hour down an incline of 1 in 120; find the resistance necessary to 
stop it in 800 metres. 

15. A train run.s from rest for 1 mile down a plane whose descent 
is 1 foot vertically for each 100 feet of its length; if the resistances 
be ecpial to 8 lb. per ton, how far will the train be carried along the 
horizontal level at the foot of the incline? 

16. A train of mass 142 metric tonnes, travelling at the rate of 24 km 
per hour, comes to the lop of an incline of 1 in 128, the length of the 
incline being 800 metres, and steam is then shut off; taking the. resist- 
ance due to friction, etc. as 4-4§ kg wt. per metric tonne, find the dis- 
tance it describes on a horizontal line at the foot of the incline befere 
coming to rest. 

17. In the preceding ques^ion, if on arriving at the foot of the in- 
cline a brake-van, of weight 10’16 metric tonnes, have all its wh<:;cl.s 
prevented from revolving, find the distance described, assuming the 
coefficient of friction between the wheels and the line to be -fi. 
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18. An engine, of mass 30*2 metric tonnes, pulls after it a train, of 
mass 132 metric tonnes; supposing the friction to be g'jth of the weight 
of the whole train, calculate the force exerted by the engine if at the end 
of the first mile from the start the speed be raised to 72*5 km per hour. 

What incline would be just sufficient to prevent the engine from 
moving the train? 

Also down what incline would the train run with constant velocity, 
neifer steam nor brakes being on ? 


8§. A body, of mass m gm, is placed on a horizontal plane 
which is in motion with a vertical upward acceleration f; find the 
reaction between the body and the plane. 

Let R be the reaction between the body and the plane.. 


Since the acceleration is ver- 
tically upwards, the total force 
acting on the body must be ver- 
tically upwards. 

The only force, besides R, 
acting on the body is its weight 
mg acting vertically downwards. 




Im 



1 • 


Hence the total force is R—mg vertically upwards, and 
this produces an acceleration jf; hence 


R—mg=mf, giving R. 


In a similar manner it may be shown that, if the body 
be moving with a downward acceleration f, the reaction 
is given by 


mg—R^^mf 


We note that the reaction is greater or less than the 
weight of the body, according as the acceleration of the 
body is upwards or downwards. 


Ex, 1. The body is of mass 10 kg and is moving with {\) an upward 
acceleration of 527' cm[sec. units, {2) a downward acceleration of ihe came 
magnitude; find the reactions. 
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In the first case we have 

i?-10i^=10«*327 

^==10'^(98H- 327) dynes=wt. of 13333^ gm. 

In tlie second case we have 

==101-327. 

i?i = 101(^—327) dynes=wt. of6666| gm. 

Ex. 2. ,Tmo scale-pans' each of mass are connecied by a light string 
passing pmt a small pulley, and in them are placed masses A'f and Ada; shorn 
that the reactions of the pans during the motion are 

2Mi(M+Af2) _,2Mo.{MfM,) 

Mi+ikf2+2M’ ^ M, + M2+2M’ " 

respecimly. 

Lei fbe the common acceleration of the systenij and suppose M-i>Ma. 

Then, as in Art. 74, we have 

^ M^-APg 

2M+AdL-hAfa^' * 

Let P be the reaction between Mj and the scale-pan on which it 
rests,:, then the force on the mass Adi, considered as a separate body, is 
■ Adig—P. Also* its acceleration is/. 

Hence AIig—P—M\f, 

. • :.P^Mi{g-f), 

2Af, (M+HL) 

, ^ 2Ad+Adi+M./' 

8I« Three inches of rain fall in a certain district in 12 
hours. Assuming that the drops fall freely from a height of a 
quarter of a mile, find the pressure on the ground per ' square mile ’’ 
of the district due to the rain during the storm, the mass of a 
euhk foot of water bting IQOQ ounces. 

Tlie amount of rain that falls on a square foot dtiring 
the storm is | of a cubic foot, and its mass is 250 ounces. 

Hence the mass that fa^s per second 
250 ^^ 1 5 „ 

16 12 . 60 . 60^ 144x96 

I'he velocity of each raindrop on touching the ground is 
y 2 x^x440x 3, or 16 v^330 ft per second. 
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Therefore the momentum that is destroyed per second is 

5 5V330 . 

144 X 96 ^ or units of momentum. 

But the number of units of momentum destroyed per 
second is equal to the number of poundals in the actins 
forge (Art. 61). 

Hence the pressure on the ground per square foot 

5 V330 ^ ' 

"" ”36^ poundals. 

Hence the pressure per square mile 

=weight of 9 X 4840 X 640 X lb. 

32 X 864 

» = weight of 41 tons approxinlately. 

In general, if a jet of water hit a wall, the pressure on 
the wall per square foot is mv'^ poundals, \yhere v fs the 
velocity in feet per second and m 
is the mass of a cubic foot of water 
in lb. For a mass mv hits the 
square foot in each second, and the 
velocity of each particle of the water 
is V, so that the total momentum 
destroyed per ^tcoxi6.=mvxv=mv^. 

82. Atwood’s Maciuue. 

Tills machine is used to verify the 
laws of motion and to obtain a 
rough value for g. In its simplest 
form it consists of a vertical pillar 
AB firmly clamped to the ground, 
and carrying at its top a light 
pulley which will move very fre®ly. 

This pillar is graduated and carries 
two platforms, D andi^j anda ring 
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E, aii of which can be aflfmed by screws at any height de- 
sired. The platform D can also be instantaneously dropped. 
Over the pulley passes a fine cord supporting at its ends 
two long thin equal weights, oire of which, P, can freely 
pass through the ring tE. Another small weight Q^, called 
a rider, is provided, which can be laid upon the weight P, 
but which cannot pass tlrrough the ring E. • 

The weight is laid upon P and the platform D is 
dropped and motion ensues; the weight ^ is left behind 
as the rveight P passes through the ring; the weight P 
then traverses the distance EF with constant velocity, and 
the time T which it takes to describe this distance is care- 
fully measured. 

By Art. 74 the atceleration of the system as the ^eight 
falls from D to E is 

(Q.+f)-f . 

(Q.+^)+-p* a+2^*' 

Denote this by /, and let DE=h. 

Then the velocity v on arriving at E is given by 

v^=2fh. 

After pa.ssing E, the distance EF is described with 
constant velocity v. 

Hence, ILEF—hi, we have 

* T-^^~- 'jL- - 

V2ffi 

Since all the quantities involved can be measured, this 
relation gives us the value of g. 

By giving different va.lues to P, Q^, h and we can 
in this manner verify all the fundamental laws of motion. 
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In practice, the value of g cannot by this method be 
found to any great degree of accuracy, and tlie interest of 
Atwood’s, Machine is chiefly of an antiquarian character; 
tlie chief causes of discrepancy are the mass of the pulley^ 
which cannot be neglected, the friction of the pivot on 
which the wheel turns, and the resistance of the air. It 
IS aifo difficult to accurately measure the times involved in 
the experiment. 

It will be noted that the object of both Galileo’s Inclined 
Plane [Art. 41] and of Atwood’s Machine is to lessen the 
effect of gravity so as to make its results measurable, or, as 
it has been well expressed, to ‘ dilute ’ gravity. 

The friction of the pivot may be minimised if its ends 
do not rest on fixed supports, but on tfie circumferences of 
four light wheels, called friction wheels, two on each side, 
which turn very freely. ^ 

There are other pieces of apparatus for securing "'the 
accuracy of the experiment as far as possible, e.g., for 
instantaneously withdrawing the platform D at the re- 
quired moment. 


the acceleration of a siven 

mass IS proportional to the force acting on it. ^ 

We shall assume that the statement is true and see whether the results 
v.;e deduce therefrom are verified by experiment. 

To explain the method of procedure we shall take a numerical 

CKciltlpiC. 

Let P be 49 J oz. and Q, 1 oz. so that the mass moved is 100 oz. 
and the moving force is the weight of 1 oz. 

The acceleration of the system therefore 5 ,? (Art. 74). 

Let di e distance BE be one foot so that the velocity when Q^is talcen 


■ ~ vciocuy wnen t^is taken- 

/sj 2. ■jQQ*l=- 5 -\; ft per sec., if, for simplicity, we take g equal- 

Let the platform F be carefully placed at such a point that the mass 

will move from P to F in some definite time, say 2 sec 
Then FF = feet. 


•off- 
to 32. 
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il., 


I feet per second. 


In 2 seconds the mass would now describe feet, so tha£,*if our 
hypothesis be correct, the platform F must be twice as far from E as 
before. This is found on trial to be mrect. 

Similarly if we make P=45-S- oz. and Q,=9 oz., so that the mass 
moved is still 100 oz., the theory would give us that EF should be 

feet, and this would be found to be correct. 

The experiment should now be tried over again ab initio and P and 

be given different values from the above ; alterations should then be 
made in their different values so that 2P+ i) is constant. 

By the same method to show that the force varies as the mass when the accelera- 
tion is constant. » 

As before let P=49| oz. and l oz. so that, as in the last *l*xperi- 
ment, we have EF=^ feet. 

Secondly, let P=99 oz. and Q,—2 oz., so that the rnoring force is 
doubled and ?he mass moved is doubled. Hence, if our enunciation 
be correct, the acceleration should be the same, since 

second moving force _ first moving force^ 
second mass moved first mass moved 

The distance,jEF moved through in 2 seconds should therefore be the 
same as before, and this, on trial, is found to be the case. 

Similarly if we make P=H8J oz. and i2.=3 oz. the same rescilt 
would be found to follow. 

In actual practice some extra weight R must be put on 
overcome the friction at the pulley, etc. This should be 
before Q, is put on ; it will be that weight which will jus 
P on which it is placed move very slowly and uniformly down to the 
ground. This weight R must be kept on when is added, and must 
not be counted as part of in the above work. 

EXAMPLES. Xn. 

1. If I jump off a table with a 10 kg weight in my hand, what is 
the thrust of the weight on my hand? 

2. A mass of 10 kg rests, on a horizontal plane 
ascend (1) with a constant velocity of 30 cm 
constant acceleration of 30 cm 
case the reaction of the 


Now alter the conditions. Make P equal to 48 and Q_ equal to 4 oz. 
The mass moved is still 100 oz. and the moving force is now the weight 
of 4 oz. 


4 ^ 

The acceleration is now -j—, and the velocity at E 
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^ 3. A man, whose mass is 50 kg, stands on a lift which moves with 
a uniform accelei'ation of 327 cm/sec. units; find the i-eaction of 
the floor when the lift is (I) ascending, (2) descending. 

4. A bucket containing 56 kg of coal is drawn up the shaft of a 
coal-pit, and the i-eaction between the coal and the bottom of the 
bucket is equal to the weight of 63 kg. Find the acceleration of the 
bucket. 

5. ,A balloon ascends with a uniformly accelerated v^elocity, so 
that a mass of 56 kg produces on the floor of the balloon the same 
thrust which 58 kg would produce on the earth’.s surface; find the 
height which the balloon will have attained in one minute from the 
time of starting. 

/ 6, Two scale-pans, each of mass 30 grammes, are suspended by a 

weightless string passing over a smooth pulley ; a mass of 300 grammes 
is placed in the one, and 240 grammes in the other- Find the tension 
of the string and the reactions of the scale-pans. 

7. A string, passing over a smooth pulley, supports two scale- 

pans af its ends, the mass of each scale-pan bdng 1 ounce. If masses 
of 2 and 4 ounces respectively be placed in the scale-pans, find the 
acceleration of the system, the tension of the string, and the reactions 
between the masses and the scale-pans. c 

8. On a certain day half an inch of rain fell in 3 hours; assuming 
that the drops are indefinitely small and that the terminal velocity 
was 10 feet per second, find the impulsive pressure in tons per square 
mile consequent on their being reduced to rest, assuming that the 
mass of a cubic foot of water is 1000 ounces and that the rain wa.s 
uniform and continuous. 

9. Find the pressure in kilogramme wt. per hectare due to the 
impact of a fall of rain of 7-62 cm in 24 hours, supposing the rain to 

.-have a velocity due to falling freely through 122 metres. 

10. A jet of water is projected against a wall so that 300 gallons 
strike the ■wall per second with a horizontal velocity of 80 feet per 
second. Assuming that a gallon contains 277J cubic inches and that 
the mass of a cubic foot of water is 1000 ounces, find the reaction of 
the wall in pounds’ weight. 

11. The two masses in an Atw'ood’s Machine are each 240 grammes, 
and an additional mass of 10 gi-amnies ‘being placed on one of them 
it is observed to descend through 10 metres in 10 seconds; hence show 
that =980. 

12. Explain how to use Atwood’s Machine to show that a body 
acted on by a constant force moves with constant acceleration. 
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13. Sixteen balls of equal mass are strung like beads ou a siring; 
some are placed on a smooth inclined plane of inclination sin"!-^. and 
the rest hang over the top of the plane; how have the balls been 

arranged if the acceleration at first be -^ ? 

M. Two bodies, of masses P and Q,, are connected by a stretched 
string; P hangs vertically and (2, is placed on a smooth plane inclined 
at 30'’ to the horizon, thp string /passing over the top of the plane; if 
P descend Irom rest through a given distance in 4 times the time in 
which it would fall freely from rest through the same distance, find 
the ratio of P to (2. 

15. P hangs vertically and is 9 kg; ^ is a mass of 6 kg on a smooth 
plane whose inclination to the horizon is 30®; shotv that P will drag Q, 
up the whole length of the plane in half the time that (L lianging verti- 
cally would take to draw P up the plane. 

16. If the height of an inclined plane be 4 metres and the base 
T metres, find how far a particle will move on a horizontal plane after 
sliding from rest down ihe length of the inclined plane, suppling it 
to pass from one plane to the other without loss of velocity, and that 
the coefficient of friction for each plane is 5. 

1>. Show that a train going at the rate of 48 km per hour will be 
brought to res? in about 77 metres by continuous brakes, if they press 
on the wheels with a force equal to three-quarters of the weight of the 
train, the coefficient of friction being -IG. 

18. A train of mass 51 metric tonnes is moving on a level at the rate 
of 48 km per hour when the steam is shut off, and the brake being 
applied to the Urake-van the train is stopped in 400 metres. Find the 
mass of the brake-van taking the coefficient of friction between the 
wheels and rails to be one-sixth, and supposing the unlocked wheels 
to roil without sliding. 

19. A mass m is drawn up a smooth inclined plane, of height A* 
and length 7, by means of a string passing over the vertex of the plane, 
from the other end yf which hangs a mass m'. Show tliat, in order 
that m may just reach the top of the plane, m' must be detached after 

has moved through a distance 

m+m' hi 

~TT~ h+i* 

20. Two masses are conn'^cted by a string passing over a small 
pulley; show that, if the sum of the masses be constant, the tension of the 
string is greater, the less the acceleration. 

21. A mass mi hanging at the end of a string, draws a mass 
along the surface of a smooth table; if the mass on the table be doubled 
the tension of the string is increased by one-half; find tire ratio of mi to 
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22. Two bodies, of masses 9 and 16 lb. respectively, are placed 
on a smooth horizontal table at a distance of 10 feet; if they were 
now to attract each other with a constant force equal to 1 lb. wt. at all 
distances, find after what time they would meet. 

23. In the case of a single movable pulley the free end of the string 
passes round a fixed pulley and supports a weight P greater than |JT, 
where W is the weight suspended from the movable pulley. Find the 
tensic?n of the string during the ensuing motion, the three parts into 
v.'hich it is divided by the pulleys being parallel. 

24. A mass m will just support a mass M in a system of two pulleys 
in which each string is attached to M, the strings being parallel. A 
mass m is now attached to M ; find the subsequent motion, neglecting 
the weights of the pulleys. 

25. A system of three movable pulleys, in which all the strings 
are vertical and attached to the beam, is employed to raise a body, of 
mass 1 cwt., by means of one of mass 15 lb. attached to a string passing 
over a smooth fixed pulley. Shotv that the body will rise with accelera- 
tion the masses of the pulleys being neglected, 

26. A string, with masses m and m' at its ends, passes over three 
fixed and under two movable pulleys, each of mass M, ““hanging down 
between the fixed pulleys, the parts of the string between the pulleys 
being vertical. Find the condition that the movable pulleys should 
neither rise nor fall, and in this case determine the acceleration of 
m and m'. 

27. A Tope hangs down over a smooth pulley, and a man of 12 
stone lets himself down the portion of rope on one side of the pulley 
with unit acceleration. Find with what uniform acceleration a man of 
llj stone must pull himself up by the other portion of the rope so that 

’ the rope may remain at rest. 

28. A man, oi mass 60 kg, and a sack, of mass 50 kg, arc suspended 
over a smooth pulley by a rope of negligible weight. If the man pulls 
himself up the rope so as to diminish what would be his acceleration 
by one-half, find the upward acceleration of the sack in this case, and 

show that the acceleration upwards of the man relative to tlie rope is 

29. A train, whose mass is 114 metric tonne-s, is travelling at the 
uniform rate of 40 km per hour on a level track, and the resistance due 
to air, friction, etc, is 7-15 kg per toim^ Part of the train, of mass 
12*2 metric tonnes, becomes detached. ^Qsuming that the force exerted 
by the engine is the same throughout, find how much the train will have 
gained on the detached part after 50 seconds and the velocity of the 
train when the detached part comes to rest. 
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30. Two particles, of masses m and 2m, lie together on a smooth 
horizontal table. A string wliich joins them hangs over the edge and 
supports a pulley canying a mass 3m; prove that the acceleration, of 

9s 

the latter mass is • 

31 . A smooth itiedge, of mass M, is placed on a horizontal plane, and a 
particle, of mass m, slides down its slant face, which is inclined at an angle 
a to the horizon; prove that the acceleration of the wedge is 

* mg sin a cos a 
jVf+msin^a‘ 

[Let/i be the acceleration of the particle in a direction perpendi- 
cular to, and towards, the slant face; /g the horizontal acceleration 
of the wedge; and R the norrnal reaction between the particle and 
the slant face, so that R acts in one direction on the particle and in the 
opposite direction on the wedge. Then 

mfi=mg cos a— R ( 1 ), 

and sin a..... (2). 

Also, since the particle remains in contact with the slant f£«e, the 
acceleration/i must be the same as the acceleration of the wedge resolved 
in a direction perpendicular to the slant face. 

.-./.^/ssina........ (3). 

Solving (1), (2), and (3), we have/g.] 




CHAPTER VI. 

.. IMPULSE, WORK, AND ENERGY. 

_ 84 . Impulse. Def. The impulse of a force in a given 
time IS equal to the product of the force {jf constant, and the mean 
value of the force if variable) and Hhe time during which it acts. 

The impulse of a force P acting* for a time t is therefore 

P.t „ ; , ■ ' . 

The impulse of a force is also equal to the momentum 
genei^ted by the force in the given tfme. For suppose a 
particle, of mass m, moving initially with velocity u is 
acted on by a constant force P for time t. If / be .the 
resulting acceleration, we have P=w/ 

_ But, if V be the velocity of the particle at the end of 
time t, we have v=u-\-fi. 

Hence the impulse =P^=m/i=:m&- mu 

==the momentum generated in the given time, 

^ The same result is also true if the force be variable. 

Hence it follows that the second law of motion might 
have been enunciated in the following form: 

^ The change of momesitiam of a particle in a 
given time is equal to the impulse of the force 
■whicli produces it and is in the same direction. 

85.^ Impulsive Forces. Suppose we have a force 
P acting for a time r on a body whose mass is m, and let 
the velocities of the mass at the beginning and end of this 
time be u and v. Then by the last article 
Pr—miv- u). 
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Let now the force become biggei' and bigger, and the time 
T smaller and smaller. Then ultimately P will be almost 
infinitely big and T almost infinitely small, and yet their 
product may be finite. For example P may be equal to 

1 0'^ poundals, r equal to seconds, and m equal to one 

pound, in which case the change of velocity produced is 
the unit of velocity. 

To find the whole effect of a finite force acting for a 
finite time we have to find* two things: (1) the change in 
the velocity of the particle produced by the force during 
the time it acts, and (2) the change in the position of 
the particle during this time. Now in the case of an 
infinitely large force acting for an infinitely short p*me, 
the body moves only a very short distance whilst the force 
is aeting, so that this change of position of the particle 
may be neglected. ' Hence the total effect of such a force 
is known when we know the change of momentum which 
it produces. 

Such a force is called an impulsive force. Hence 

Def. An impulsive force is a very great force acting for a 
very short time, so that the change in the position of the particle 
during the time the force acts on it may be negkcted. Its whole * 
effect is measured its impulse, or the change of rnomenium 
produced. 

In actual practice we never have any experience of an 
infinitely great force acting for an infinitely short dnie. 
Approximate examples a.r^, however, the blow of hammer, 
and the collision of two billiard balls. 

The above will be true even if the force be not uniform. 

In the ordinary case of the collision of two billiard l>alls 
the foi’ce generally varies very considerably. 
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Ex. I. A body, whose mass is 4’5 kg, is acted on by a force whic'n 
■changes its velocity from 36 kra per hour to 54 km per hour. Find 
the impulse of the force. 

An$, 225 X 10^ c.g.s. units of impulse. 

Ex 2. A mass of 2 kg at rest is struck and starts off with a velocity 
•of 10 metres per second; assuming the time during which the blow 
lasts to be one- hundredth of a second, find the average value of the force 
acting on the mass. 

Ans, 2x10® dynes. 

Ex. 3. A glass marble, whose mass is 1 ounce, falls from a height 
■of 25 feet, and reboimds'to a height of 16 feet; find the impulse, and 
the average force between the marbld'-and the floor if the time during 
which they are in contact be one-tenth of a second. 

Alts, 4|- units of impulse; 47 poundals. 

86. Impact of two bodies. When two masses rl 
and 15 impinge, then, by the third law of motion, the 
action of .4 on .S is, at each instant during which they are 
in contact, equal and opposite to on A. ^ 

Hence the impulse of the action of A on B is equal and 
opposite to the impulse of the action of B on A. 

It follows that the change in the momentum of B is 
equal and opposite to the change in the momentum of A, 
and therefore the sum of these changes, measured in the 
^same direction, is zero. 

Hence the sum of the momenta of the two masses, 
measured in the same direction, is unaltered by their 
impact. 

Ex. 1. A body, of mass 3 gm, moving with velocity 13 cm per second 
overtakes a body, of mass 2 gm, moving with velocity 3 cm per second in the 
same straight line, and th^ coalesce and form one body; find the velocity of this 
single body. 

Let V be the required velocity. Then, since the sum of the momenta 
of the two bodies is unaltered by the impact, we have 

(3H-2) F— 3 X 13-1-2 X 3=45 units of momentum, 
F=9cmpersec. 
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Ex. 2. If in the last example the second body be moving in the direct wn 
opposite to that of the first, find the residting velocity. 

In this case the momentum of the first body is represented by 3 x 13' 
aEd that of the second by — 2 x 3. Hence, if Fj be the required velocity , 
we have ' . ' 

(3+2)Fj=3x 13— 2x3— 33 units of momentum, 

6| cm per sec, 

87 ® Motiosi ©f a shot amd gun. Wlien a gun is; 
fired, the powder is almost instantaneously converted into 
a gas at a very high pr^sure, wliich by its expansion 
forces the shot out. The action of the gas is similar to 
that of a compressed spring trying to recover its natural 
position. The force exerted on the shot forwards is, at any 
instant before the shot leaves the gun, equal and opposite 
to that exerted on t^e gun backwards, and therefore the 
impulse of this force on the shot is equal and opposite to 
the impulse pf the force on the gun. Hence the momen- 
tum generated in the shot is equal and opposite to that 
generated in the gun, if the latter be free to move. 

Ex. A shot, wfiose mass is 400 lb., is projected from a gun, of mass 50 tons, 
with a velocity ^900 feet per second; find the resulting velocity of the gun. 

Since the momentum of the is equal and opposite to that of 
the shot we have, if v be the velocity communicated to the gun, 

50x2240x0=400x900, ,» 

0 — 3x\ ft per sec. 

^'"examples, xhi. 

A body, of mass 7 kg, moving with a velocity of 10 metres per 
second, overtakes a body, of mass 20 kg, moving with a velocity of 
2 metres per second in the same direction as the first; if after the impact 
they move forward with a con^on velocity, find its magnitude. 

2. A body, of inass 8 kg, moving with a velocity of 6 metres per 
second overtakes a body, of mass 24 kg, moving with a velocity of 
2 metres per second in the same direction as the first; if after the impact 
they coalesce into one body, show that the velocity of the compound 
hody is 3 metres per second. 

If they were moving in opposite directions, show that after impact 
the compound body is at rest. 
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.S:" A body, of mass 10 kg, moving with velocity 4 metres per second 
tnt-els a body, of mass 12 kg, moving in the opposite direction w'ith a 
velocity of 7 metres per second ; if they coalesce into one body, show that 
it will have a velocity of 2 metres per second in the direction in which 
the larger body was originally moving. 

4’.' A shot, of mass 20 gm, is projected with a velocity of 30000 cm 
per second from a gun of mass 5 kg; find the velocity with which the 
later 4jegiris to recoil. , 

,5. A shot of 400 kg is projected from a 40-melric tonne gun with a 
velocity of 600 metres per second; find tire velocity yvith whiclr the gun 
would commence to recoil, if free to move in the line of projection. 

A shot, of mass 700 lb. is fireS with a velocity of 1700 feet per 
second from a gun of mass 38 tons; if the recoil be resisted by a constant 
force equal to the weight of 17 tons, through how many, feet vdll the 
gun/ecoil? f j 

:/ 1 . A shot, whose mass is 800 lb. is discharged from an 81-ton 
gun with a velocity of 1400 feet per second,! find the constant force 
whicl? acting on thefgun would stop it after a recoil of 5 feet. 

8._ A gun, of mass 1 metric tonne, fires a shot of mass 12’7 kg and 
recoils up a smooth inclined plane, risiirg to a height of 1*53 metres; 
find the initial velocity of the projectile. 

88. Work. We have pointedj^j^t in Statics, Chapter 
XI, that a force is said to do work when it moves its 
point of application in the direction of the force. The 
work is measured by the product of the force and the 
distance through which the point of application is moved 
’’ in the direction of the force. The unit of work used by 
engineers is a Foot-Pound, which is the work done in 
raising the weight of one pound througii one foot. 

The British absolute unit of work is the work done 
by a poimdal in moving its point of application through 
one foot. " 

This unit of w'ork is called a Foot-Poimdal. 

With this unit of w'ork the work done by a force of P 
poundals in moving its point of application through s feet 
is P.s foot-poundals. 
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Since the weight of a pound is equal to ^-poiindalsj it 
follows that a Foot-Pound is equal to g Foot-Poundals. 

The c.G.s. unit of work is that done by a dyne in moving 
its point of application through a centimetre, and is called 

an Erg. 

A Foot-Poundal PoundalxFoot ,oorn , ^2 
An Erg Dyne X Centimetre” ^ 

[Arts, 66 and 3] 

=421390 approx. 

When an agent is performing 1 Joule, i.e., 10'^ Ergs, per 
second it is said to be working with a power of 1 Watt. 
One PTorse-Power is equivalent to about 746 watts. 

S9. Es. L What is tj^e H.P. of an engine which can just keep a train, 
of mass 130 tons, moving at a uniform rate of 60 sniles per hour, the resistittices to 
the motion due to friction, the resistance of the air, etc. being taken at 10 lb. 
weight per ton ? 

The force to* stop the train is equal to the weight of 150 x 10 i.e., 
1 500 lb. weight. , 

Now 60 miles per hour is equal to 88 feet per second. 

Hence a force, equal to 1500 lb. wt., has jts point of a]>plication 
moved through 8^8 feet in a second, and hence the work done is 1500 X 88 
foot-pounds per second. 

If X be the H.P. of the engine, the work it does per minuteis.v x 33000 
foot-lb., and hence the work per second is a’ X 550 foot-lb. 

a: X 550=1500x88, 
a;=240.7 

!, Ex. 2. Find the least H.P. of an engine which is able in 4 minutes to 
generate in a train, of mass 100 tons, a velocity of 30 miles per hour on a level 
line, the resistances due to friction, etc. being equal to 8 lb. weight per ton, and 
the pull of the engine being assumed constant. 

Since in 240 seconds a velocity of 44 feet per second is generated 
44 11 . 

ih(; acceleration of the train must be or gg foot-second units. 

Let the force exerted by the engine be P poundals. 

The resistance due to friction is equal to 800 pounds’ weight,' hence 
the total force on the train is P—80Gg poundals, 
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Hence P-800^= 100 x 2240 X 

.% P=800 (g+ poundals-800 [l-f- Ib. weight 

— 800x lb. weight. 

When the train is moving at the rate of 30 miles per hour, the work 
125 • 

done per second must be 800 X X 44 foot-lb. 

Hence, if A’ be the H.P. of the engine, we have 

1 O K 

.r X550=800x -^X44. 

48 

.-. A-iesf. 

Ex. 3. A train, of mass 100 tons, is ascending uniformly an incline of 
1 in 280, and the resistance due to friction, etc. is equal to 16 lb. per ton;- if 
the engine he of 200 H.P. and be working at fidl ^^ower, find the rate at which 
the train is going. 

The resistance due to friction, etc., is equal to the weight of 16Q0 lb., 
and the resolved part of the weight of the train dowli the incline is 
equal to the weight of of 100 tons, or to the weight of 800 lb., 
so that the total force to impede the motion is equal to the weight of 
2400 lb. . 

Let V be the velocity of the train in feet per second. Then the work 
done by the engine is that done in dragging a force eqfUal to the weight 
of 2400 lb. through v feet per second, and is equivalent to 2400o foot- 
pounds per second. 


But the total work which the engine can do is or 1 10000 

bO 

foot-pounds per second. 

Hence 2400i>=ll0000, 

1100 

or V- 24 > 

and hence the velocity of the train is miles per hour. 

Ex. 4. A particle moving in a straight line is acted by a force which works 
at a constant rate and changes its velocity from uto o in passing over a distance x. 
Prove that the time taken is 

3 (u+v)x 

2 * u^f-uv-j-v^' 
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Tlie rate at which the force acting on the particle does work is given by 
« ^ X v~K (a constant), ......(1) 

where m denotes the mass of the particle and v the velocity after time 
Integrating (1) between the limits o and t, we get 

( 2 ) 

Also from (1) we have 

' dv 
dx 


Integrating between the limits o and x, we get 



Dividing (2) by (3), we get 

a '0^+o).V 
^'u^ + UV+!’^’ 


■ 1. A train, of mass 50 tons, is kept moving at the 

/ SO miles per hour on the level, the resistance of air, friction, 

40 Ib^weight pej- ton. Find the H.P. of the engine. 

' '•-" 2. What is the horse-power of an engine which 

at the rate of 40 miles per hour against a resistance equal to 2( 
weight? 

'‘*-"3. A train, of mass 100 tons, travels at 40 miles per hour up an 
, incline of 1 in 2p0. Find the H.P. of the engine that will draw 
train, neglecting all resistances except that of gravity. 

4. A train, of mass 200 tons, including the 
'-incline of 3 in 500 at the rate of 40 miles per 

600 H.P.; find the resistance per ton due to friction, etc. 

5. Find the H.P. of an engine which can travel at the rate of 25 
•miles per hour up an incline of 1 in 100, the mass of the engine and 
load being 10 tons, and the resistances due to friction, etc. being in Ih 
weight per ton. 

6. Determine the rate in H.P. at which an engine must 
’ work in order to generate a velocity of 20 miles per hour on the 

in a train of mass 60 tons in 3 minutes after starting, die resistances 
the motion being taken .at 10 Jb. per ton, and the acceleration 
supposed to be constant. 

7. A weight of 10 tons is dragged in half-an-hoiu- 
of 330 feet up a rough plane inclined at an angle of 3( 

die coefficient of friction being 
H.P. of 
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8. Find the work done by gravity on a stone having a mass of lb. 
during the tenth second of its fall from rest. 

,9. A steamer, with engines of 25000 H.P., can be just kept going 
at the rate of 20 miles per hour. What is the resistance of the water 
to its motion? 

10. An engine w'orking at a constant rate of H draws a load M 
against a resistance i?. Show that the maximum speed is and that 

the time taken to attain half this speed is (log 2— 

1 1. A mass of m lb. moves initially with a velocity of u ft per second 
on a straight line. A constant power equal to if horse-power is applied 
so as to increase its velocity; show that the time that elapses before the 

acceleration is reduced to -th of its original value is 

n 1 1 DU gH 

12. A body of mass M is propelled in a straight line by an engine 

producing energy at a constant rate P, agaiil&t a resistance where y 
is the velocity and if is a constant. Prove that the space s described 
. . . , 3^A" , Kv^\ 

from rest is given by = —log II— -^1. ^ 

90, Energy. Bef. The Energy of a body is its capa- 
city for doing work and is of two kinds, Kinetic and -Potential. 

The Kinetic Energy of a body is the energy which it pos- 
sesses by virtue of its motion, and is measured by the amount of 
work that the body can perform against the impressed forces before 
its velocity is destroyed. 

A falling body, a swinging pendulum, a revolving fly- 
wheel, and a cannon-ball in motion* all possess kinetic 
energy. 

Consider the case of a particle, of mass m, moving with 
velocity u, and let us find the •work done by it before it 
comes to rest. 

Suppose it brought to rest by a constant force P re- 
sisting its motion, which produces in it an acceleration — / 
given by P-^mf . , , 
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Let X be the spa.ce described by the particle before it 
comes to restj so that 0=zf^-[-2(— /)..«; 

:.fx=luK 

Hence the kinetic energy of the particle 

==work done by it before it comes to rest 

Hence the kinetic energy of a particle is equal to the product of its 
mass and one half the square of its velocity, 

§1» Tfseorem. To shojp that the change of kinetic energy 
per unit of space is equal to the acting force. 

If a force P, acting on a particle of mass in, changes its 
velocity from m to t:; in time t whilst the particle moves 
through a space Jj^we have v^—-u^=2fs, where / is the 
acceleration produced. 

hn'iP-~\mu^ 


- =m/=P 


This equation proves the proposition when the force is 
constant. 

When the force is variable, the same proof will hold 
if we take t*m small that the force P does not sensibly 
alter during that interval. 

Gor» It follows from equation (1) that the change in^ 
the kinetic energy of a particle is equal to the Work done 
on it. 

On .multiplying the fii'st and third relations of Art. 32 
by m, wc Ijcvc 

rd(y~-u)~mft==Pt, 

and lm(v'-^tP)~mfi-=Ps. 

These are often known as the Momentum and Energy 
Equations respectively. Expres.sed in words, they state that 
Change of Momentum —Force X Time, 
and Change of Kinetic Energy = Force X Space. 
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©2. The Potential Ener^* ^ a body is the work it 
can do by means of its position in passing from its present con- 
f gyration to some standard configuration {usually called its zero 
position) . 

A bent spring has potential energy [as in the case of a 
watch-spring which, by its uncoiling, keeps a watch going], 
viz., the work it can do in recovering its natural shape. 

A body raised to a height above the ground [e.g., a clock- 
weight, when the clock is wound up, a stone at the edge of 
a precipice, or water stored up* in a reservoir] has potential 
energy, viz., the work its weight can do as it fails to the 
earth’s smface, which is usually taken as tire zero of 
potential energy. Compressed air has potential energy, 
viz.jihe woi'k it can do in expanding to the volume it would 
occupy in the atmosphere. 

93. A particle of mass m falls from rest at a height h above 
the ground; to show that the sum of its potential and kinetic 
energies is constant throughout the motion. 

Let H be the point from which the particle starts, and 
0 the point where it reaches the ground. 

Let V be its velocity when it has fallen through a dist- 
♦'ance HP{~x), so that v^=2gx. 

Its kinetic energy at P—^mv^—mgx. 

Also its potential energ)? at P 

= the work its weight can do as it falls from P to 0 

~mg,OP~tng{h~-x). 

Hence the sum of its kinetic and potential energies at P 



But its potential energy when at Hi^ mgh, and its kinetic 
energy there is zero. 
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Hence the sum of the potential and kinetic energies is 
the same at P as at iif; andj since P is any point, it follows 
that tiie sum of these two quantities is the same throughout 
the motion. 


As the particle fails to the ground it will be noted that the 
potential energy which it has when at its highest point 
(and which was stored up in it as it was lifted into that 
position) becomes transformed into kinetic energy, and this 
goes on continually until the particle reaches the ground, 
when its store of potential energy becomes exhausted. 

In the case of a pendulum the potential energy which 
the bob possesses, when instantaneously at rest in its 
highest position, becomes converted into kinetic energy as 
the bob swings down to its lowest position, and re- 
converted into potential energy as the bob ti'avels to its 
next« position of instantaneous rest at the end of its swing. 

M. The example of the previous article is an extremely 
simple illustration of the principle of the Gonservadoa 
of Energy, which may be stated as follows : 

If a body or system of bodies be in motion under a conservative 
system of forces, the sum of its kinetic and potential energies is 
constant. 

Forces, of the kind which occur in the material universe, 
said to be conservative when they depend on the position or con- 
fguraiion only of the system of bodies, and not on the velocity 
or direction of motion of the bodies. 

Thus from a conservative system are excluded forces 
of the nature of friction, or forces such as the resistance of 
the air which varies as some power of the 
body. Friction is excluded because, if 
motion of the body be reversed, the direction of the 
is reversed also. 
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Wlieii the foi'ces are conservative, it is found that the 
amount of work required to bring a system from one con- 
figuration to another is always the same, and does not 
depend on the path pursued by the system during the 
alteration of its configuration. 

Referring to the case of a particle sliding down a rough 
plane of length I (Ai't. 77), we see that the kinetic energy , 
of the particle on reaching the ground is 

■|?72[2^/ (sin a— /X cos a)], i.e., tngl sin a—rnglyL cos a. 

Also the potential energy;' there is zero, so that the sum 
of the kinetic and potential energies at the foot of the 
plane is 

7ngl sin a —firngl cos a. 

But the potential energy of the particle when at the top 
of the plane is mgJ sin a, so that the total loss of visible 
mechanical energy of the particle in sliding from the 
top to the bottom of the inclined plane is ^mgi cos a. 
This energy has been transformed and appears chiefly in 
the form of heat, partly in the moving body, and partly in 
tlie plane; it is ultimately dissipated into the surrounding 
air. 


Other cases of loss of kinetic energy occur in the examples of Art. 86. 
In each case the kinetic energy before impact 

—1.3 X 1 3H ^2 X 32 = — I' — = 2621- em/dynes. 


In Ex. 1, the kinetic energy after impact 
4n'i 

=|.5.9®= ^ =202^ cm/dynes. 

In Ex. 2, the kinetic enei’gy after impact 

- 1.5 X (y = — = 108-9 cm/dynes. 

Hence in the two cases 60 and 153-6 cm/dyne.s of kinetic ( 
espectively are lost. 
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95. Es. 1. A bullet, of tmss 4 oz., is fired into a target with a velocity- 
of 1 2(U) feet per second. The mass of the target is 20 lb. and it is free to move; 
find tin: loss of kinetic energy in foot-paunds. 

Let F be the resulting common velocity of the shot arid target. Since 
no momentum is lost (Art. 86) we have 


1200^=180000 foot-poundali 


The final kinetic energy 


foot-poundals. 


20000 1600000 


The energy lost= 180000- 


foot-poundals 


50000 


It will be noted that, in this case, although no momentum is lost 
by the impact, yet -If ths of the energy is transformed. 

It will be found that, in all cases of impact, kinetic energy is lost or 
rather transformed. 


Ex. 2. Compare the kinetic energies of the shot and gun in the example of 
Art. 87. 

The kinetic energy of the shot= -1.400 X (900)^ foot-poundals 
200x9002 *200x9002^, 

■= — f — 32372240- 

=2260 fc/tons nearly. 

Tlie kinetic energy of the gun 

= iso X 2240 X ( I? ft/poundals : 


ft/tans=8-07 ft/tons nearly. 


I'lie kinetic energy of the shot is thus 280 times that of the 
altiiOLigh their momenta are equal. 

It is to this great superiority in kinetic energy of tire shot th 
destructive power is due. 
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96. When we take into account the enei'gy which has 
been transformed into heat, sound, light and other forms 
which modern Physics recognizes as forms of energy, we 
find that there is no real loss of energy in an isolated 
system which is left to itself. This doctrine of the in- 
desteuctibility of energy is the central Principle of Modern 
Science. It may be expressed thus;* 

Energy cannot be created nor can it be destroyed, but it may be 
transformed into any of the forms jvhick it can take. 

As a numerical illustration, it may be stated that 778 
foot-pounds of work is equivalent to the heat necessary 
to raise the temperature of 1 lb. of water by 1° Fahrenheit, 
i.e., 778 foot-pounds is the meclisaiica! equivalent of 
lieat. 

EXAMPLES. XV. 

M . A body, of mass 5 kg, is thrown up vertically with a velocity 
of 981 cm per second; what is its kinetic energy (1) at the moment of 
propulsion, (2) after half a second, (3) after one second? 

2. Find the kinetic energy measured in foot-pounds of a cannon- 
ball of mass 25 pounds discharged with a velocity of 2t)0 feet per second, 

3. Fmd the kinetic energy in ergs of a cannon-ball of 10000 grammes 
discharged with a velocity of 5000 centimetres per second. 

A cannon-ball, of mass 5000 grammes, is discharged v/ith a 
velocity of 500 metres per second. Find its kinetic energy in ergs, 
and, if the cannon be free to move, and have a mass of 100 kilogrammes, 
find the energy of the recoil. 

" 5, A bullet, of mass 56*7 grammes, is fired into a target with a velo- 
city of 390 metres per second. The mass of tiie target is 4>53 kg and it is 
free to move; find the loss of kinetic energy by the impact in foot-pounds. 

■ 6. Compare (1) the momenta, and (2) the kinetic energies of a 
bullet of mass 1 13*4 grammes and moving -with a velocity of 366 metres 
per second, and a cannon-ball of mass 6-8kg moving with a velocity of 
...12-2 metres per second. 

Find the uniform forces that would bring each to rest in one second 
and the distance through which each would move. 
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97. As a further illustration of the use of the Principles of Momen- 
tum and Energy, consider the following examples. 

1. A hammer, of mass M gm, falls from a height of h cm upon the 
the top of a pile, of mass m gm, and drives it into the ground a distance a cm, 
find the resistance of the ground, it being assumed to be constant and the pile being 
supposed inelastic. 

Find also the time during cshich the pile is in motion, and the kineltcThergy 
• lest at the impact. 

Let be the velocity of the hammer on hitting the pile, so that 
u^=2gh....^.......... .......(1). 

Let y be the velocity of the hammer and pile immediately after the 
impact. Then the principle of Conservation of Momentum gives 

{Mfm)v^Mu ( 2 ). 

If P be the resistance of the ground in dynes, the force to resist the 
driving of the pile into the ground=P—(M-f?«)^- * 

The Principle of the Conservation of Energy gives 

.=(M+»)*+3^£.by(2), 


A weight of slightly more than gm placed on the pile 

would thus slowly overftome the resistance and just drive the pile down. 

The principle of Momentum gh'es the time t during which the pile 
is in motion. For 

[P— (M+m)g] X change in the momentum 
— {M+*in)v~Mu,- 


M+m 2fl M+ffl . 1 2 

" M 'u M ^ V gi 
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The Idnetic energy lost at the impact 

A-P 
Ai+ m 

-M+m 


«*" “ v/X m hammer on striking the pile. 

The greater that AI is compared with m, i.e., the greater is the mass 
of the hammer compared witli that of the pile, the less is the fraction, 
of the energy which is destroyed. 

Ex. 2. Motion of a bicycle. A cyclist, whose weight added to that 
of his machine u 200 lb., is riding on a level road at the rate of 10 miles an 
hour; his bicycle is geared up to 70 and the length of the cranks is 7 inches; if 
the resistance to his motion be 5 lb, wt. find the downward thrust he must exert 
on his pedals and the rate at which he works compared with a Horse-Power. 

By saying that a bicycle is “ geai-ed up ” ta 70 inches, we mean that 
for efery revolution of the rider’s feet his bicycle advances through a 
distance equal to the circumference of a wheel of diameter 70 inches, 
i.e., he advances Tr.70 inches. „ 

Let P be the downward thrust, supposed constant, in lb. wt. 

Then in one complete revolution the work done =2 X P X I g ft/lb. 

The work done against the resistance to the machine in this time 
=i7.||x5ft/lb. 

Assiuning that no work is lost on account of friction, in other words 
that the bicycle is a theoretically perfect one, we have by equating these 
works, 

2xPXjg = WX-|gX5, 

, ^ i.e., P=-g- 7 r =39^ lb. wt. nearly. 

The work done by the man per hour =3 x (5280 x 10) foot-pounds, 
work done per niinute=5x 8^X 10. 

. ♦ f T 5x88xl0„„ „ 

rate of working = H.P.=fg H.P. 

If the cyclist were ascending an incline of 1 in 50 at the same rate, find the 
downward thrust. 

For each complete revolution of the pedals he goes forward 77.70 
inches, i.e., 77 .^-J ft, and therefore lifts himself and the machine through 
a vertical distance of ^gXTr.lf ft, and in so doing must perform an 
extra XttX ft/ib. of work. In this case we then have 
2 xPx |g= 7 r.^§x 5 +-Vff° XTT.fg, 

P= 'l 5 ®-rr — 70| lb. wt. nearly- 



IMPULSE, WORK, AND ENERGY 

EXAMPLES. XVL. 


119 



1. _ A shot of mfiss m is fired from a gun of roass M with veiocily k 
relative to the gun; show that the actual velocities of the shot and gun 

are and respectively, ‘ and that their kinetic energies are 

inversely proportional to their masses. 

2. A gun is mounted on a gun-carriage movable on a ^f^rg onth 
horizontal plane, and the^un is elevated at an angle a to the horizon; 

® a shot is fired and leaves the gun in a direction inclined at an angle 6 
to the horizon; if the mass of the gun and its carriage be n times that of 

the shot, show that tan 9~ 

3. A mass of 560 kg, moving with a velocity of 24000 cm per second, 
strikes a fixed target and is brought to rest in a hundredth part of a 
second. Find the impulse of the blow on the target, and supposing 
the resistance to be uniform throughout the time taken to bring the 
body to rest, find the distance through which it penetrates. 

■ • 4. A mass of 203 kg falls from a height of 3 '048 metres upon an 
inelastic pile of mass 609 kg; supposing the mean, resistance of the 
grour^d to penetration by the pile to be 1*524. metric tonne weight, 
determine the distance through which the pile is driven at each blow, 
and the time it takes to travel this distance. 

End also what fraction of the energy is dissipated at each blow. 

i/s. A bullet, of mass 20 grammes, is shot horizontally from a ride, 
the barrel of whic,h is one metre long, with a velocity of 200 metres per 
second into a mass of 50 kilogrammes of wood floating on water. If 
the bullet buries itself in the wood without making any splinters or 
causing it to rotate, find the velocity of the wood immediately after it 
is struck. 

Find also the average force in grammes’ weight which is exerted on 
the bullet by the powder. 

? 6. A hammer, of mass 203 kg, falls through 122 cm and comes to 
rest after striking a mass of iron, the duration of the blow being -'^th 
of a second; find the force, supposing it to be uniform, Which is exerted 
fay the hammer on the iron. 

7. Masses m and 2?« are connected by a string passing over a smooth 
pulley ; at the end of 3 seconds a mass rn is picked up by the ascending 
body; find the resulting motion. 
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tile velocity' of the masses when A begins to move and also when B 
arrives at the edge of the table. 

9. Two masses of 2-26 and 3' 17 kg respectively are connected by a 
string passing over a fixed smooth puUey; at the end of 3 seconds 
the larger mass impinges on a fixed inelastic horizontal plane; show 
that the system will be instantaneously at rest at the end of 2i seconds 
more. 

10. *^ string over a pulley supports a mags of 2-26 kg on one side 
and of 0-91 and 1'36 kg on the other, the lower mass 0-91 kg being 
distant 30-48 cm from the other. The 0-91 kg weight is suddenly 
raised to the same level as the other and kept from failing. Show that 
the string will become taut in half a second, and that the whole system 
will then move with a uniform velocity of 97-5 cm per sec, 

11. Two equal weights, P and Q,, connected by a string passing oyer 
a smooth pulley, are moving with a common velocity, P descending 
and (2 ascending. If P be suddenly stopped, and instantly let drop 
again, find the time that elapses before the string is again tight. 

12. * A mass M after falling freely througli a feet begins to raise a 
mass m greater than itself and connected with it by means of an in- 
extensible string passing over a fixed pulley. Show that m will have 
returned to its original position at the end of time 

2M 

m-uN g' 

Find also what fraction of the visible energy of M is destroyed at the 
instant when wi is jerked into motion, 

13. A light inelastic string passes over a light frictionless pulley 
and has masses of 12 oz. and 9 oz. attached to its ends. On the 
9-oz. mass a bar of 7 oz. is placed which is removed by a fixed ring 

„ after it has descended 7 feet from rest. How much further will the 
9-oz, mass descend? 

If whenever the 9-oz, mass passes up through the ring it carries 
the bar with it and whenever it passes down through the ring it leaves 
the bar behind, find the whole time that elapses before the system 
comes to rest. 

14. Two railway carriages are moving side by side 'vvith different 

velocities; what is the ultimate effect of the interchanging of passengers 
between the carriages ? ■" 

15. A man of 12 stone ascends a mountain 11000 feet high in 
7 hours and the difficulties in his way are equivalent to carrying a 
weight of 3 stone; one of Watt’s horses could pull him up the same 
height without impediments in 56 minutes; show that the horse does 
as much work as 6 such men in the same time. 
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16. A blaclismith, wielding a 6-35 fcg sledge, strikes an iron bar 
25 times per minute, and brings the sledge to rest upon the bar after 
each blow. If tlie velocity of the sledge on striking the iron be 9‘75 
metres per second, compare the rate at which he is working with a 
metric horse-power. 

17. A steam hammer, of mass 20 tons, falls vertically through 5 
feet, being pressed downwards by steam pressure equal to the weight of 
30 tons: what velocity will it acquire, and how many footspawnds of 
work will it do before cotning to rest? 

18. A train of 150 tons, moving with a velocity of 50 miles per 
hour, has its steam shut oflF and the brakes applied, and is stopped in 
363 yards. Supposing the resistance to its motion to be uniform, find 
its value, and find also the mechanical work done by it measured 
in foot-pounds. 

19. A train, of mass 203 metric tonnes, is ascending an incline of 1 in 
100 at the rate of 48 krn per hour, the resistance of the rails being equal 
to the tveight of 3’56 kg per metric tonne. The steam being shut off, 
and the brakes applied, the train is stopped in 402*5 metres. Find the 
weight of the brake-var», the coefficient of sliding friction of i^n on 
iron being 

20. If a bicyclist always works with -jV H.P, and goes 12 miles 
per Kour on thqievel, show tixat the resistance of the road is 3*125 lb. wt 

If the mass of the machine and its rider be 12 stone, show that up 
an incline of 1 in 50 the speed will be reduced to about 5*8 miles per 
hour. 

21 . A man can bicycle at the rate of 16^ miles per hour on a smooth 
road. He exerts a down pressure, equal to 20 lb. weight, witli each 
foot during the down stroke, and the length of this stroke is 12 inches. 
If the machine be geared up to 63, find the work he does per minute. 

22. A rifle bullet loses g\;th of its velocity in passing through a 
plank; find how many such uniform planks it would pass through"' 
before coming to rest, assuming the resistance of the planks to be 
uniform, 

23. A man sculling does E foot-pounds of work, usefully applied, 
at each stroke. If the total resistance of the water when the boat is 
moving n miles per hour be R lb. weight, find the number of strokes 
he must talie jaer minute to maintain this speed. 

24. A bicycle is geared up to 70 inches; the rider works at H.P. 
and makes 60 revolutions per nunute with his feet. Neglecting friction, 
find the resistance to his motion and the downward thrust on his pedals 
{supposed constant), if the length of the cranks be 6|- inches, 

25. The mass of a rider and his bicycle is 180 lb.; the machine 
is running freely down an incline of I in 60 at a unifoi*ni rate of 8 miles 
per hour; show that to go at the same rate up an incline of 1 in 100 
he must work at the rate of *1024 H.P. , 
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26. A horizontal jet delivers 200 pounds of water per minute with 
a velocity of 10 feet per second against a fixed vertical plate set at right 
angles to the direction of the jet. What quantity of momentum is 
destroyed per second and what is the force, in lb. weight, on the plate ? 

Find also the rate at which the jet is delivering energy and express it 
i n terms of a horse-power. 

27. A hammer, of mass 3 lb., is used to drive a nail, of mass 2 oz., | 

into ^TtJu^rd, and the hammer when it strikes the nail has a velocity 

of 8 feet per second. If each blow drives the nail half an inch into the 
board, find the resistance against which the nail moves, both nail and 
hammer being treated as inelastic. 

: Motioii of the centre ofo inertia ©f a system, of 
particles. 

*98. Theorem. If the velocities at any instant of any 
number of masses mi, m^ . . • parallel to any line fixed in space be 
Mj, Up Mg. . ., then the velocity parallel to that line of the centre of 
inertia of these masses at that instant is 

• •• » 

Wj-hW2+- • • * 

At the instant under consideration let Xp .tg. . . be . 
the distances of the given masses measured along this fi.\ed . ^ 
line from a fixed point in it, and let x be the distance of 1 

their centre of inertia. 

Then (Statics, Art. 1 1 1), we have 

_ . .. , 

~ ‘ 

Let xfi, ... be the corresponding distances of these 
masses at the end of a small time t, and 3c' the corresponding 
distance of their centre of inertia. Then we have | 

-i 





Also 




IMPULSE, WORK, AND ENERGT 


!23 


“ %4-mg+... 

But, if u be the velocity of the centre of inerti a pa rallel 
to the fixed line, we«,have x'=S-r«fj, 

• • •• 

*■ t ??ti+?n2+, .. 

Hence the velocity of tli« centre of inertia of a system of ’ 
particles in any given direction is equal to the sum of the 
momenta of the particles in that direction, divided by the 
sum of the masses of the particles. 

Gor. If a systeifi of particles be in motion in a plane, 
and their velocities and directions of motion are known, 
wewcan, by resolving these velocities parallel to two fixed 
lines and applying the preceding proposition, find the. 
motion of their centre of inertia. 

*99. Theorem. If the accelerations at any instant of any 
number of masses Wg . parallel to any line fixed in space, 
be fi, f^, f^. . then the acceleration of the centre of inertia of 
these masses parallel to this line is 

%/id-?W2/a+- . • 

The proof of this proposition is similar to tliat of the 
last article. We have only to change Uj, .Vi', u-^ into 
/j, uf, ff and make similar changes for the other 
particles. • 

Ex. 1. Two masses nti, m.j_ are connected by a light string as in Art. 74: 
fmd the accekrnlioti of the centre of inertia of the system. 

The accelerafioii of the mass m, is — g verticallv dovvnwards, 
and that of m,. is the same in the opposite direction. 
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Here t}ien/i ==-~/2=- 

ffli+OT-a 


.£ __i Ig so that the acceleration of the centre 


Ex. 2. Two bodies, of masses m and Zm, are connected by a light 
string passing over a smooth pulley; show that during the ensuing 

motion -riTS^acceleration of their centre of inertia is f . 


Ex. 3. Find the velocity of the centre of inertia of two masses of 
6 and 4 kg which move in parallel lines with velocities of 3 and 8 metres 
respectively, (1) when they move in the same direction, (2) when they 
move in opposite directions. ^ 

Ans. (1) 5 metres per second; (2) if metres per second in the direc- 
tion in which the second body is moving. 

Ex. 4. Two masses, mn and m, start simultaneously from the inter- 
section of two straight lines with velocities v and nv respectively; show 
that th« path of their centre of inertia is a straight line bisecting the 
angle between the two given straight lines. 

Ex. 5. Two masses move at a uniform rate along two straight 
lines which meet and are inclined at a given angle; show that their 
centre of inertia describes a straight line with uniform velocity. 




CHAPTER VII. 

. PROJECTILES. 


1Q§. Im the previous chapters we have considered only 
motion in sti-aight lines. In the present chapter we shall 
consider tlie motion of a “particle projected into the air 
with any direction and velocity. We shall suppose the 
motion to be witliin such a moderate distance of the 
earth’s surface, that the acceleration due to gravity may 
be considered to retnain sensibly constant. We shall also 
neglect the resistance of the air, and consider the motion 
to be in vacuo; for, firstly, the law of resistance of the air 
to the motidn of a particle is not accurately known, and» 
secondly, even if tliis law were known, the discussion 
would require a much larger range of knowledge of pure 
mathematics than the reader of the present book is sup- 
posed to possess. 

Def. When a particle is projected into the air, the 
angle that die direction in which it is projected makeif* 
with the horizontal plane through the point of projection 
is called the aaigle of projection; the path which the 
particle describes is called its trajectory; die distance 
between the point of projection and the point where the 
path meets any plane drawn through the point of pro- 
jection is its range on the plane; and the time diat elapses 
before it again meets the horizontal plane dirough the 
point of projection is called the time of fiiglit. 

If the earth did not attract a particle to itself 
the particle would, if projected into the air, describe a 
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straight line; on account of the attraction of the eartli, 
however, the particle describes a curved line. This curve 
will be proved in Art. 1 13 to be always a parabola. 

Let P be the point of projection, u the velocity and 
a the angle of projection; also let PAP' be the path of the 
partkfef' J being the highest point, ai^d P' the point where 
the path again meets the horizonta.l plane tlirough P. 


A 



By the principle of the Physical Independence of 
Forces (Art. 71), the weight of the body only has effect 
on the motion of the body in the vertical direction; it 
therefore has no effect on the velocity of the body in the 
horizontal direction, and this horizontal velocity therefore 
remains unaltered. 

The horizontal and vertical components of the initial 
velocity of the particle are u cos a and u sin a respectively. 

The horizontal velocity is, therefore, throughout the 
motion ecjual to it cos a. 

In the vertical direction the initial velocity is u sin a 
and the acceleration is — [fo»' the acceleration due to 
gravity is g vertically downwards, and we are measuring 
our positive direction w/izt'ariA]. Hence the vertical motion 
is the same as that of a particle projected vertically up- 
w'ards with velocity ii sin a, and moving with acceleration 
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llie resultant motion of the particle is the same as that 
■of a particle projected with a vertical velocity 2 / sin. a inside 
a vertical tube of small bore, whilst tlie tube mor'’es in a 
iiorizontal direction with velocity Z 2 cos a. 

102 . To fold the velocity and direction of motion after a given 
time has elapsed. 

- Let t; be the velocity, and 9 the angle which tJie direc- 
tion of motion at the end of time t makes with the hori- 
zontal. 

Then v cos 0=horizontai velocity at end of time t 

cos a, the constant horizontal velocity. 

Also V sin 0=the vertical velocity at end of time f 

=:USmCL~~'gt. 

Hence, by squaring and adding, 

^ 2?/^^ sin 

j 1 * 4 a “ a~gt 

and, by division, ts.n9= 


103. To find the velocity and direction of motion at a given 
Might, • 

Let V be the magnitude, and 9 the inclination to the 
horizon, of the velocity of the particle at a given, height k. 
The horizontal and vertical velocities at this point are 
therefore y cos 6 and r sin 0. 

Hence 

V cos cos a, the constant horizontal velocity . ..(1). 
Also, by Art, 32, 

V sin 9 == sin2 a~2gh .,..(2). 

Squaring and adding (1) and (2), we have 
o^z=u"~-2gh. 

, , , sin^ a—2gk 

.Also, bv division, tan 0= ^ . . 
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li4 To find th£ greatest height aitaimd by a projectile ^ and 
the time that elapses before it is at its greatest height. 

Let A (Fig. Art. 101), be the highest point of the path. 
The projectile must at A be moving horizontally, and hence 
the vertical velocity at A must be zero. 

^fece. by Art. 32, 

0=^2 sin^ a— 2g . Mi. 

, ^ sin® a 

MA gj— , 

giving the greatest height attained. 

Let T be the time from P to i ; then T is the time iia 
which a vertical velocity u sin a is destroyed by gravity. 
Hence, by Art. 32, sin a-^gT. 

u sin a 

\ ~ d * 

giving the required time. 

105. To find the range on the horizontal plane and the time 
offlight. 

Wiien the projectile arrives at P' (Fig.' Art. 101), the 
distance it has described in a vertical direction is zero. 
Hence, if t be the time of flight, we have by Art. 32 (1), 
0— M sin a^— 

—twice the time to tlie highest point. 

During this time t the horizontal velocity remains constant 
and equal to u cos a. 

PP'=horizontal distance described in time i 

2 m ® sin a cos a 

= u cos a . t— — . 

g 

Hence the range is equal to twice the product of the initia! 
vertical and horizontal velocities divided by 
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1©6» For a given velocity of projection^ to find the maxi- 
mum horizontal range, and the corresponding direction of projec- 
tion. ' 

If a be the angle of projection, the horizontal range, by 
the previous article, ■ ■ 

__ 2?^^ sin g cos a sin. 2a *’■ — " 

. - ^ - . 

Also sin 2a is , greatest when 2a=90'^, that is, when 
,.a=45°. , , • 

Hence the range on a horizontal plane is greatest when 
the initial direction of projection is at an angle of 45° witlt 
the horizontal through the point of projection. 

The magnitude of this majamum horizontal range is . 

jjZ 

— sin 90°, i.e., — . 

^ d S 

1117. To show that, with a given velocity of projection, there 
are for a given horizontal range in general two directions of pro- 
jection, which are equally inclined to the direction of maxi mum- 
projection. • 

By Art. 105, the range, when the angle of projection 

iS a, IS — sm 2a. 
g 

Also, when the angle of projection is a, the range 

^ (rr \ tF , . _ . ^ 

= — sm 2 H — sm (tt— 2a) = — sm 2a. 

g J g S 

Hence we have the same horizontal range for tlie angles 
•of projection a and ~ — a. 

These directions are equally inclined to the horizon and 
the vertical respectively, and are therefore equally inclined 
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to the direction of maximum range, which bisects the angle 

between the horizontal and the vertical. 

l§i. I, A bulUt is projected, with a velocity of 19620 cm per second, 
at an angle of 30° with the horizontal ; find {\)the greatest height attained, (2) 
the range on a horizontal plane and the time of flight, and (3) the velocity and 
direction of motion of the bullet when it is at a height ^29430 cm. 

Tfaft in itial horizontal velocity 

= 19620 cos30°=19620x — 9810''/3 cm persecond. 

The initial vertical velocity= 19620 sin 30° =98 10 cm per second. 

(1) If h be the greatest height attained, then h is the distance 
through which a particle, starting with velocity 9810 cm per .second 
and moving with acceleration —g, goes before it comes to rest. 

0=9810®- 2^A,- 
9810® 

••• *- 2 ^ = 

(2) If t be the time of flight, the vertical distance described in time 
t is zero. 

0=9810/-kt®; 

9810x2 


t= - 


- = 20 Seconds, 


The horizontal range = the distance described in 20 seconds by a 
particle moving with a constant velocity of 9810 V3*cm per sec. 

=20 X 9810^3 = 196200 V'3 cm. 

(3) If V be the velocity, and 6 the inclination to the horizon, at 
a height of 29430 cm, we have 

t/® sin®0=981O®-2.?.2943O=98I® X 40, 
and r® cos®fl=(9810V3)®=981®x30P. 

Hence, by addition, we have ii=981 x V 340=i962 V85.cm per sec. 

Also, by division, 


tan 0-- 




Ex. 2. A cricket ball is thrown with a velocity of 2943 cm per second; 
find the greatest range on the horizontal plane, and the two directions in which 
the hall may be thrown so as to give a range of 44144 cm. 
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2 of projection be a, the range, by Art. i05, 
2'2943“.sin a cos a 2943-. sin 2 a 


I’hc maximum range is obtained when 0=45“^, and therefore 

29432 

^ = 8829 cm. 


3 44144 cm, the angle c 


A, 8829x981 8829 1 

,. sm^a 2x29433 ~ 6x2943 "" 2 ’ 

.-. aa^SO”, or 150°. 

tt=15°, or 75°, . - 

Ex. 3. A cannon ball is projected horizontally from the top of a lomr, 
VJtsl cm high, with a iiclocity^oftMZ cm per second. Find 

(1) the time of flight, 

(2) the distance from the Jhot of the tower of the floint at which it hits 
the ground, and * 

(3) its velocity whert ithits the ground. 

(1) The initial vertical velocity of the ball is zero, and hence t, 
the time of flight, is the time in which a body, falling freely under 
gravity, would desjpribe 196 2 c m. 

Hence 1962=1.981^ 

i =2 seconds.^ 

(2) During this time the horizontal velocity is constant, and there- 
fore the required distance from the foot of the tower 

=2943 X 2=5886 cm, ^ 

(3) TheVertical velocity at the end of 2 seconds=2 X 981 = 1962 cm 
per second, and the horizontal velocity is 2943 cm per second; 

the required velocity=\'^2943®+1962®=98lV 13 cm per second, . 

Ex. 4. From the top of a cliff, 80 feet high, a stone is thrown so that it 
starts with a velocity of 128 feet per second, at m angle of 30° with the horizon ^ 
find where it hits the ground at the bottom of the cliff. 

The initial vertical velocity is 128 sin 30°, or 64, feet per second, 
and the initial horizontal velocity is 128 cos 30°, or 64-v/S, fest per 
second. 
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Let T be the time that elapses before the stone liits the gromid. 

Then T is the time in which a stone, projected with vertical velocity 
64 and moving with acceleration —g, describes a distance —80 feet. 

-80=r647'-|5r®. 

Hence T==5 seconds. 

Dming this time the horizontal velocity remains unaltered, and 
distance of the point, where the^stone hits the ground, from 
the foot of the cIiff=320-\/3— about 554 feet. 

EXAMPLES. XVn. 

i. A particle is projected at an ^gle a to the horizon with a velocity 
of u cm per second; find tire greatest height attained, the time of 
flight, and the range on a horizontal plane, when 


(1) 

m=1962, 

a=30°; 

(2) 

u=2452h 

a =60°; 

(3) 

?t=2943, 

a=75°;. 

(4) 

a=613I|-, 

a=sin“^|. 


2. Find the greatest range on a horizontal plane when the velocity 
of projection is (1) 981, (2) 2943, (3) 4905 cm per secend. 

3. A shot leaves a gun at the rate of 160 metres per second; calculate 
the_ greatest distance to which it could be projected, and the height to 
which it would rise. 

4. If a man can throw a stone 80 metres, how long is it in the air, 
and to what height does it rise? 

5. A body is projected with a velocity of 80 ft per sec. in a direction 
making an angle tan~^ 3 with the horizon ; show that it rises to a vertical 
height of 90 feet, that its direction of motion is inclined to the horizon 
at an angle of 60® when its vertical height above the ground is 60 feet, 
and that its time of flight is about 4f sec. 

6. A projectile is fired horizontally from a height of 1962 cm from 
the ground, and reaches the ground at a horizontal distance of 
4905 cm. Find its initial velocity. 

7. A stone is thrown horizontally, with velocity V2gk, from the 
top of a tower of height k. Find where it will strike the level ground 
through the foot of the tower. What will be its striking velocity? 

8. A stone is dropped from a height of 274*3 cm above the floor of a 
railway carriage which is travelling at the rate of 48 km per hour. 
Find the velocity and direction of Ae particle in space at the instant 
when it meets the floor of the carriage. 
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9. A ship is moving with a velocity of 490-^ cm per seconds and 
a body is allowed to fall from the top of its mast, which is 4414^ cm 
high,' find the velocity and direction of motion of the body, (I) at 
the end of two seconds, (2) when it hits the deck. 

10. A shot is fired from a gun on the top of a cliff, 17658 cm high, 
with a velocity of 8829 cm per second, at an elevation of 30®. Find 
the horizontal distance from the vertical line through the gun of the 
point where the shot strikes the water. 

11. From the top of a ‘vertical tower, whose height is cm, a 

' particle is projected* the vertical and horizontal components of ite 

initial velocity being 6g and 8^ respectively; find the time of flight, 
and the distance from the foot of the tower of the point at ■which it 
strikes the ground. « 

*•"'"'12. A gun is aimed so that the shot strikes horizontally the top 
of the spire of Strasburg Cathedral, which is 141 metres high; show 
that, if the angle of projection be cot“^ 5, then the velocity of projection 
Is nearly 268 metres per second. 

Find the velocity gnd direction of projection of a shot which 
passes in a horizontal direction just over the top of a wall which is 
3924 cm off and 1962 cm high. 

14. * A particli; is projected at an angle of elevation sin"^ and 
sts range on the horizontal plane is 4 miles; find the velocity of projec- 
tion, and the velocity at the highest point of its path. 

,^^15. Two balls are projected from the same point in directions 
inclined at 60° and 30° to the horizontal; if they attain the same height, 
what is the ratio their velocities of projection? 

What is this ratio if they have the same horizontal range? 

V--' 16. The velocity of a particle when at its greatest height is 
of its velocity when at half its greatest height; show that the angle of 
projection is 60*. 

17. Find the angle of projection when the range on a horizontal 
plane is (1) 4, (2) 4v3 fimes die greatest height attained. 

18. Find* the angle of projection when the range is equal to the 
distance through which the particle would have to fall in order to 
acquire a velocity equal to its velocity of projection, 

1@9. Raage ©a aa inciiaed. plane. From a point 
mi a plane, which is inclined at an angle j3 to the horizon, a par- 
ticle is projected with a velocity u, at an angle a with the horizontal, 
in a plane passing through the normal to the inclined plane and 
the line of greatest slope; to find the mnge on the inclined plane. 
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Let PQ^ be the range on the inclined plane, PT the 



direction of projection, and QjN the perpendicular on the 
horizontal plane through P. 

The initial component of the velocity perpendicular to 
Pt^is u sin and the acceleration in this direction 

is —g cos jS. 

Let T be the time which the particle takes to go- from 
P to Q,. Then in time T the space described in a direction 
perpendicular to PQ,is zero. 

Hence 0=?^ sin T— cos j8. T®, and therefore 

2^/ sin (g-^) 
g cos ^ ’ 

During this time the horizontal velocity u cos a remains 
unaltered; hence FN—u cos a. T, so that the range 
pQ — ^ ^ 2tP cos a sin (a-~/3) 

^~cos j8~ cosjS ’ g . cos^jS 

110, Maximum rauge. To find the directiorj, of projec- 
tion which gives the maximum range on the inclined plane, and 
to show that for any given range there are two directions of 
projection, which are equally inclined to the direction for maximum 


From the preceding article the range 


22 r cos a sin (a— 
g cos^ ^ 
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Now u and jS are given; hence the range is a maximum 
when sin {2a~~f^) is greatest, or when 2a— 

In this case a— a, i,e., the angles TPQ, and LPT 

are equal. 

Hence The directmi for maximum range bisect^: the angle 
between the vertical and the inclined plane. 

Also the maximum range 

~~gcos.^p' ^(H-sin^)' 

Again, the range with an angle, of elevation is, by (i), 
the same as that with elevation a, if 

sin (2ai— j8)=sin (2a— j8), 

i.e.„ if 2ai—^~-rr-~{2a—^), 



But| + | is the elevation which gives the greatest range. 

Hence for any given range on an inclined plane there 
are two angles of projection, the two corresponding direc- 
tions of projection being equally inclined to that for the 
maximilm range on the plane. 

111. Ex. 1. From the foot of an inclined plane, whose rise is 7 j/r25, 
a shot is projected with a velocity ^ feel per second at an angle of 30“ -with 
the horizontal, (1) up the plane, (2) down the plane. Find the range in each 

case . , 

Let ^ be the inclination of the plane, so tliat 

7 . 24 

sin and cos 
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(1) By Art, 109, the range in the first case 

„ 600® cos 30° sin (30°-^) 600®, 2 12 '25 2 ‘251 

T6"^ 


=2 


32 


cos® ^ 


25® 


(8V3--7) 


360000'., 25^3(24- 7 V3) 750000 , 

“ 16 ^ 4x576 

= 5i^ feet approximately. ^ 

(2) The initial velocity perpendicular to the inclined plane is 
M sin (30°+ jS) and tire acceleration is — g cos ,8. Hence the time of 
■> (30°+j3) 

cos ^ 

range, we have ifi cos ^=u cos 30°. T. 


i?i=2 


cos 30° sin (30°+^) _ 750000 


(8^3+7), as in (i), 


cos®^ 1024 

= 15275 feet approx. '«■ 

N.B. The range down an inclined plane may also be obtained 
from the formula of Art. 109, by changing /S into — so that it is 
2a® cos g sin (a+^) 


Exi 2. In the previous example, find the greatest range^ 
The MLgle of projection a must 

= 2-(f+^)==|+|. 


The range now = - 


|a--sini3) 
■ g 1+sin ^ ~ 


32x32 


■^25 

- = 8789 ft approx. 


Similarly the greatest range down the inclined plane would be found 
to — " - y i.e., 15625 feet. 

'“25 ■ ‘ . 
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'E&_ 3. A partids is projected at an angle a tenth the horizontal front the 
foot of a platWj whose inclination to the horizon is j8; show that it will slrdce 
the plane at right angles, if cot ^=2 tan (a— jS). 

Let be the velocity of projection, so that u cos (a— J3) and u sin 
(a— ^)_are the initial velocities respectively parallel and perpendicular 
to the inclined plane. 

The accelerations in these two directions are — sin p ans^ ^*033 ^ • 

Then, as in Ar-t. 109, the time, T, that elapses before the particle 
reaches the plane again is 

g cos ^ 

. . ® 

If the direction of motion at the instant when the particle hits the 
■plane be perpendicular to the plane, then the velocity at tliat instant 
parallel to the plane must be zero. 

Hence a co.s (a— j3)— g sin j8.T=0. 

■ „ j- _ 2a! sin (a— yS) 

^sin^ “ ~ jgcos/3 ' 

cot j6=2 tan (a— j8). 

112. Motion mpon an mclisaed plane. A particle 
moves upon a smooth plane which is inclined at an angle jS to the 
horizon, bein^ projected from a point in the plane with velocity 
u in a direction inclined at an angle a to the intersection of the 
inclined plane with a horizontal plane; find the motion. 

Resolve the acceleration due to gravity into two com^ 
poiientsj one, g sin j8, in the 
direction of the line of great- 
est slop^, and the other, g cos jS, 
perpendicular to the inclined 
plane. The latter acceleration 
is desti'oyed by the re’tiction 
of the plane. 

The particle therefore moves upon the inclined plane 
with an acceleration g sin ^ parallel to the line of greatest 
slope. 
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Hen.ce the investigation of the motion is the same as 
that in Arts. 101-107, if we substitute “.fsm /3” for 
”, and instead of “ vertical distances ” read “ distances 
measured on the inclined plane parallel to the line of 
greatest slope.” 

EXAMPLES. XVnif. 

1 . plane is inclined at 30’’ to the horizon ; from its foot a particle 
is proj'.xicd with a velocity of 18393| cm per second in a direction 
inclined at an angle of 60° to the horizt^i; find the range on the inclined 
plane ruid the time of flight. 

2. A particle is projected with velocity V, at an angle of 75° to 
the horizon, fronr the foot of a plane whose, inclination is 30°. Find 
where it will strike the plane. Find also the maximum range of the 
particle on the inclined plane. 

3. A particle is projected with velocity 1962 cm per second at 
an angle of 45° with the horizon; find its range on a plane inclined 
at 30° to the horizontal and its time of flight. Find also its grei^test 
range on the inclined plane with the given initial velocity’. 

4. A particle is projected with a velocity of 39240 cm per second 
at an angle of 45° with the hoi'izoirtal ; find its range on a plane inclined 
to the horizon at an angle sin~i |, when projected (i) mp, (ii) down, the 
plane. 

5. The velocity of projection of a rifle ball is 800 feet per second. 
Find its greatest range and the corresponding time of flight on planes 
inclined to the horizon at angles of 

r (1) 45°, (2) 60°, (3) sin-^-aVj i^) sin”^T\-- 

6. The greatest range of a particle, projected with a certain velocity, 
on a horizontal plane is 4905 metres; find its greatest range on an 
inclined plane whose inclination is 45°. 

Find also the greatest range when the particle is projected down the 
inclined plane. 

7. The greatest range, with a given velocity of projection, on a 
horizontal plane is 1000 metres; show tiaat the greatest ranges up and 
down a plane inclined at 30° to the horizon are respectively 666 1 and 
2000 metres, 

8. From a point on a plane inclined at (1) 30°, (2) 60°, to the 
horizon a particle is projected at right angles to the plane with a velo- 
city of 25 metres per second; find the range on the plane in the two 
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*113. A particle is projected into the air with a giver 
and direction of projection ; to show that its path is a 

As in Art. 101, let u be the velocity and a the angle 
of projection, PP’ the horizontal range, A the highest point 
and AM the perpendicular on PP' . Then, by Art, 1 04, 
^^%in^ a 


AM= 


Also PiVf= horizontal distance described in time - 


Let C) be any point on the path, and let QN and 
the perpendiculars on AAI and PP' 
the time from P to Q^. 


Then, QZ= vertical distance 
=u sin a . t-—\gt^ 
and PL—u cos a . / 


Hence from (1) and (3), 

AN=^AM-NM=AM~QL 

sin‘^ a , . , 1 

(y sm a..t — \gt“) = 
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Also, from (2) and (4), 

^ 1 - Tr> 3 ^ T 3 T sin a cos a 

QJh =PM —PL= ~u cos a » t 


^ cos2 

— a 

_ _ 


•C-f"-} 


2AM 


.AN 


Measure AS vertically downwards and equal to 

2,? 

dN^^^^AS.AN 

But this is the fundamental property 6f the curve known 
as a parabola. 

Hence d ^ parabola whose axis is vertical, whose 
vertex is at A, and whose latus rectum 


=4.4^= 


2u^ cos® a 


Cor, I. It will be noted that the latus rectum, and 
therefore the size, of the parabola depends only on the 
iriitial horizontal velocity and is independent of the initial 
vertical velocity. 

Cor, H. The height of the focus S above the hori- 
zontal line through P=SM—AM~-AS 

M® sin® a cos® a «® 

2i 

Hence, if a be less than 45“, this distance is negative and 
the focus of tire path is then situated below the horizontal 
line drawn through the point of projection. 
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*114, To show that the velocity at any point is equal in 
magnitude to that which would be acquired by a particle in falling 
freely through the height from the directrix to the point 

In the figure of Art 113, produce MA to X. making 
equal to AS, and draw XK horizontal. Then XK is 
the directrix. ^ 

If V be the velocity at Q^, we have, by Art. 102, 

= sin a—gi) 24 -(M cos a)2 
sin # . t-\-gH^ 




But MX^MAA-fiX-- 


sin^ a , iP cos^ a 

2g 


and MX=QL=u sin a , t — Igfi. 

T.v^=^2g[MX--MN]^2g.XX. 

Hence v is equal to the velocity that would be acquired 
in falling through the vertical distance from the directi'ix 
to the point Q,. 

115. Expersmental Proof that the path of a projectile 
is a parabola. 

Let AC be a curved board with a groove in it down 
which a small ball will run when released. Fix it firmly 
in front of a vertical blackboard. Mark a point C on the 
groove, and let the ball always start from the same point C, 
and after running down the groove to A describe a path 
freely in tlie air just in front of the blackboard. 

Fix to the board a number of small paper or cardboard 
hoops, so that tlie ball just passes through tiiem; the hoops 
are adjusted by trial. After letting the bail run down the 
groove two or three times the position of die first hoop is 
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ascertained; and then after similar experiments the posi- 
tions of the rest of tlie hoops^are found. 



The ball must always be started very carefully from the 
same point C. 

Draw a curve AP^P^P ^ . . . passing througli the centrCvS 
of the hoops. This will be easily done by .freehand drawing 
if a good many hoops are fixed in their proper positions. 
Draw vertical lines P-^M^, P^M^, P^M ^ ... to meet in 
Algj. . .the horizontal line through A. 

Measure off the distances A'M^, AM „, . . . and 
PM.,... 

Then on taking the squares of AM^, AM ^,. . .and 

dividing them respectively by * ■ we shall find 

that the results obtained are very approximately the same. 
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Hence for any point P on the curve we find that 
.. PM^ 

is the same, i-e., that is the same. 

Hence PN^ varies as /lA'i 


AM^ 

PM 


But this is the funclaijnental property of the paral?sla. ^ 

Fleiice the curve is a parabola. 

If we start the ball from a cliffereiit point C we shall 
obtain the same I'esult, but tl-^e parabola wiil vary in shape 
according to the position of the starting-point C. 

By arranging the grooved board so that its direction at 
A is not horizontal, we can in a similar manner show' that 
the path wdth any direction and velocity of projection at ^4 
is still a parabola. 


EXAMPLES. XIX. 

1, On the moon there seems to be no atmosphere, and gravity 
there is about one-sixth of that on the earth. What space of country 
would be commanded by the guns of a lunar fort able to project shot 
with a velocity of 49050 cm per second? 

*A tennis-bafl is served from a height of 8 feet; it just touches 
tM net at a point where it is 3 ft 3 in. high and hits the service-line 
21 feet from the net; the horizontal distance of the server from the 
foot of the net being 39 feet, show that the horizontal velocity of the 
ball is about 1 7 1 feet per second and find the angle of projection. 

3. A plane, of length 183 cm, is inclined at an angle of 30® to 
the horizon, and a particle is projected straight up the plane with 
a velocity of 4-88 metres per second; find the greatest height attained 
by the partible after leaving the plane, and the range on a horizontal 
plane passing through the foot of the inclined plane. 

4. If a stone be hurled from a sling which has been swung in a 
horizontal circle of 70 cm radius, at a height of 122| cm from the 
ground, and at the steady rate of 21 revolutions in 2 seconds, find the 
range on the ground, 

5. Two guns are pointed at each other, one upwards at the angle 
of elevation 30°, and the other downwards at the same angle of depres- 
sion, the muzzles being 100 feet apart. If the charges leave^ the guns 
with velocities 1100 and 900 feet per second respectively, find when 
and where they will meet. 
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ascertained; and then a,fter similar eKperiments the posi- 
tions of the rest of the hoops^are found. 



The ball must always be started very carefully from the 
same point C. 

Draw a curve AP^P^P ^. . .passing through the centres 
of the hoops. This will be easily done by .freehand drawing 
if a good many hoops are fixed in their proper positions. 

Draw vertical lines P3M3...to meet in 

iV/j, A/g, . . .the horizontal line through A. 

Measure off the distances AfMi, ..-and PiM^, 

P,M^, ... “ ■ 

Then on taking the squares of AM^^ AMn, AA £^,. . .and 
dividing them respectively by PiM^, P^M ^, . . . we shall find 
that the resitlts obtained are very approximately the same. 
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Hence for any point F on the curve we hnd that'Trvr’ 

iHi 

is the samcj i.e., that is the same. 

AJ\ 

Hence P.A''- varies as 

But this is the funclapiental property of the paralweia. ”• 
** Hence the curve is a parabola. 

If we start the ball from a difterent point C we shall 
obtain the same result^ but tl^e parabola will vary in shape 
according to the position of the starting-point C. 

By arranging the grooved board so tliat its direction at 
A is not horizontal, we can in a similar manner show that 
the path with any direction and velocity of projection at d 
is still a parabola. 

EXAMPLES. XIX. 

I. On the moon there seems to bo no atmosphere, and gravity 
there is about one-skth of that on the earth. What space of country 
would be commanded by the guns of a lunar fort able to project shot 
with a velocity of 49050 cm per second ? 

*A tennis-bafl is served from a height of 8 feet; it just touches 
thPnet at a point where it is 3 ft 3 in. high and hits the service-line 
21 feet from the net; the horizontal distance of the server from the 
foot of the net being 39 feet, show that the horizontal velocity of the 
ball is about 171 feet per second and find the angle of projection, 

3. A plane, of length 183 cm, is inclined at an angle of 30° to 
the horizon, and a particle is projected straight up the plane with 
a velocity of 4-88 metres per second; find the greatest height attained 
by the partible after leaving the plane, and the range on a horizontal 
plane passing through the foot of the inclined plane. 

4. If a stone be hurled from a sling which has been swung in a 
horizontal circle of 70 cm radius, at a height of 1221 cm from the 
ground, and at the steady rate of 21 revolutions in 2 seconds, find tiie 
range on the ground. 

5. Two guns are pointed at each other, one upwards at the angle 
of elevation 30°, and the other downwards at the same angle of depres- 
sion, the muzzles being 100 feet apart. If the charges leave the guns 
with velocities 1100 and 900 feet per second respectively, ; find when 
and where they will meet. 
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6. A projectile, aimed at a mark which is in the horizontal plane 
through the point of projection, falls a cm short of it when the elevation 
is a, and goes b cm too far when the elevation is jS. Show that, if the 
velocity of projection be the same in all cases, the proper elevation is 

i . a sin 2^+6 sin 2a 
-sxn^ • 

1. A'hill is inclined at an angle of 30° to the horizon; from a point 
on the hill one projectile is projected up the hill and another down--f 
both starting with the same velocity; the angle of projection in each 
case is 45° with the horizon; show that the range of one pi-ojectile is 
nearly 3f that of the other. 

8. A particle is projected from a point on an inclined plane in 
a direction making an angle of 60° with the horizon; if the range on 
the plane be equal to the distance through which another particle 
would fall from rest during the time of flight of the first particle, find 
the inclination of the plane to the horizon. 

9. From a point in a given inclined plane two bodies are pro- 
jected with the same velocity in the same vertical plane at right angles 
to one another; show that die difference of their ranges is constant, 

10. The angular elevation of an enemy’s position on a hill h cm 

high is jS; show that, in order to shell it, the initial velocity of the pro- 
jectile must not be less than cosec j8). 


11. Show that the ^eatest range on an inclined plane passing 
through the point of projection is equal to the distance through which 
the particle would fall freely during the corresponding time of flight. 


12. A particle, projected with velocity u, strikes at right angles 
a plane tlirough the point of projection inclined at an angle ^ to the 
horizon. Show that the height of the point struck above the horizontal 


plr 


, that the time of 


... 2w® sin^jS, 

; through the point of projection is — --y, . n o , 

g 1+3 sin^p F 

flight is — and that the range on a horizontal pkne through 
^?Vl + 3sin“j3 

the point of projection would be 


sin 2j8 l+sin^jg 
g 1+3 sin®(3’ 


13, Show that four times the square of the number of seconds 
in the time of flight in the range on a horizontal plane equals the height 
in feet of the highest point of the trajectory. 


XIX PROJECTILES lio 


14. If the raaximimi height of a projectile above a hori 20 ntal 
plane passing through the point of projection be k, and a be the angle 
of projection, find the interval between the instants at which the height 
of the projectile is h sin® a. 

15. Find the direction in which a rifle must be pointed so that 
the bullet may strike a body let fall from a balloon at the instant of 
firing; find also the point where the bullet meets the body, supposing 
the balloon to be 220 yards high, the angle of its elevation from the 
position of the rifleman to 30°, and the velocity of projection 3f 
♦ijp bullet to be 1320 feet per second. [The balloon is at rest.] 


16, Two particles are projected simultaneously, one with velocity 
r up a smooth plane inclined at an angle of 30° to the horizon, and 
. 2F 

the other with a velocity at an devation of 60°. Show that the 

2V 

particles will be relatively at rest at the end of ^ seconds from the in- 
stant of projection. 


17. The radii of the froi'yt and hind wheels of a carriage are a and b, 
and c is the distance between the axle-trees; a particle of dust driven 
from the highest point of tlie hind wheel is observed to alight on the 
highest point of the front wheel. Show that the velocity of the carriage 
is • 




(c+b-a) {c+a~b) 

4(6-«) 


18. Find the charge of powder required to send a 30’84 kg shot, 
with aa elevation of 15°, to a range of 2740 metres, given that the 
velocity communicated to tlie same^ shot by a charge of 4-53 kg is 
487'5 metres per second, and assuming that the kinetic energy of the 
shot is proportional to the magnitude of the charge, 

1 9. A body, of mass 2 lb., is projected with a velocity of 20 feet 
per second at an angle of 60° to the horizon; another body, of mass 
3 lb., is at the same time projected from the same point witli a velocity 
of 40 feet per second at dn angle of 30° to the horizon. Find to two 
places of decimals the height to which their common centre of gravity 
rises, and the distance of the point at which it meets the horizontal 
plane through the point of projection. 


20. A train is travelling at the rate of 72*4 km per hour, and a 
passenger thro\vs up a ball vertically with an initial velocity of 366 cm 
per second; find the latus rectum of the path which it describes. If 
the ball be projected with the same velocity at 60° to the horizontal 
(1) in the same direction, (2) in the opposite direction, -with the motion 
of the train, find the latus rectum in each case. 
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EXS. XIX 


21. In a trajectory find the time that elapses before the particle 
is at the end of the latus rectum. 


22. A particle is projected so as to enter in the direction of its 
length a small straight tube of small bore fixed at an angle of 45° to 
the horizon and to pass out at the other end of the tube; show that the 
latera recta of the paths which the particle describes before entering 
and leaving the tube differ by times the length of the tube. 


“23. t?*! particle is projected horizontally from the top of a tower, 
1962 cm high, and the focus of the parabola which it describes is 
the horizontal plane through the foot of the tower; find the velocity of 
projection, ^ 


24. A particle is projected witlj. velocity so that it just clears 
ttvo trails, of equal height a, which are at a distance 2a from each other 
Show that the latus rectum of the path is 2a, and that the time of passing 
between the walls is 2 . /- . 


25, Show that the locus of the foci of all trajectories which pass 
through two given points is a hyperbola. 

26. If i he the time in which a projectile reaches a point P of its 
path, and / be the time fromP till it strikes the horizontal plane through 

point of projection, show that the height of P above the plane is 

_ 27. If at any point of a parabolic path the velocity be u and the 
inclination to the horizon be show that the particle is luovung at 


right angles to its former direction after a time 


g sin 0' 


CHAPTER VIII. 


COLLISION OF ELASTIC BODIES. 

116 , If a man allows* a glass ball to drop from Ills 
iiand upon a marble floor rebounds to a considerable 
Jieiglit, almost as high as his hand; if the same ball be 
allowed to fail upon a wooden floor, it rebounds through 
a much smaller distance. 

If we allow an ivofy billiard ball and a glass ball to 
drop from the same height, die distances through which 
they rebound will be different. 

If again we drop a leaden ball upon the same floors, 
the distances through which it rebounds are much smaller 
than jn either of the former cases. 

Now the velocities of these bodies are the same on 
first touching the floor; but, since they rebound through 
different heights, their velocities on leaving the floor must 
be different. 

The property of the bodies which causes these differ- 
ences in their velocities after leaving the floor is called 
their Elasticity. 

In the present chapter we shall consider some simple 
cases of the impact of elastic bodies. We can only discuss 
the cases of particles in collision with particles or planes, 
and of smooth homogeneous spheres in collision with 
smooth planes or smooth spheres. 
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117. De£ Two bodies are said to impinge directly whea 
the direction of motion of each is along the common nor- 
mal at the point at which they touch. 

They are said to impinge obliquely when the direction 
of motion of either, or both, is not along the common 
jTorm^ at the point of contact. » 

The direction of this common normal is called the line 
of impact. 

In the case of two spheres the common normal is tlie 
line joining their centres. 

118. Newton’s Experimental Law. Newton found, 
by experiment, that, if two bodies impinge directly, their 
relative velocity after impact is in a constant ratio to their 
relative velocity before impact, and is in the opposite 
direction. [The experiment is described in Art. 15L] 

If the bodies impinge obliquely, their relative velocity 
resolved along their common normal after impact is in a 
constant ratio to their relative velocity' before ifnpact 
resolved in the same direction, and is of opposite sign. 

This constant ratio depends on the substances of which 
' the bodies are made, and is independent of the masses of ' 
the bodies. It is generally denoted by e and is called 
the Modulus or Coefficient of Elasticity, Restitution, or 
Resilience. Either of tire two latter terms is better than 
the first. 

If u and u’ be the component velocities of two bodies 
before impact along their common normal (as in the figure 
of Art. 122), and v and o' the component velocities of the 
bodies in the same direction after impact, the law states 
that 


y— r/ = — g(K— 


( 1 ). 
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This experimental law may also be expressed in the form 

Velocity of Separation =ig times the Velocity of Ap- 
proach, these two velocities being measured in the direction 
of the common normal at the point of impact. 

Thus in the case of Art. 122 the left-hand sphere 
caught up the right-hand sphere and the velocity of 
^proach was u—u'; alSo after the impact tlie right-hanS 
sphere must move away from tlie other, and the velocity of 
separation is V— y; this second form of enunciation of 
the law therefore gives « 

F —v=e{u~u')f 
which is tlie same as (1), 

The value of e has widely different values for different 
bodies; for two glass balls e is *94; for two ivory ones it is 
*81; for two of cork it is *65; for two of cast-iron about 
•66; whilst for -two balls of lead it is about *20, and for 
two balls, one of lead and the other of iron, the value is *13. 

Bodies for which the coefficient of restitution is zero 
are said to be “inelastic”; whilst “perfectly elastic” 
bodies are those for which the coefficient is unity. Pro- 
bably there are no bodies in nature coming strictly under 
either of these headings; approximate examples of tlie 
former class are such bodies as putty or dough, whilst 
probably the nearest approach to the latter class is in 
the case of glass balls'. 

More careful experiments have shown that tlie ratio of the relative 
velocities before and after impact is not absolutely constant, but that 
it decrease.^ veiy slightly for very large velocities of approach of the 
bodies. In any ct^e, however, the law is only an approximate one, 
and cannot be taken as rigorously truCi 

Motion of two smooth bodies perpendicular to the line 

of impact. 

When two smootli bodies impinge, there is no tangential 
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action between them, so that the sti’ess between them is 
entirely along their common normal, i.e., the line which is 
perpendicular to both surfaces at their point of contact. 
Hence there is no foi'ce perpendicular to this common 
normal, and therefore no change of velocity in that 
direction. 

' Heiice the component velocity cf each body in a direc- 
tion perpendicular to the common normal is unaltered 
Ijy the impact. 

120. Motion of two bodies along the line of impact. 

From Art. 86 it follows that, when two bodies impinge, 
the sum of their momenta along the line of impact is the 
same after impact as before. . 

The two principles enunciated in this and the previous 
articles, together with Newton’s experimental law, are 
sufficient to find the change in the motion of particles 
and smooth spheres pi'oduced by a collision. 

We shall now proceed to the discussion of particular cases. 

121. Impact osi a Bxed plaae. A smooth sphere, or 
particle, whose mass is ni and whose coefficient of restitution is e, 
impinges obliquely on a fixed plane; find the change in its 
motion. 

Let AB be the fixed plane, C the point at which the 
sphere impinges, and CN tlie normal to the pia*ne at C so 
that CM passes through the centre, O, of the sphere. 

Let DO and OE be the direction of motion of the cen- 
tre of the sphere before and after impact, and let the 
angles MOD and MOE be a and 6, Let if and & be the 
velocities of the sphere before and after impact as indi- 
cated in the figure. 
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Since the plane is smooth, there is no force parallel to 
the plane; hence the velocity’ of the sphere resolved in a 
direction parallel to the plane is unaltered. ■ 

V sin 6=u sin a ( 1) . 



By Newton’s experimental law’-, the normal velocity of 
sepa-’-ation is <?Titimes the normal velocity of approach. 

Hence r cos #~0=i? (m cos a— 0). 

ycos 6—eucos a. .......... . .(2). 

From ( I ) and (2) , by squaring and adding, we have 
z^rpi^Vsin^ cos® a, 

and, by division, cot d==e cot a. 

These two equations give the velocity and direction of 
motion after impact. 

The impulse of the force of impact on the plane is equal and opposi te 
to the impulse of the force of impact on the sphere, and is therefore 
measured by the change of the momentum of the sphere perpendicular 
to the piano. 

Hence the impulse of the blow = ma cos a+rnr cos 6 
=ffl(l4-e)f/ cos a. 


E. D. — 6 
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Cor» 1. If the impact be direct, vve have a=0. 

Hence The direction of motion of a sphere, which impinges 
directly on a smooth plane, is reversed and its velocity reduced in 
the ratio 1 : 

Cor. 2. If the coefficient of restitution be unity, we^ 
have 6= a, and v—u. 

Hence when the plane is perfectly elastic the angle of re- 
flexion is equal to that of incidence, and the velocity is unaltered 
in magnitude. 

Cor. 3. If the coefficient of restitution be zero, we 
have ^—90°, and v—u sin a. 

Hence A sphere after impact with an inelastic plane slides 
along the plane with its velocity parallel to the plane urialtered. 

Ex. A ball, moving with a velocity of 10 metres per second, impinges on a 
smooth fixed plane at an angle of 45°; if the coefficient of restitution be ^,find 
the velocity and direction of motion of the ball after the impact. 

Let its velocity after the impact be b at an angle 6 with the fixed 
plane. 

Its component velocities along and perpendicular to the plane, 
before impact, are each 10 x i.e., 5^/2. After impact its compo- 
nent velocities in the same two directions are v cos 0 and v sin 6. 

Hence we have v cos 0 — 5\/2, 

B sin ^=e.5v'2==4v'2. 

Therefore, by squaring and adding, 

b®= 82, so that b=V82 =9*06. 

Also, by division, tan 0==|, so that, by the table of natural tangents, 
^=38°40' nearly. Hence, after the impact, the ball moves with a 
velocity of 9-06 metres per sec. at an angle of 38°40' with the plane. 
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1 . A glass marble drops from a height of 300 cm upon a horizontal 
floorj if the coefEcient of restitution be *9, find the height to which it 
rises after tlie impact. 

2. An ivory ball is dropped from a height of 500 cm upon a hori- 

zontal slab; if it rebounds to a height of 320 cm, show that the coeffi- 
cient of restitution between the slab and the bail is -8, ^ 

3. A heavy elastic bafi drops from the ceiling of a room, and after 
rebounding twice from the floor reaches a height equal to one half 
that of the ceiling; show that the coefficient of restitution is 

4. From a point in one \va14 of a room a ball is projected along 
the smooth floor to hit the opposite tvall and returns to the point from 
which it started; if the coefficient of restitution be I, show that the ball 
takes twice as long in returning as it took in going. 


5. From a point in tire floor of a room a ball is projected vertically 
with velocity 981 -\/3 ^ per second; if the height of the room be 
490| cm, and tlie coefficients of restitution between the ball and the 

ceiling and the ball and die floor be each show that the ball, after 

rebounding from the ceiling and the floor, will again just reach the 
height offfie ceiling. 


6. A ball moving with a velocity of 8 metres per sec. impinges at an 
angle of 30“ on a smooth plane; find its velocity and direction of motion 
afterothe impact,#the coefficient of restitution being 

7. A sphere moving with a velocity of 5 metres per sec. hits agairnst 
a smooth plane, its direction of motion being inclined at an angle 
sm"“^|=(36°52') to the plane; show that after impact its velocity i^ 
2 VS (— 447) metres per sec. at an angle tan^^ J( ==26®34'’) with the 
plane, if the coefficient of restitution be |. 

8. A ball falls from a height of 16 feet upon a plane inclined at 
(I) 3Q“, (2) 45°, and (3) 60“, to the horizon; find the velocity and 
direction oT motion after the impact in the three cases, the coefficient 
of restitjation being 

-122. Direct impact of two spheres. A smooth 
sphere, of mass m, impinges directly with velocity u on another 
smooth sphere, of mass m' , mooing in the same direction with 
velocity u'. If the coefficient of restitution be / find their 
velocities after the impact. 



156 


DTMAMICS 


124, Oblique impac^t of two spheres. A smooth 
sphere^ of mass m, impinges with a velocity u obliquely on a smooth 
sphere^ of mass m', moving with velocity u'. If the directions 
of motion before impact make angles a and ^ respectively with 
the line joining the centres of the spheres, and if the coefficient of 
restitution be e, find the velocities and directions of motion after 
impact. 

Let the velocities of the spheres after impact be v and 
■V in. directions inclined at angles 0 and p respectively to 
the line of centres. - 

Since the spheres are smooth, there is no force perpen- 
dicular to the line joining the centres of the two balls, and 
therefore the velocities in that direction are unaltered. 


Hence v sin d~u sin a . . (1), 

and v' sin (f>—u' sin B ...(2). 



Since r/cos a— a' cos ^ is the normal velocity of approach, 
and v' cos p—v cos 0 is the normal velocity of separation, 
we have, by Newton’s Law 

y' cos cos d=e{u cos a—u' cos . ... (3). 
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Again, the only force acting on the spheres dming the 
impact is the blow along the line of centres. Hence 
(Art. 120) the total momentum in that direction is un- 
altered. 

mv cos dA-m'v' cos ^—mu cos a-i-m'u' cos ^ . . . (4). 

The equations (1), (2), (3) and (4) determine thq^un- 
known quantities V, d and 

Multiply (3) by m', subtract from (4), and we obtain 


„ (m—em ) ucos a+m {\A-e)u cos B 
vcos6=- H (5). 

So multiplying (3) by m, and adding to (4), we get 
, ^ I -‘\-e)u cos a-\-{ni' ~em) u' cosj6 


From (1) and (5) by squaring and adding we obtain 
and by division we have tan 6. 

Similarly from (2) and (6) we obtain and tan 

Hence the motion is completely determined. 

The impulse of the blow on the first ball==the change produced in 
its*momentum=»!(jtcos a—y cos 0) 

== (l+«) (« cos a—te' cos j3), on reduction, 

The impulse of the blow on die other ball is equal and opposite* to 
this. 


Ccfr. 1. If —0, we liave from equation (2) 0, 

and hence the sphere m' moves along the lines of centres. 
This follows independently, since the only force on m' is 
along the line of centres. 


Cor. 2. If and we have 

V cos cos and v' cos ^—u cos a. 

Hence If two equal perfectly elastic spheres impinge they 
interchange their velocities in the direction of the line of centres. 
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125, Ex. I. A ball, of mass 5 kg and moving with velocity 15 metres 
per sec., impinges on a ball, of mass 10 kg and moving with velocity 5 metres per 
sec.; if their velocities before impact be parallel and inclined at an angle of 30“ 
to the line joining their centres at the instant of impact, find the resulting motion, 
the coefficient of restitution being 

Let the velocities after impact be v and v' at angles 6 and cj) to the 
line joining the centres. 

Sigce tlie velocities perpendicular to the line of centres are unaltered, 


we have 

sin 0 = 15 sin 30“=-'/ (1) ^, 

and y'sin^=5 sin3G°=|.. ...........(2). 

By Newton’s Law, 


v' cos p—v cos 0=|[15 cos 30°— 5 cos 30°]=5^ ,..,(3). 
Since the momentum along the line of impact is unaltered, 
5v cos 10»' cos <^=5.15 ^ + 10.5 

V cos d+2v' cos 1^=25 ^ .(4). 


Solving (3) and (4), we have 

V cos 0=5 ^ ...(5), 

and v' cos<f>—5\/3. (6). 


From (I) and (5), we have »=5V3==8'66 metres per sec. nearly, and 
<3=60°. 


From (2) and (6), we have p'=|v' 13=9 metres per sec. nearly, and 
^ — so that, by the table of natural tangents, 16°6''. 


Es. 2. Two smooth balls, one of mass double that of the other, are moving 
with equal velocities in opposite parallel directions and impinge, their directions 
of motion at the instant of impact making angles of 30° with the line of centres. 
If the coefficient of restitution be 4, find the velocities and directions’of motion 
after the impact. 

Let the masses of the balls be 2m and m and let the velocities after 
impact be v and v' respectively at angles 0 and p to the line of centres. 

Since the velocities perpendicular to the line of centres are unaltered, 

V sin 0=a sin 30°= ^ (1), 


and 


v' sin ^=K sin 30°= 


u 

2 


.( 2 ). 
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The normal velocity of approach is u cos 30°-f-a cos 30“, and the 
normal velocity of separation is v’ cos^— o cos 9, so that by Newton’s 

Law, we have ' ■ 

v' cos » cos 8—e[u cos 30°+« cos 30®] =a — ...(3). 

Since the momentum resolved parallel to the line of centres remain! 
unaltered. 



Solving (3) and (4), we have v cos 0=0 and v' cos^i—u^—. 


From these equations and (1) and (2), we obtain j 

0=90°, zi= ^=30®, 

Hence after impact the larger ball starts oflf in a direction perpendi- 
cular to thejine of centres widi half its former velocity, and the smaller 
ball moves as if it were a perfectly elastic ball impinging on a fixed 
plane. 


, 'iJ'J'Vy EXAMPLES. XXI. 

A sphere, of mass 4 kg and moving with velocity 5 metres per 
sec., overtakes a sphere of mass 3 kg and moving with velocity 4 metres 
per sec.; if the impact be direct and the coefficient of restitution be 
find the velocities of the spheres after impact. 
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2;- A bailj of mass 10 kg and moving with velocity 6 metres per sec., 
overtalies a sphere, of mass 8 kg and moving with velocity 3 metres per 
sec. ; if the impact be direct and the coefficient of restitution be f , find 
the velocities of the spheres after impact. 

•>3;'' A sphere, moving with velocity 12 metres per sec., meets an equal 
sphere moving in the same line with a velocity of 6 metres per sec. in 
the opposite direction; if the coefficient of restitution be find their 
velpcides after the impact. 


^'“"if a ball overtakes a ball of twice its own mass moving with 
one-seventh of its velocity, and if the coefficient of restitution between 
them be f, show that the first ball will, after striking the second ball, 
remain at rest. 

'^If the masses of two balls be as 2:1, and their respective velo- 
cities before impact be as 1:2 and in opposite directions, _ and e be _|, 
show that each ball will after direct impact move back with f ths of its 
original velocity. 

6. A sphere impinges directly on an equal sphere at rest; if the 
^t^^fficient of restitution be e, show that their- Velocities after the impact 
are as 1— e:l-j-«. 

ball, of mass m and moving with velocity irnpinges on a 
ball, of mass em and moving with velocity eu in the opposite direction; 


if the impact be direct and e be the coefficient of restitution, show that 
the velocity of the second ball after impact is the same as that of the 
first ball before impact. 


8. A ball, of mass 2 kg, impinges directly on a ball, of mass, 1 kg, 
/ which is at rest; find the coefficient of restitution if the velocity with 
which the larger ball impinges be equal to the velocity of the smaller 
ball after impact. 


A ball of mass in impinges directly itpon a ball of mass Wi at 
rest; the velocity of m after impact is |ths of its velocity before impact 
and the coefficient of restitution is |; compare (i) the masses of the 
two balls, and (ii) the velocities of m and nq after impact. 


10. Three spheres, whose masses are 2 kg, 6 kg, and b2 kg’ respec- 
tively, and whose velocities are 12, 4, and 2 metres per second respec- 
tively, are moving in a straight line in the above order. If the co- 
efficient of restitution be unity, show that the first two spheres will be 
brought to rest by the collisions which will take place. 


j 11. A ball is let fall fi’om a height of 19'5 metres, and at the same 
instant an equal ball is projected from the ground with a velocity of 
39 metres per second to meet it in direct impact: if the coefficient of 
restitution be find the times that elapse after the impact before the 
balls reach the ground. 
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12. An inelastic sphere impinges obliquely on a second sphere at 
rest, whose mass is twice its own, in a direction making an angle of 
30“ with the line joining the centres of the spheres; show that its direc- 
tion of motion is turned through an angle of 30“. 

13. Tw’o equal balls moving with equal speeds impinge, their 

directions being inclined at 30“ and 60°, to the line joining their centres 
at the instant of impact; if the coefficient of restitution be unity, show' 
that after impact they are moving in parallel directions inclined at 45° 
to the line of centres. ** 

14. Two equal balls, moving with equal velocities, impinge; if 
their directions of motion before impact make angles of 30° and 90° 
respectively with tlie line joining the centi-es at the instant of impact, 
and if the coefficient of restituSion be show that after impact the 
balls are moving in parallel directions, and that the velocity of one is 
double that of the other. 

15. Two equal perfectly elastic balls impinge; if their directions 
of motion before impact be at right angles, show that their directiom 
of motion after impact are at right angles also. 

16. A sphere, moving with velocity uy/3, impinges on an equal 
sphere, moving with velocity u, their directions of motion before 
impact making angles of 30° and 60° with the line of centres; show 
that, if the coefficient of restitution be unity, their directions of 
motion after impact make angles of 60° and 30° respectively with the 
line of centres. 

17. A sphere, of mass 5m and moving with velocity 13a, impinges 
on a sphere, of*mass m and moving with velocity 5a, their directions 
of motion being inclined at angles of sin~^ f g- and sin”^ | respectively 
to the line of centres; if the coefficient of restitution be I-, find their 
velocities and directions of motion after the impact. 

126. Actiosx betwecKS two elastic bodies dwriiag 
tlieir collision. • Wben two elastic bodies impinge, die 
time during which the impact lasts may be divided into 
two par’s, during the first of which the bodies are com- 
pressing one another, and during the second of which they 
are recovering their shape. 

That the bodies are compressed may be shown experi- 
mentally by dropping a billiard ball upon a floor which has 
been covered with fine coloured powder. At the spot 
where the ball hits the floor, the powder, will be found to 
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be removed not from a geometrical point only, but from a 
small circle; this shows that at some instant during the 
compression tlie part of the ball in contact witli the floor 
was a circle; it follows that the ball was then deformed 
and afterwards recovered its shape. 

14; is also found that the small circle is increased in size 
if tiie distance through which the 'ball is dropped be 
increased, in which case the velocity of the bail on hitting 
tlie floor is increased. Hence the greater the velocity at 
impact, the greater is the temporary deformation of the 
billiard ball. 

The first portion of the impact lasts until tlxe bodies 
are instantaneously moving wifh the same velocity; forces 
then come into play tending to makc^the bodies recover 
their shape. The mutual action between the bodies during 
the first portion of the impact is often called' “ the force 
of compression,” and that during the second portion “ the 
force of restitution.” 

We have no means of finding out what is the actual 
magnitude of the force between two bodies during an 
impact; we only know that it must vary very considerably, 
being zero at the commencement of tlie impact and zero at 
the end, and that it must be large at some instant during 
which the impact lasts. But, by Newton’s Third Law, the 
force at each instant must be the same in magnitude for each 
body, but opposite in direction; hence the impulses of the 
forces acting on the two bodies must be equal, but in 
opposite directions. 

127. It is easy to show tliat the ratio of the impulses 
of the forces of restitution and compression is equal to the 
qiiantity e, which we have defined as the coefficient of 
restitution. 
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Consider the case of one sphere impinging directly on 
anotlierj as in Art. 122, and use the same notation. 

Let U be tlie common velocity of the bodies at the 
instant when tlie compression is finished. Then 

m{u—U) is the loss of momentum by the first ball, 
and m'{U~u') is^the gain by the second bait. 

Hence, if / be the impulse of the force of compression, we 
have I—m{u-'U)—m’{U-~u’)i 

L 4. , .(i). 

m m ■ ^ 

Again, the loss of momentum by the first ball during 
the period of restitution is m{U-'V), and tire gain by the 
second ball is m'(y' •«■■*£/). 

Hence, if F be tlie impulse of the force of restitution, 

' r^m{U~v)^m'{v'-U), 

m m ^ ^ 

Hence, from (1) and (2), ~ — 7, 

\ / u—u 

Impulse of tlie force of restitution ^ 

’’ Impulse of the force of compression 

*_ J^oJ^mal velocity of separation __ 
Normal velocity of approach”” ’ 
F=el 

’^*128. Loss of Kiaetic Energy by Impact, Two 
spheres of given masses tnoving with given velocities impmge; 
to show that there is a loss of kinetic energy and to find the amount 

I. Let the collision be direct and the notation as in 
Art. 122, 


1 
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Then %ve have 

my+m'u'=mM+mV (1), 

v' —v=e{u- u') (2). 


To the square of (1) add the square of (2) multiplied by 
mm ' ; we then have 

i.e.j (m+m') 

— (1 — e^)mm' {u—u'Y. 

+ \m'u"^ — ~~~ > (u — u ' ) 

Hence the kinetic energy after impi^at 

t . .. 1 . 1— mm' . 

=Ianetic energy beiore impact—— ^ ^ {ii—u Y. 


Hence tlie loss of kinetic energy’' is 

—R i — {ii—u'Y, 

2 m+w V / ’ 

and this loss does not vanish unless 6=1, that is, unless 
the balls are perfectly elastic. 

II. Let the collision be oblique and the notation as in 
Art. 124. 

As in I., we have 

cos^ cos® cos® Cos® j8 

1—6® mm' . , 

2 m+m V r/ \ j 

Also, since v sin l?=M sina, and v' sin <p=u' sin we 
have 

-|my® sin® sin® <j>~\mu^ sin® a 

4-|-mV® sin® j8 (4). 
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Adding (3) and (4), we have 

The kinetic energy after impact == kinetic energy' before 

1— mm' , r 

impact^ 2 — f T ' fm' ol~u cos p)^. 

Hence we see that in any impact, unless the coefficient 
of restitution be unity, some kinetic energy is lost, jor, 
rather, is transformed. 

This missing kinetic energy is converted into molecular 
energy and chiefly reappears in the shape of heat. 


Cot. Suppose, as in the case of a nail hit by a hammer, that the 
object struck was at rest. 

In this case and r==0. Hence, by the result of I,, the energy 
lost, or transformed, 

— 1 „ 
m-Vm' 

• Mechanical energy lost by the blow 
Mechanical energy before the blow 

* , wnhl— e®) „ , « 

m-bm m-\-m 


iuK 


~i - 


This latter expression is made smaller if the ratio of m to m' be made 
bigger, i.e., the bigger the mass of the hammer compared with that 
of the nail, the smaller is the loss of mechanical energy at the impact. 

129. Eat. 1. A particle falls from a height h upon a fixed horizontal 
plane; if e be the coefficient of restitution, show that the whole distance described 

by the particle before it has finished rebounding is h, and that the time 

,, . lUlA-e 

elapses is ^ ^ 


Let u be the velocity of the particle when it first hits the plane, so 
that 

By Art. 121, Cor. 1, the particle rebounds with velocity eu. 

The velocity when it again hits the plane is eu, and the velocity after 
the second rebouitd is e'^u. 


Similarly the velocity after the third, fourth, ... rebounds is e^u, 
ehi , .... 

The height to which the particle ascends after the first, second, • 

. 2,, 2 (pS,,\Z 

rebounds are ...i.e., e^h, eVi,, 

2g 2g ' 2g 
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Hence the whole space described 

— h-}-2{e“h-^e^h+e^h+...adiT^.) 




by suniraiiig the infinite geometric progression, 

z, 1 

Also the time of falling originally 

The times of ascending after the impacts are tlie times in which the 
velocities eu, e\ e%....are destroyed by gravity. 

. . eu e^u j2h „ fth 

Hence these times are — — , — ...i.e., e / — ■, /^/ — 

g' g g ’ g’ ^ g 

Hence the whole time during which the particle is in motion 

^fJj+2.^jie+e^^+e^+...adinf.] 

In theory therefore we have an infinite number of rebounds taking 
place in a finite time; in practice after a few rebounds the velocity of 
the ball becomes destroyed. 

Since the height to which the particle rebounds after the first impact 
is i.e.j times the height from which it fell, 

. g height of rebound ■' 

^ “ height of falling ‘ 

Hence the value of e for a given ball and a given floor may be easily 
f^pnd by experiment. For, if the ball be let fall from a given suitable 
height, it will be easy to find the height of rebound after a few trials, 
and then we easily have s®. 

Ex. 2. From a point in a smooth horizontal plane a particle is projected 
with velocity u at an angle a to the horizon; if the coefficient of restitution between 
the particle and the plane be e, show that the distance described along the plane 
sin 2a 


before the particle ceases to rebound is - 


1 - 


The initial vertical velocity is « sin a. 

The initial vertical velocities after the first, second, ... rebounds are, 
as in the last example, ea sin o, sin a, e®a sin a.... 

Hence die time between the first and second rebounds is, as in Art. 
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So the times in the other trajectories are 2 


e^u sin a 



2 ° 

g • 


Hence the total time that elapses before the particle ceases to rebound 


. , 2e®a sin a , . _ 
_ -j ad inj. 


2u sin « 




2a sin a 1 


During this time the horizontal velocity, being unaltered by the 
impacts, is always u cos a. 

Hence the horizontal distance described 


2u sin 


t 1 

'l-fi 


X 3 


' gO~e) ■ 


After the particle has ceased to rebound, it moves along the plane 
with constant velocity « cos a. 


EJ^MFLES. XXn. 

1. An elastic particle is projected so that it hits a vertical wall 
and returns aftlr impact to the point from which it was projected, 
without hitting the ground. If the angle of projection be a, and the 
direction of the path of the particle when it again reaches the point 
of projection make an angle jS with the horizontal, show that tan a =e 
tan p, where e is the coefficient of restitution. 


2. *Show that an elastic sphere let fall from a height of 490i cm 
above a fixed horizontal table will come to rest in 8 seconds, after 
describing 1992f|' cm, supposing the coefficient of restitution to be 

3. A ball falls from a height of 1471|- cm upon an elastic horizontal®*' 
plane; if the coefficient of elasticity be find the total space described 
by tlie sphere before it finally comes to rest, and the time that elapse.s. 

4. A particle is projected from a point in a horizontal plane with 
a velocity of 1962 cm per second at an angle of 30° with the horizon; 
if the coefficient of restitution be f, find the distance described by it 
horizontally before it ceases to rebound, and the time that elapses. 

5. A ball falls vertically for 2 seconds and hits a plane inclined 
at 30 ° to the horizon; if the coefficient of restitution be f, show that the 
time that elapses before it again hits the plane is 3 seconds, 

6. A perfectly elastic ball is dropped from the top of a tower of 
height k, and when it has fallen half-way to the ground it strikes a 
smooth rigid projecting stone inclined at 45° to the horizon; find where 
it will reach the ground. 
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7. A bail, at rest on a smooth horizontal plane at the distance of 
one yard from a wall, is impinged on directly by another equal ball 
moving at right angles to the w^l with a velocity of a yard per second. 
If the coefficients of restitution between the balls, and the balls and wall, 
be each show that they will impinge a second time at the end of 2*4 
seconds, the radii of the balls being of inconsiderable magnitude. 

8. Two equal marbles, d and B, lie in a smooth horizontal circular 
groove at opposite ends of a diameter; .4 is projected along the groove 
3,na at the end of time t impinges on B ; show that a second impact will 

2t ” 

occur at the end of time — . 

e 

9. Two marbles, of equal diameter but of masses lOrn and Urn, 
arc projected from the same point with velocities, eciual in magnitude 
but opposite in direction, along a circular groove; where will the second 
impact take place if the coefficient of restitution be f? 

10. A sphere, of mass m, impinges obliquely on a sphere, of mass M, 
which is at rest. Show that, if m=eM, the directions of motion of the 
spheres after impact are at right angles. 

11. A sphere impinges on a sphere of equal mass which is at rest; 
if the directions of motion after impact be inclined at angles of 30° to 
the original direction of motion of the impinging spherej show that the 
coefficient of restitution is 

12. A ball impinges on another equal ball moving with the same 
speed in a direction perpendicular to its own, the line joining the centres 
■of the balls at the instant of impact being perpendicular to the direction 
of motion of the second ball: if s be the coefficient of •'restitution, ''show 
that the direction of motion of the second ball is turned through an 

angle tan 

13. Two equal smooth elastic spheres, moving in opposite parallel 

directions with equal speeds, impinge on one another; if the inclina- 
tion of their directions of motion to the line 'of centres be tan~'^'s/e, 
where r is the coefficient of restitution, show that their directions of 
motion will be turned through a right angle. *■ 

14. Two equal balls are in contact on a table; a third equal ball 
strikes them simultaneously and remains at rest after the impact; 
shov/ that the coefficient of restitution is 

15. The masses of five balls at rest in a straight line form a geometri- 
cal progression whose I'atio is 2, and their coefficients of restitution are 
each ■^. If the first ball be stai’ted towards the second with velocity u, 
show that the velocity communicated to the fifth is (§)'*«. 
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16. A bail of given elasticity slides from rest down a smooth inclined 
plane, of length I, which is inclined at an angle a to the horizon, and 
impinges on a fixed smooth horizontal plane at the foot of the former; 
find its range on the horizontal plane. 

17. A heavy elastic ball falls from a height of n feet and meets a 
plane inclined at an angle of 60“ to the horizon; find the distance 
between the first two points at which it strikes the plane. 

18. An inelastic ball, of small radius, sliding along a smooth hori« 

zontal plane with a velocity of 16 feet per second, impinges on a smooth 
horizontal rail at right angles to its direction of motion; if the height of 
the rail above the plane be one half the radius of the ball, show that 
iatus rectum of the parabola subsequently described is one foot in 
length. • 

19. A particle is projected along a smooth horizontal plane from 

a given point A in it, so that after impinging on an imperfectly elastic 
vertical plane it may pass through another given point B of the hori- 
zontal plane; give a geometrical construction for the direction of pro- 
jection. , 

20. A smooth circular table is surrounded by a smooth rim whose 
interior surface is vertical. Show that a ball, whose coefficient of 
restitution is f, |>rojected along the table from a point in the rim in a 

/ c® 

direction making an angle tan ^ j radius through 

the point, will return to the point of projection after two impacts on 
the rim. Prove a^so that when the ball returns to the point of projec- 
tion its velocity is to its original velocity as eS : 1 . 

If the angle that its direction of projection makes with the radius 
be tan“^e2, show that it will return to the point of projection after three^ 
rebounds. 

21. Two elastic particles are projected simultaneously from a 
point in a smooth horizontal plane; show that their centre of gravity 
will describe a number of arcs of the same parabola in different posi- 
tions. * 



CHAPTER IX. 


“ THE aODOGRAPH AND NORMAL ACCELERATIONS, 

130. In the following chapter we shall consider the 
motion of a particle which mpves in a curve. It will be 
convenient, as a preliminary, to explain how the velocity, 
direction of motion, and acceleration of a particle moving 
in any manner may be mapped out by means of another 
curve. 

131. Hodograpli. Def. If a particle he moving in 
my path whatever, and if from any point 0, fixed in space, we 
draw a straight line OQ^ parallel and proportional to the velocity 
at any point P of the path, the curve traced out by the end Q, of 
this straight line is called the hodograph of the path of thi par- 
tick, 

■' [The word Hodograph is derived from two Greek words 
B'bos (pronounced Hodos) meaning “ a path,” and yP&^eiv 
(pronounced Graphein) meaning “ to write.”] 

It is so called because it represents graphically to the 
•eye the velocity and acceleration of the moving point. 

132. Theorem. If the hodograph of the path of a moving 
point P be drawn, then the velocity of the corresponding point (9, 
in the hodograph represents, in magnitude and direction, the accele- 
ration of the moving point P in its path. 
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Let P and P' be two points on tbe patli close to one 
another; draw OQ.and OQ^ parallel to the tangents at P 
and P' and proportional to the velocities there, so that Q, 
and (X, are two points on the hodograph very close to one 

another. 

Whilst tlie particle has moved from P to P' itg velocity 
has changed from OiQ^»to OQ,', and therefore, as in Art. 27, 
the change of velocity is represented by QSX,. 



Now let P' be taken indefinitely close to P, so that 
becomes ^n indefinitely small portion of the arc of the 
hodograph. 

If r be the time of describing the arc PP% then, by 

1 r. r. change of velocity in time T “ 

Alt, 28, the acceleration of P==, i- 

= velocity of Q.in the hodograph. 

Hence tlie velocity of (X the hodograph represents, 
in magnitude and direction, the acceleration of P in the 

path. 

133. Exaittples. h The hodograph of a point describing a 
circle with unifornr speed is another circle which the corresponding 
point describes with uniform speed. For, in this case, since the magni- 
tude of the velocity of P is constant, the line OQ. is constant in length. 
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and theretbre Q. always lies on a circle whose centre is 0. Also, since 
the point P describes its circle uniformly, the tangent atF turns' through 
equal angles in equal times, and therefore the line OQ_ turns through 
equal angles in equal times, 

2. The hodograph of a point describing a straight line with con- 
stant acceleration is a straight line, which the corresponding point 
describes with constant velocity. For, in this case, the line Q<2, is 
always drawn in a fixed direction and the velocity of Q,, being equal in 
magnitude to the constant acceleration of P, is also constant. 

Noranal Acceleration. 

134. We have learnt from the First Law of Motion 
that every particle, once in motion and acted on by no 
forces, continues to move in a straight line with uniform 
velocity. Hence it will not describe a curved line unless 
acted upon by some external force. If it describes a curve 
with uniform speed, there can be no "force in the direction 
of the tangent to its path, or otherwise its speed would be 
altered, and so the only force acting on it is normal (that 
is, perpendicular) to its path. If its speed be not constant, 
there must in addition be a tangential force. 

In the following articles we shall investigate the simple 
case of the normal acceleration of a particle moving in a 
circle with constant speed. 

135. Theorem. If a particle describes a circle of radius 

y% 

r with uniform speed v, show that its acceleration is — directed 
toward the centre of the circle. 

Let P and P' be two consecutive positions of tire moving 
particle and (7 and the corresponding points on the hodo- 
graph. Since the speed of P is constant, the line 0’(f 
is of constant length, and therefore the point (f moves 
on a circle whose radius is v; also the angle QO'if, is equal 
to the angle between the tangents at P and P' and there- 
fore is equal to the angle POP'. 
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' ■ Hence the arc ; tlie. arc PP’ ; : 0'Q_ : OP : y ■: r. 

Also the velocities of and P are proportional to the 
arcs ^ Q,' and PP'. 




Hence the velocity of Q, in the hodograph : t> ; :v :r. 

y2 

.*. velocity of Q,= — . 

But the point is moving in a direction perpendicular 
to O' Q, and therefore parallel to PO; also the acceleration 
of the point P is equal to tlie velocity of <2, (Art. 132). 

, tP • 

Hence tlie acceleration of P is — in the direction PO. ® 
r 

If the speed v be not* constant but variable it can be shown {Elementary 
* 

Dynamics, 1 57) that the normal acceleration is still 

Cor« 1, If w be the angular velocity of the particle 
about the centre 0, we have v—ron, and the normal accele- 
ration is therefore oPr. 

Cor. 2. The force required to produce the normal 

' . ■ 

acceleration is in where m is tlie mass of the particle. 
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136. Without the use of the hodograph, a proof of the very import- 
ant theorem of the last article can be given as follows. 

Let P' be a point on the circle very close to P. Draw the tangent 
P'T at P' to meet the tangent, Px, at P in T. 

Join P and P' to the centre, O of the circle. 

Since the angles at P and P' are right angles, a circle will go through 
thp points Q, P, T and P', and hence £_P'Tx 

=supplement of P'TP=POP/=0. 

Let s be the speed in the circle, and let r be the time of describing 
the arc PP'. 

In time t a velocity parallel to PO has been generated equal to u sin B, 

Hence the acceleration in the direction PO = - (when r, and 

therefore, 0, is talien very small) 

— ^ — ^ arc PP' _ V arc PP' 

~~ r ~ r ' OP ”1 r ■ t 



3.1’C ' 

But, since v is the speed in the circle, therefore — ^ ~ v. 

T 

Hence the required acceleration == -. 

As in Art. 135, Cor. 1, this acceleration is equal to rop, where" w is 
the angular velocity. 

gS 

Also the force towards the centre must be jk — , 
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137. The force spoken of in the preceding articles, 
which is required to cause the normal acceleration of a 
body, may be produced in many ways. 

For example, the body may be tethered by a string, 
extensible or inextensible, to a fixed point. 

Again, the force may be caused by the pressure of a 
® material curve by means of which the body is constrained 
to move in a curve; for example, a train may be made to 
describe the curved portion of a railway line by means of 
the pressui'e of the rails on the flanges of its wheels. 

The force may also be of the nature of an attraction 
such as exists between the sun and earth, and which com- 
pels the earth to describe a curve about the sun. 

« 

138. When a man whirls in a circle a mass tied to 
one end of a string, the other end of which is in his hand, 
the tension of the string exerts the necessary force on the 
body to give it the required normal acceleration. But, by 
the third law of motion, the string exerts upon the man’s 
hancl'a force etjiial and opposite to that which it exerts 
upon the particle; these two foi'ces form the action and 
reaction of which Newton speaks. It appears to the man 
that the mass is trying to get away from his hand. For 
this reason a force, equal and opposite to the force neces- 
sary to give the particle its normal acceleration, is often 
called “ it.^ centrifugal force,” i.e., centre-avoiding force. 
This may however be 'a somewhat misleading term; it 
seems to imply that the force belongs to the mass instead 
of being an external force acting on the mass. It also 
appears to imply that the particle wunts to get awa.y from 
the centre of the curve and is prevented from doing so; 
this is clearly not so; the particle would, if it were not 
prevented, move along the tangent to the curve, i.e., along 
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the line Yx of the figure of Art. 136; it has no wish, or 
tendency, to move in the direction OF. 

A somewhat less misleading term is “ centripetal force,”’ 
i.e., centre-seeking force. 

We shall avoid the use of either expression; the student 
who m^ets with them in the course of his reading will 
understand that the second of them means “ the force 
w’hich must act on the mass to give it the acceleration 
normal to the curve in which it moves,” and that the first 
means a force equal and opposite to this. 

This latter force (the so-called centrifugal force) is the 
force which acts on the body which causes the particle to 
describe its curved path, e.g., it is the force acting on the 
mils in the case of a railway train going round a curve, 
or on the mawh- hand in the case cited above. 

139. Ex. i. it particle, of mass 3 lb., moves on a smooth table with a 
velocity of A feet per second, being attached to a fixed point on the table by a string 
of length 5 feet; find the tension of the string. 

Here v—^, and r==5. 

Therefore, by Art. 135, the acceleration toward the fixed point is 



Hence the tension of the string 

^ 16 48 . 1 . r 48 • 3 . , 

=3 X — ==— poundals==wt. of i.e., of a pound. 

Ex. 2. A particle, of mass m, moves on a horizontal table and is connected 
by a string, of length I, with a fixed point on the table; if the greatest weight that 
the string can support be that of a mass of M pounds, find the greatest number of 
revolutions per second that the particle can make without breaking the string. 

Let n be the required number of revolutions, so that the velocity of 
the mass is n.fnl. 

Therefore the tension of the string— m. — j — poundals. 

Hence so that «= ™ 

If the number of revolutions were greater than this number, the 
tension of the string woirld be greater than the string could exert, and. 
it would break. 
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EXAMPLES. XXin. 

1. A string is 90 cm long, and has one end attached to a fixed 
point on a smooth horizontal table j if a mass of 2943 gm tied at the 
other end of the string describe uniformly a horizontal circle with 
speed 180 cm per second, find the tension of the string. 

2. A string is 1 09 cm long and can just support a weight of 1600 gm ; 
a mass of 900 gin is tied at its end and revolves uniformly on a hori- 
zontal table, the other end of the string being attached to affixed point 
on the table p find the grea*test number of revolutions per minute that 
can be made by the string without its breaking. 

3. A string, 109 cm long, can just sustain a weight of 10 kg; if 
the revolving mass be 900 gin, ^determine the greatest number of 
complete revolutions that can be made in one minute by the string 
without its breaking. 

4. A string, 2i feet long, has a mass of one pound attached to 
one end and die other end is attached to a fixed point; if the mass be 
whirled round in a horizontal circle, whose centre is the fixed point, 
and if the resulting tenskm of the string be equal to the weight of 5 
pounds, show that the string is making about 76 revolutions per minute. 

5. The tension of a string, one end of which is fixed and to the 
other end of which is attached a mass which revolves uniformly, is 9 
times the weight of the re\''olving mass; find the velocity of the mass if 
the length of the string be 109 cm. 

6. With what number of turns per minute must a mass of 10 grammes 
revolw: horizontally at the end of a string, half a metre in length, to 
cause the same tension in the string as would be caused by a mass of 
one gramme hanging vertically? 

7. A locomotive engine, of mass lO-iS metric tonnes, moves on 
curve, of radius 182-9 metres, wdth a velocity of 48-3 km per hour; whaf 
force tending toward the centre of the curve must be exerted by the rails 
so that this may be the cpse? 

8. If, in the previous question, the mass of the engine be 12‘2 m etric 
tonnes, its relocity 96-56 km per hour, and the radius of the curve 
366 metres, w'hat i.s the required force? 

140. The Conical Pendnlnm. If a particle be 
tied by a string to a fixed point 0, and move so that it 
describes a circle in a horizontal plane, the string describing 
a cone whose axis is the vertical line through 0, then the 
string and particle together are called a conical pendulum. 
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When the motion is uniform, the relations between the 
velocity of the particle and the length and inclination of 
tiie string are easily found. 


O 



Let P be the particle tied by a string OP, oi' length I, 
to a fixed point 0. Draw PjV perpendicular to the vertical 
through 0. Then P describes a horizontal circle with M 
as centre {dotted in the figurel. 

Let T be the tension of the string, a its inclination to 
the vertical, and v the velocity of the particle. 

By Art, 135, die accelex'ation of Pin the direction PM 
1)^ 

is -jpr,, and hence the force in that direction mnst be 


I sin c 


Now the only forces acting on the particle are Ib.c 
tension, 7“, of the string and the weight, mg^ of the par- 
ticle. 


Since tlae particle has no acceleration in a vertical 
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direction, tiie forces acting upon it in that direction must 
balance, and hence we have 


T cos a = 


.( 1 ). 


Also !r sin a is the only force in the direction PN. and 
' . mv^ 


hence 


From (1) and (2), we have 


' / sin a 


NIL 


cos a* 


I sin^ a 

If tile particle makes n revolutions per second, then 
v—n . 27rPN=2-7Tnl sin a. 




= — that is, cos a ^ ■ r4 '~i • • -i^)’ 
cos a AiPrrl 


Hence, by*(r), T—^mTrti- 1 dynes (4). 

Hence the tension of the string : weight of the particle 

. . 

The equations (3) and (4) give a and T. 

The time of revolution of the particle. 

_ 2tt/ sin a ^ 2 / / cos a ^ J ON 

" ~~~v “ A/ ~Y~~ “ V T~’ 

and therefore varies as the square root of the depth of the 
particle b^low the fixed point. 


Ml. Govettiors of steam engines. It is generally desirable 
that engines of the stationary kind should run at a constant speed. 
Their speed is therefore usually controlled by a Governor; this generally 
consists of two heavy revolving balls which are attached at the ends of 
light rods, the other ends of which are connected with a vertical shaft 
driven by the engine. 

A simple form, known as Watt*s Governor, is shown in the figure. 
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When the shaft runs too fast the balls rise and Hit the mechanism 
at c; by means of levers attached to it the 
valve regulating the supply of steam is 
partially closed and the speed is lessened; 
so when the shaft runs too slowly the balls 
fall and the supply of steam is increased. 

The governor thus automatically regulates 
the supply of steam, so that the engine 
rhns at ap]^-oximately a constant speed. 

From the last result of Art. 140 it follows 
that, for a governor of a steam engine 
rotating 60 times per minute, the height 
is about 9-78 inches; for one making 100 
revolutions per minute the height^is 3-52 
inches; this latter height is too small for practical purposes except for 
extremely small engines. 

In order timt governors may run at a high speed they are therefore 
usually loaded by means of a spring or weight so adjusted as to keep c 
lower than it would be in an unloaded governor. 

!42. Motion of bicycle rider on a circular path. When a 
man is riding a bicycle on a curved path he always inclines his body 
inwards towards the centre of his path. By tliis mekns the reaction 
of the ground becomes inclined to the vertical. The vertical com- 
ponent of this reaction balances his weight, and the horizontal compo- 
nent tends towards the centre of the path described by the centre of 
inertia of the man and his machine, and supplies the necessary normal 
acceleration. - 

143. Motion of a railway carriage on a curved portion of 
the railway Hne. When the rails are level, the force to give the 
“ carriage the necessary acceleration toward the centre of curvature of 
its path is given by the action of the rails on the flanges of the wheels 
with which the rails are in contact. In order, however, to avoid the 
large amount of friction that would be brought into play, and the con- 
sequent wearing away of the rails, the outer rail is generally raised so 
tliat tlie floor of the train is not horizontal. The necessjp-y inclination 
of the floor, in order that there may be no action on the flanges, may 
be easily found as follows. 

Let y be the velocity of the train, and r the radius of the circle described 
by its centre of inertia <?. 

Let the figure represent a section of the carriage in the vertical plane 
through the line joining its centre of inertia to the centre, O, of the 
circle which it is describing, andlet the section meet the rails in the points 
A and if. 

[7 he wheels are omitted for the convenienee of thefigiireJ] 
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Let R and S be the reactions of the rails perpendicular to the floor 
AB, and let 9 be the inclination of the floor to the horizon. 



The resolved part, (12+5') sin 6, of the reactions in the direction 
GO supplies the force nectssary to cause the acceleration totvaids the 
centre of the curve. 

« {R-\~S)siTi &—tn — ,..,.....,..( 1 ). 

Also the vertical components of the reactions balance the weight. 

(R+S) cos fl = (2). 

From (1) and (2). tan <1= - (3), 

giving the inclination of the floor. 

If the width AB be given, we can now easily determine the height 
of the outer rail above the inner; for it is equal to AB sin 0. 

It will be noted that the height through which the outer rail must 
be raised in order that there may be no horizontal thrust on the flanges 
depends on the velocity of the train. In practice the height is adjusted 
so that there is no tliru^t for trains moving witli moderate velocities. 
B'or trains moving with higher velocities, the horizontal thrust of the 
rails on the flanges supplies the additional force required. 

This thrust may be found as follows. Assuming that the height 
of the outer rail has been so adjusted that there is no side thrust for 
trains travelling with velocity v, let X be the side thrust, reckoned from 
B towards A, when the velocity of the train is V. Then instead of 
equations (1) and (2) wc have, (if the above figure be used with the 
addition of a force X along BA), 
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X —m — cos 6— mg sin B 

TV^ 1 

~m cos 0 ! — g tan 6\ 

[ ya jjS-i 

— - — I, by equation' (3). 

* If F exceed v, X is positive, and the side thrust is caused by the outer 
rail at 5. 

If V be less than v, X is negative and therefore acts from A to 
so that the side thrust is in this case caused by the inner rail at A. 

144. Rotating sphere. A smooth hollow sphere is rotating with 
uniform angular velocity w about a vertical diameter; to show that a heavy particle 
placed inside, and rotating ivith it, will only remain resting against the side of the 
sphere at one particular level, and that, if the angular velocity fall short of a 
certain limit, the particle will only rest at the lowest point of the sphere. 

Let AB be the axis of rotation of the sphere, A being the highest 
point, and let 0 be the centre; let P be the position of the particle 
when in relative equilibrium and PN the perpendicular on AB. 

Now P describes a circle about X as centre with "angular velocity 
CO, and therefore the force towards X must be mco^. PX, or sin 6, 
where a is the radius of the sphere and 6 the angle POB. 


B 



The horizontal component of the normal reaction, R, at P supplies 
tliis horizontal force, and the vertical component balances the weight 


of the particle. 

Hence J? sin 0==maj®fl sin 0... (1), 

and i? cos B—mg. ,..(2). 
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From equation (Ij we have, either sin 0=0, or R—mttra. 
Siibsliraiing for R in (2), we have 

cos 6~ -4- 


.(3). 


Hence the particle is either at the lo^ve3t point, %vhere sin 0=0, 
or at a point cietermineci by equation (3). 

The value of 0 given bv (3) is impossible unless g<£yV*»'e .5 unless 
the angular velocity w is greater than If the angular velocity 

be less titan this quantity, the only position of relative rest of the particle 
is at the lowest point of the sphere.^ 


EXAMPLES. XXIV. 

I. A mass of 2 Itg is tied at the end of a string, of length I0& cm, 
and revolves as a conical pendulum, the string being always inclined to 
the vertical at an angle of 60“; find the tension of the string and the 
velocity of the particle. 


2. Show tliat the inclination to the vertical of the string of a conical 
pendulum, when the string is 20 inches long and the pendulum revolves 
200 times per minute, is 


cos~^ - . -H -s — Q , i.e., about 87“ 30'. 

■ • • 1237;® 

3. A string, of length four feet, and having one end attached to a 
fixed point and the other to a mass of 40 pounds, revolves, as a conical 
pendulum, 30 times per mimite; show that the tension of the string ? 

is IfiOw® poundals, and that its inclination to the vertical is cos”^ ( )’ 
i.e., about 35“ 5T. * 


4. A heavy particle which is suspended from a fixed point by a 
string, one yard long, is raised until the string, which is hept tight, 
makes an angle of 60° with the vertical, and is tiien projected hori- 
zontally in the direction perpendicular to the vertical plane through 
the sti’ing ; find the velocity of projection so that the particle may move 
in a horizontal plane. 


5. A railway caniage, of mass 2-032 metric tonnes, is moving at the 
rate of 96-56 km per hour on a curve of 235 metres radius; if the outer 
rail be not raised above tire inner, show that the lateral thrust of the 
outer rail is equal to the weight of about 640 kg. ■ 


E. D.— 7 
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6. A train is travelling at the rate of 63 km 360 metres per hour on a 
curve, the radius of which is 396 metres. If the distance between the 
rails be 150 cm, find how' much the outer rail must be raised above the 
inner, so that there may be no lateral thrust on the rails. 

7. A train is travelling at the rate of 47 km 520 metres per hour on a 
curve the radius of which is 360 metres. If the distance between the 
rails be 150 cm, find how much the outer rail must be raised above 
th® inner so®that there may be no lateral thrust on the rails. 

8. A railway carriage moves on a circular curve; find to what 
height the outer rail must be raised above the inner so that there may,, 
be no lateral thrust on the rails if the radius of the curve be 396 metres, 
the breadth between the rails 150 cm^ and the carriage has a velocity 
of 71 km 280 metres per hour. 

9. A mass is hung from the roof of a railway carriage by means of a 
string, six feet long; show that, when the train is moving on a curve 
of radius 100 yards at the rate of 30 miles per horn’, the mass will move 
from the vertical through a distance of 1 foot 2i inches approximately. 

10. A bowl, 76'2 mm deep, is made from a spherical surface 
whose radius is 1524 mm and rotates about its vertical axis. Find 
the greatest number of revolutions which it can make ifi a minute, if a 
particle can rest on its surface without being thrown out. 

11. If 20 be the vertical angle of a smooth hollow cone, whose 
axis is vertical and vertex downwards, show that the distance from its 
axis of a body, moving in a circle on its surface and making n revolutions 
per second, is 

g cot B 

^ 4-n-V * 

12. The sails of a windmill are about 9 metres long, and revolve 
10 times per minute; show that a man clinging Ao the outer end of one 
of these sails would, at the highest point of his path, experience no re- 
action from the sail, and therefore could for a moment leave go without 
falling, 

13. A heavy particle is connected by an inextensible string, 91 '4 cm, 
to a fixed point, and describes a circle in a vertical plane passing through 
the fixed point, making 600 revolutions per minute; neglecting the 
small variations in the speed of the particle, find the ratios of the tensions 
of the string in its two vertical positions and in its horizontal position, 

14. Two particles, of the same mass, are fastened respectively 
to the middle point and one extremity of a weightless string, and are 
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laid upon a smooth table, the other end of the stiing being fastened to a 
point in the table. 

If the string be pulled tight, and the particles be so projected that they 
always remain in a straight line, show' that the tensions in the tw'o 
portions of the string are as 3:2. 

15. A train, moving in a straight line with velocity v, comes to a 
curve of radius r; show that the mean slope of the surface of the watpr 
in a fixed tumbler carried by the train, or the mean deflection of a 
plummet attached by a short cord, will be 



16. A particle, of mass m, is fastened by a string, of length /, to a 
point at a distance 6 above a smooth table; if the particle be made to 
revolve on the table n times per second, find the reaction of the table. 
What is the gi'eatest value of k, so that the particle may remain in 
contact with die table ? 

17. A wet open umbrella is held with its handle upright and made 
to rotate about it at the rate of 14 revolutions in 33 seconds. If the 
rim of the umbtsella be a circle of one yard in diameter, and its height 
above the gi'ound be four feet, show that the drops shaken off from 
the rim meet .the ground in a circle of about five feet in diameter. If 
the mass of a drop he *01 of an ounce, show that the force necessary 
to keep it attached to the umbrella is about -021 of a poundal and is 
inclined at an angle tan~^ ^ to the vertical. 

18. A particle, of mass /«, on a smooth table is fastened to one end of 
a fine string which passes through a small hole in the table and supports 
at its other end a particle of mass 2m, the particle m being held at a* 
distance c from the hole. Find the velocity with which m must be 
projected, so that it may describe a circle of radius c. 

19. Two masses, ?n and m', are placed on a smooth table and con- 
nected by ajight string passing through a small ring fixed to the table. 
If they be projected with velocities v and respectively at right angles 
to the portions of the string, which is initially tight, find the ratio in 
which the string must be divided at the ring, so that both particles may 
describe circles about the ring as centre. 

20. Two masses, m and m', axe connected by a string, of length c, 
which passes through a small ring; find how many revolutions per 
second the smaller mass, m', must make, as a conical pendulum, in 
order that the greater mass may hang at rest at a distance a from the 
ring. 


186 


DTMAMICS 


EXS. XXI¥ 


21. A string, passing through a small hole in a smooth horizontal 
table, has a small sphere, of mass /«, attached to each end of it; the 
upper sphere revolves in a circle on the table when suddenly it strikes 
an obstacle and loses half its velocity; find what diminution must be 
made in the mass of the lower sphere, so that the upper one may con- 
tinue rotating in a circle. 

22. A string PAQ^ passes through a hole A in a smooth table, the 
pertion dP^lying on the table, and AQ. being at an angle of 45° to the 
vertical, and below tlie table, so that P and»Q,are in the same vertical 
line. If masses be attached at P and Q, and, the strings being slreteiied, 
be each projected horizontally, find the ratio of the masses, so that tlu*. 
plane PAQ, may always be vertical and the angle always 45°, If 
the string be four feet in length, find ^he time of revolution. 

23. A body, of mass m, moves on a horizontal table being attar:hed 
to a fixed point on the table by an extensible string whose modulus of 
elasticity is A ; given the original length a of the string, find the velocity 
of the particle when it is describing a circle of radius r. 

24. A particle is attached to a point A b^ an elastic string, whose 
modulus of elasticity is twice the weight of the particle and whose 
natural length is I, and whirled so that the string describes the surface 
of a cone whose axis is the vertical line through A. 'If the distance 
below A of the circular path during steady motion be I, show that the 
velocity of the particle must be VSgl. 

25. In Ex. 8 find the lateral thrust when the velocity is (1) 47 km 
520 metre.s, (2) 95 km 40 metres per hour, the masSi of the carriage 
being 10 metric tonnes. 

In each case state which rail causes the thrust. 


CHAPTER X. 


MOTION ON A SMOOTH CURVE UNDER THE ^iGTION ■ 
t)F GR^WITY. 

145. The general case of the motion of a particle, 
constrained to move on a given curve under any given 
forces, is beyond the scope of the present book; so also 
is tile motion of a particle constrained to move under 
gravity on a given curve. 

lliere is one proposition, howevei’, i-elating to the 
motion of a. particle under gravity which Vv'e can prove 
in an elementary manner, and which is very useful for 
determining many of the circumstances of the motion, 

14^, Theorem. If a particle slides down an arc of any 
smooth curve in a vertical plane, and if u be its initial velocity 
and V its velocity after sliding through a vertical distance h • 
show that v^~u^Ar2gh. 

Let A be the point of the curve from which the particle 
starts, and B the point whose distance from A, measured 
vertically, is h. Draw AM and BN horizontal to meet any 
vertical line in M and M. 

Let P and be two points on the curve, very close to 
one another, and draw Pi? and QS perpendicular to AdN. 
Then PC) is very approximately a small portion of a straiglit 
line. Draw dT^Trtical to ineet PJ? in V. 
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The acceleration at P along PQ^ is g cos VQP and hence, 
if Vp and Vq^ be the velocities at P and Q^, we have 

^(l V + • 

i.e., the change in the square of the velocity is due to tlie 
vertical hfeight between P and Q^. Since this is true for 
every element of arc, it is true for the whole arc AB. " 



Hence the change in the square of the velocity in passing 
from ^ to J5 is that due to the vertical height h, so that 
v^=u^+2gh. 

The theorem in the preceding article may be deduced directly from 
the Principle of the Conservation of Energy. 

^ For, since the curve is smooth, the reaction of the arc is always 
perpendicular to the direction of motion of the particle. Hence, by 
Statics, Art. 196, no work is done on the body by the pressure of the 
curve. The only force that does work is the Weight of the particle. 

Hence, since the change of energy is equal to the work done, we 
have 

-Jmii‘^-rfmz<®==work done by the weight =wg/j. 
v^=iP-{-2gh. 

147. If, instead of sliding down the smooth curve, the 
particle be started along it with velocity u, so that it moves 
upwards, the velocity t? when its vertical distance from the 
starting point is h is, similarly, given by the equation 
v^==u^--2gh. 
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Hence the velocity of the particle will not vanish until 
it arrives at a point of the curve whose vertical height 


above the point of projection 


It will be noticed that the height to which the particle 
will ascend is independent of the shape of the canstraining; 
curve, nor need it ccJntinually ascend. The particle may 
^ first ascend, then descend, then ascend again, and so onj 
the point at which it comes to rest finally will be at a 


height ^ above the point at which its velocity is u. 


It follows that, if a particle slides from rest upon a smooth 
arc, it will come to rest when it is at the same vertical 
height as the starting point. An approximate example is 
tlie Switch-back railway in which the car almost rises to 
the same height as that of the point at which it started. 
The slight difference between theory and experiment is 
caused by the resistance of the air and the friction of the 
rails which, although small, are not quite negligible. 


The heavier the car, the less will be found to be the 
difference between theory and experiment. 


The expression for the velocity when the particle is at 
a vertical distance h from the starting point is the same, 
whether the particle be at that instant ascending or de- 
scending’s 


The theorem of the last article is true, not only of 
motion under gravity, but also in any case of the motion 
of a particle on a smooth curve under the action of a con- 
stant force in a constant direction, e.g., in the case of 
motion on a smooth inclined plane, if we substitute for “ g ” 
the acceleration caused by the forces. 
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It is also true if we substitute for the constraining curve 
an inextensible string fastened to a fixed point, or a 
weightless rod which is always normal to the path of the 
particle. 

We cannot, in general, find the time of describing any 
given arc , without the use of the Differential Calculus. 

148. Galileo’s Experiment. It is not easy to ac- 
curately perform experiments on a body sliding down'^ 
a smooth curve; for it is practically impossible to get a 
smooth curve. We can however in the analogous case of 
a particle tied by a string verify experimentally the theorem 
of Art. 146. 

Tie a heavy body, such as a lead sphere, to one end of 
a light flexible string the otlier end of which is attached to 


A 



a fixed point A. Let the body swing about this point as 
centre in front of a blackboard. 

Mark the point B on the blackboard from which the 
sphere is allowed to start and through it draw a horizontal 
line BA^C, If tlie sphere be now allowed to swing about A, 
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it will be found to come to rest at a point C which is very 
nearly on the straight line BA^. 

Now drive in a nail at a point Ay vertically below A, 
the nail jutting out sufficiently to intercept the string. 
Start the sphere from the same point B as before; it will 
describe the arc BD and will then move on an, arc DQ 
about Ay_ as centre. The point Q at which it comes to 
rest will be found to be very nearly on the horizontal 
straight line. Reverse the operation, starting the sphere 
from Cj, and it will be fouad to describe the path 

Repeat the experiment, driving in nails successively at 
Aq and T3. In each case the same result will be obtained, 
viz., that if the sphere started from B it will come to rest 
at a point very nearly on the horizontal line through B. 

If it were not for the resistance of the air, which, though 
small, is appreciable, the points C'n Cg, C3 would be fouind 
to be accurately on the straight line BC. 

If a light ball be used, instead of the lead one, but of 
the same .size, the resistance of the air has a greater effect, 
and in this case the amount by which the ball falls short 
of the line BC will be found to be greater than in the case 
of the lead ball. * 

The same results, will follow if we drive in the nail at 
a?ty point P of the board within the triangle ABC, so that 
the string*catches on the nail as it swings past. 

14 §. Motion on the ©«tsMe of a vertical circle. 

A particle slides from rest at the highest pomt down the out- 
side of the arc of a smooth vertical circle; show that it will 
leave the curve when it has described vertically a distance equal 
to one third of the radius. 
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Let 0 be the centre, and A the highest point of the 
circle. Let v be the velocity of 
the particle when at a point P of 
the curve, R the pressure of the 
curve there, and r the radius of 
the circle. Draw PM perpendi- 
cular to ‘‘the vertical radius OA, 
and let AN=L 

Then v‘^=2g.AM=2gh. 

The force along PO is 
mg cos d~R, 
where 8 is the angle POA. 

- 

But the force along PO must, by Art. 135, be m 

m- —me cos d~R. 
r 

r~3h 


Now R vanishes, and changes its sign, when 3h==r, i.e,,, 

^'when h= The particle will then leave the curve, and 
3 

describe a parabola freely; for, to make it continue on the 
circle, the pressure R would have to become a tension ; but 
this is impossible since the curve cannot pull the particle. 

150. Motion in a vertical circle. A particle, of mass 
m, is suspended by a string, of length r, from a fixed point and 
hangs vertically. It is then projected, with velocity u, so that 
it describes a vertical circle; find the tension and velocity at 
any point of the subsequent motion, and to find also the condition 
that it may just make complete revolutions. 
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Let 0 be the point to which the string is attached, and 
OA the vertical line through 0. 

Let V be the velocity of the 
particle at any point P of its 
path, and T the tension of the 
string there. 

Let PN be drawil perpendi- 
^cular to OA, let AN~k, and let 
the angle POA be 9. 

Tlren, by Art. 147, 

Also, by Art. 135, m — =force at P along the normal, 
PO, to the path of the particle. 

\ .m — — T— mg cos 6~ T —^mg 

r r 

These two equations give the velocity of the particle, 
and the tension of the string, at any point of the path. 

The particle will not reach the highest point B if the 
tension of the string becomes negative; for then, in order 
that the particle Might continue revolving in a circle, the 
pull of t^e string would have to change into a push, and 
this is impossible in the case of a string. 

Hence the particle will make complete revolutions 
if the tension vanishes at the highest point, where h=2r. 

This, from (2), is the case if 

?P-fg(r— '6r)=«=0, 
tp=:5gr. 





i.e., if 
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Hence, for complete revolutions, u must not be less 
than Vs^r. 

When u~V5gr, the tension at the lowest point, by (2) 

— 6mg dyncs. 

Hence the string must, at the least, be able to bear a 
weight equal to six times the weight of the body. v. 

*151. Newton’s Experincffental Law. By using the 
theorem of Art. 147, we can show how Newton arrived at 
his law of impact as enunciated in Art. 1 18, 

We suspend two spheres, of small dimensions, by parallel 
strings OA and O'B, whose lengths are so adjusted that when 
hanging freely the spheres are just in contact with their 
centres in a horizontal line. 

One ball, A, is then drawn back, the string being kept 
tight, until its centre is at a height AM, (—h), above its 
original position and is allowed to fall. Its^ velocity v on 
hitting the second ball ^ is V 2gh. 
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Let v and v" l3e the velocities of the spheres imme- 
diately after the impact, and and F the heights to which 
they rise iDcfore again coming to rest, so that 

v'^V2gh'i and v"='s/2gh''. 

The sphere A may either rebound, remain at rest, or 
follow after ./T 

•» Taking the former base the velocity of separation is 

y'+tA he., V%(V/e' + V^'O* 

Also the velocity of appr<iach was V 2^ . 

We should find that the ratio of [■\/h' -\--s/h”) to ■s/h 
would be the same whatever be the value of and the 
ratio of the mass of A to that of J5, and that it would 
depend simply on the substances of which the masses 
consist. 

We have only considered one of the simpler cases. By 
carefully arranging the starting points and the instants of 
starting from rest, both spheres might be drawn aside and 
allowed to impinge so that at the instant of impact both 
were at the lowest points of their path. The law enun- 
ciated by Newton would be found to be true in all cases. 

EXAMPLES. XXV. . * 

1 . A particle, of mass 2500 gm, hangs at the end of a .string, 90 cm 
long, the other end of’which is attached to a fixed point; if it be pro- 
jected horizontally with a velocity of 750 cm per second, find the 
velocity ofuhe particle and the tension of the string, when the latter is 
(1) horizontal, and (2) vertically iipwatds. 

2. In the previous question, find the least velocity of projection 
that the particle may be able to make complete revolutions, and the 
least weight that the string must be able to bear. 

3. A body, of mass m, is attached to a fixed point 0 by a string of 
length 90 cm, it is held with the string horizontal and then let fall; 
find its velocity when the string becomes vertical, and also the tension 
of the string then. 
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4. A smooth hoop, of diameter 122| cm, is placed in a vertical 
plane, and a bead slides on the hoop starting from rest at the highest 
point of the hoop; find its velocity 

(1) at the lowest point, 

(2) at the end of a horizontal diameter, 

(3) when it has described one-third of the vertical distance to the 
lowest point, 

•(4) when it has described one-thu-d of the actual distance to the 
lowest point. r 

5. A heavy particle is attached by a string, 3'04 metres long, to 
fixed point, and swung round in a vertical circle. Find the tension 
and velocity at the lowest point of the circle, so that the particle may 
just make complete revolutions. * 

6. A cannon, of mass 12 cwt, rests horizontally, being supported 
by two vertical ropes, each of length 9 feet, and projects a ball of mass 
36 lb.; if the cannon be raised through 2-25 feet by the recoil, find 
the initial velocity of the ball, and the tension of the ropes at the instant 
of discharge and at the instant when the cannop first comes to rest, 

7. A small heavy ring can slide upon a cord, 34 feet long, which 
has its ends attached to two fixed points, A and B, in the same horizontal 
line and 30 feet apart. The ring starts — the string being tight — from a 
point of the string distant 5 feet from A ; show that, when it has described 
a length of the cord equal to 3 feet, its velocity will be 10* 12 feet per 
second nearly. 

8. A particle slides down the arc of a vertical dircle; show' that 
its velocity at the lowest point varies as the chord of the arc of descent. 

9. A particle runs down the outside of a smooth vertical circle, 
^g’iarting from rest at its highest point; find the latus rectum of the 
parabola which it describes after leaving the surface. 

10. A ball, of mass m, is just disturbed from the top of a smooth 
vertical circular tube, and runs down the interior of die tube impinging 
on a ball, of mass 2m, which is at rest at the bottom of the lube; if the 
coefficient of restitution be find the height to which each ball will rise 
in the tube after the impact. 

11. Two equal ivory balls are suspended by parallel threads, so 
that they are in contact, and so that the line joining their centres is 
horizontal, and two feet lielow the points of attachment of the threads. 
Determine the coefficient of restitution between the balls when it is 
found that, by allowing one ball to start from a position when its thread 
is inclined at 60° to the vertical, it causes the other ball after impact to 
rise through a vertical distance of 6f inches. 
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12. A circular arc, subtending 30° at its centre, is fixed in a vertical 
plane so that its highest point is in the same horizontal plane with its 
centre, and a smooth particle slides down this curve starting from rest at 
its highest point. Show that the latus rectum of the parabola, which it 
describes afier leaving the curve, is half the radius of the circular arc. 

13. A weightless inextensible string, of length 2f, is fastened at 
its extremities to two points A and B in the same horizontal line, at 
a distance I apart, and supports a body C of mass m, tied to its middle 
point. If G be projected perpendicular to the plane ACB with doubfe 
the velocity requisite for it fo describe a complete circle, find the greatest 
and least tension of the strings. 

If one portion of the string be cut when C is halfway between its 
highest and lowest points, find thg subsequent motion. 

14. A smooth tube, in tire form of 7 sides of a regular octagon 
each of whose sides is a, is placed so that one extreme side is lowest 
and horizontal and the other extreme side is vertical; an inelastic 
particle is just placed inside and connected by a string passing tbrou^h 
the tube with an equal particle hanging vertically; find the velocity 
of the particles when the^ first leaves the tube, the corner-s of the tube 
being rounded off so that there is no impact. 

15. Show that the effect of the rotation of the .earth is to lessen 
the apparent weight of a body at tlie equator by of itself, the earth 
being assumed to be a sphere of radius 4000 miles. 

Show also that the apparent weight of a train at tire equator, which 
is travelling east at die rate of a mile per minute, is decreased by about 
•004 o’f itself. ' 

16. A particle slides down a smootli curve, Uirough a vertical 
height h, and thus acquire.s sufficient velocity to run completely round 
the inside of a vertical circle of radius r (as in the centrifugal railway) ;• 
prove that 2li must be greater than 5r. 

17. In the experiment of Art. 151 the spheres are of equal mass 
and the lengths of the strings attached to them arc equal; the first 
descends tbjrough an arc whose chord is .v, and the second ascends 
through an arc whose chord is. 5 »; show that the coefficient of restitution 



18, A small ball is tied to one end of an inelastic string the other 
end of which is attached to a fixed point 0. It is held, with the string 
tight, at a point which is 1^ feet above 0 and then let fall; if the length 
of the string be 3 feet, find its velocity immediately after the string 
again becomes tight and the height above O to which it subsequently 
rises. 
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19. A particle is projected along the inner surface of a smooth 
vertical circle of radius a, its velocity at the lowest point being | V 95ga; 
show that it will leave the circle at an angula r dist ance cos~i | from the 
highest point and that its velocity then is {V \5ga. 

20. A bullet of mass 200 grammes is moving with a liorizonlal 

velocity of 400 metres per second; it hits the centre of a face of a cube 
of wood, of mass 20 kilogrammes, which is suspended by a string, and 
Becomes enlbedded in it. Through what height does the wood move 
before coming to rest? ' 


21. A box of sand, of mass 907 kg, is suspended by two equal' 
vertical cords each 2'438 metres long and a shot whose mass is 9*07 kg 
is fired into it in a horizontal direc^bn passing through its centre of 
gravity and remains embedded ; if the centre of gravity of the box recoils 
through a circular arc the length of whose chord is 183 cm, show that 
the velocity of the shot was 370 metres per sec. 


In general, if m and M be the masses of the bullet and box of sand, 
I be the length of each vertical cord, and k be the chord of recoil, the 

velocity of the shot is — k . * 


[VVe can thus find the velocity of any bullet. We have only to deter- 
mine experimentally the value of k.} 



CHAPTER XI. 


SIMPLE HARMONIC MOTION. PENDULUMS. 

K 152.. Theorem. If a point Q^describe a circle with uniform 
angular velocity, and if P be ajways the foot of the perpendicular 
drawn from Q, upon a fixed diameter AO A' of the circle, show 
that the acceleration of P is directed towards the centre, 0, of the 
circle and varies as the distance of P from 0, and find the 
velocity of P and its time of describing any space. 



Let a be the radius of the circle, and let- the angle QOA 
be 6. Draw Q,r,the- tangent at (fto meet' OA in T. 
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Let C£) be the constant angular velocity with which the 
point describes the circle. 

Since P is always at the foot of the perpendicular to 
Aj4' di'awn from Q, its velocity and acceleration are the 
same as the resolved parts, parallel to AO, of the velocity 
and acceleration of Q,. 

By Art. 135, Gor. I., the acceleration of ^2. ts to- ■ 
wards 0. ^ 

Hence the acceleration of P along P0=aoP cos d^co‘^.OP, 
and therefore varies as the distance of P from the centre 
of the circle. 

Also the velocity of P 

=ao> cos QTO—a(t> sin PQ=,o)V , , . (1), 

where OP is x. 

This velocity is zero at A and A', and greatest at 0. 

Also the acceleration vanishes, and changes its sign, as 
the point P passes through O. 

The point P therefore moves from rest" at Ay has its 
greatest velocity at 0, comes to rest again at A', and tlien 
retraces its path to A. 

Also the time in which P describes any distance AP 


=time in which () describes the arc 



Hence the time from ^ to A'— - cos"if~- ]) = — . 

a) ' at 

Also the time from A to A' and back again to A 

__ 2 7r 

cu 


( 3 ). 
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153, Simple Harmomc Motion. 0ef. If a point 
move in a straight line so that its acceleration is always directed 
towards, and varies as its distance from, a fixed point in the 
straight line, the point is said to move with simple harmonic 
motion. 

The point P in the previous article moves with simple 
, harmonic motion. , 

^ From the results (1), (2) and (3) of the previous article 
we see, by equating to /x, that if a point move with 
simple harmonic motion, st^'ting from rest at a distance a 
from the fixed centre 0, and moving with acceleration 
ju . OP, then 

(1) its velocity when at a distance x from 0 is 

-i Vjjb{a^~x^), 

(2) tlie time that has elapsed when the point is at a 

, 1 .X 

distance x from 0 is —7- cos“i -, 

VP a ^ 

and (3) the time that elapses before it is again in its initial 

. . . 27r , 

positron IS 

The range, OA or OA\ of the moving point on either 
side of the centre 0 is called the Amplitude of the motion.' 

The time that elapses from any instant till the instant 
in which tlie moving point is again moving through the- 
same position with the same velocity and direction is called 
the Periodic Time of the motion. 

It will be noted that tlie periodic time, is itt- 

Vp 

dependent of the amplitnde of the motion. 

154, From the result (2) of the previous article, it 
follows that, if t he the time the moving point takes to 
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"describe the distance from rest at a to- the distance a*, 
then _ 

x~a cos 

From (1) it then follows that the velocity v 

= V" cos2 TVj)] 

^ ^ " a VJl &in {V fit). 

154(a), The results of simple Harmonic Motion of the - 
previous articles can also be derived by use of calculiLS. ^ 
Let X be the distance OP of the particle from 0 at any 
time t; and let the acceleration at this distance be 

The equation of motion is then 
dH' 



We have a negative sign on the right-hand side because 
is the acceleration in the direction of x increasing, i.e., 

in the direction OP; whilst fix is the acceleration towards 
O, i.e., in the direction PO.] 

5? p ^ ^ * j- 

® Multiplying by 2 ^ and integrating, we have 

dx 

If 04 be a, then -r-— 0 when x—a, so that 
at 

0 — -~ ixa^+C, &nd 
^ — V /xV^ 


(2) 
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[The negative sign is put on the right-hand side because 
the velocity is clearly negative so long as OP is positive 
and P is moving towards 0.] 

Hence, on integration, 

C dx V 

where 0=Cos“‘i - i.e., 0, if the time be mea- 

siu*ed from the instant when the particle was at A. 

/. x=a cos V fxt , . (3) . 


When the particle arrives at 0, x is zero; and then, by (2), 
the velocity=— aVjti. The particle thus passes through 
0 and immediately the acceleration alters its direction and 
tends to diminish the velocity ; also the velocity is destroyed 
on the left-hand side of 0 as rapidly as it was produced 
on the right-lland side; hence the particle comes to rest at 
a point A' such that OA and OA' are equal. It then 
retraces its path, passes through 0, and again is instan- 
taneously at rest A. The whole motion of the particle 
is thiis an oscillation from A to A' and back, continually 
repeated over and over again. 

The time from A to 0 is obtained by putting .v equal to« 
zero in (3). This give.s cos — i.e., /= 

The time from A to A' and back again, i.e., the time of 
a complete oscillation, is four times this, and therefore 

?E.' ^ 

Vji 

This result is independent of the distance a, i.e., is in- 
dependent ol’ the distance from the centre at which the 
particle started.. It depends solely on the quantity wliich is 
equal io die accelttraiion at unit distance from the centre. 


2vV 
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154(b). A particle of mass tn moves in a straight line 
under a force mn^ (distance) towards a fixed point in the 
straight line and under a small resistance to its motion 
equal to m.fji, (velocity) ; find the motion. 

The equation of motion is 

d^x „ dx 


i.e., 


dt^ 






[This is clearly the equation of motion if the particle is 
moving so that a’ is increasing. 

If as in the second figure the particle is moving so thal 
decreases, i.e., towards the left, the frictional re.sistance 

towards the right, and equals m.fiv.* But in this case 


is negative, so that the value of y is ~ ^ ; the frictional re- 
sistance is thus mix I ^ The equation of motion is 

( dx \ • 

then m = —'jmv^x T m/xf Is which again becomes ( 1 ) . 


o ~ P 

Hence (1) gives the motion for all positions of P to the 
right of G, irrespective of the direction in which P is mov- 
ing. 

Similarly it can be shown to be the equation of motion 
for positions of P to the left of O, whatever be the direction 
in v.hich F is moving,] „ 


^ K* U 
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To solve (1), put and we have 






=Ae 2^ cos A 


where A and B are arbitrary constants. 

If /X be small, then Ae'^ is a slowly varying quantity, 
so that (2) approximately represents a simple harmonic 

motion of period 2tt-^ whose amplitude, 

is a slowly decreasing quantity. Such a motion is called 
a damped oscillation and ju, measures the damping. 

TJbis period- depends on the square of/x, so that, to the 
first order of approximation, this small frictional resistance 
has no effect on the period of the motion. Its effect is 
chiefly seen in the decreasing amplitude of the motion,* 

which = ^ when squares of p, are neglected, and 
therefore ^depends on the first power of /t. 

Such a vibration as the above is called a free vibration. 
It is the vibration of a particle which moves under the 
action of no external periodic force. 

If /X be not small compared witli «, the motion cannot 
be so simply represented, but for all values of /x, /Jin, the 
equation (2) give^ the motion. 
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From (2) we have, on differentiating, that x=0 when 

= «(say) (3), 

giving solutions of the form 

" *a/ ^ ^ + ^ — U, TT+U, 27T- f-a, • • . . 

Hence x is zero, that is the velocity vanishes, at the ends- 

of periods of time differing hy 4'- 

The times of oscillation thus still remain constant, though 
they are greater than when there is no frictional resistance. 

If the successive values of t obtaified from (3) are 
ig, fg , . . then the coiTesponding values of (2) are 

Ae ^ cos a,—Ae ^ cos a, Ae ^ cos a, . . 

so that the amplitudes of tire oscillations form a decreasing 
G.P. whose common ratio 

-f «.-<.) 

» =e ^ =e 

If /i,>2n, the form of the solution changes; for now 

and the general solution is 



= ^ 2 Ai cos . 


1 5 8 re 
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In this case the motion is no longer oscillatory. It' 
ju,=2n, we have by the rules of Differential Equations 

= L + L ^ Me~'^^ (I ~yt-{- squares) 

/ =0 

155, Easamples of Siaaple Harmonic Motion. This 

ritotion is of frequent occurrence in Physical and Mechani- 
cal problems. , 

It is the motion of a point of a tuning fork, and of a 
point in a Auolin string when the string is plucked sideways. 
The motion of a pendulum (Art. 158) is simple harmonic 
when the angle through which it moves is small; so also is 
that of a mass tied %o an elastic string or a spring and 
allowed to oscillate up and down in a vertical line. The 
motion of the devolving mass of a Conical Pendulum (Art. 
140) as seen from a distant point in its plane is simple 
harmonic; and also that of Jupiter’s satellites when ob- 
served from a distant point in their plane. 

Generally the motion of all elastic bodies, in which the 
force brought into play is proportional to the displacement, 
follows the same law. 

The expression Simple Harmonic Motion is often shor- 
tened into S.H.M. ^ 

156. Esc. 1. A point moves with simple harmonic motion whose period 
is 4 seconds; if it starts from rest at a distance A feet from the centre of its path, 
find the time that elapses before it has described 2 feet and the velocity if has 
then acquired. 

27r . 

If the acceleration be y times the distance, we have 



When the point has described 2 feet it is then at a distance of 2 feet 
from the centre of its motion. 
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Hence, by Art, 153 (2), the time that has elapsed 


J_ 


■- “ cos ^ 


(!)=^r 


I second. 


Also, by Alt. 153 (1), the velocity it has acquired 

~V [i{a^~x^)— (42—2®) ==1X^3 feet per second, 

Ex. 2. A point starts from rest at a distances of \6 feet from the centre of its; 
path and moves with simple harmonic motion; if in its initial position the accelera- 
tion be 4 ft/ sec. units, find (1) its velocity when at a distance ofS, feet from Ike- 
centre and when passing through the centre, and (2) its periodic time. 

(1) Let the acceleration be /t tidies the distance. 

Then 16=4, i.e,, 

Hence, by A rt. 153 (1) , its velocity when at a distance of 8 feet from 
the centre = V|^( 1 6® — 8®) = V 48 =4 V 3 feet per second. 

Also its velocity when passing through the centre 
~V ^.162=8 feet per second. 

27r 


(2) Its periodic time = 


Vp- 


= about 12| seconds. 


Ex. 3. A light spiral spring, whose unstretched length % I cm and whose 
modulus of elasticity is the weight of n grammes, is suspended by one 
end and has a mass of m grammes attached to the other; show that the 
time of a vertical oscillation of the mass is 




Let 0 be the fixed end of the spring, OA its position w'hen 
, unsti-etched. When the particle is at P, where OP=.x, let 
T be the tension of the spring. Then, by Hooke’s Law, 

™ ,x—l x—l 
r=A-j- = . 

Hence the resultant upward force on P— T—mg 
x—l ngr m-]-a ,1 

Let O' be a point on the vertical through 0 such that 
m-fn , 


00 ' . 




Hence the resultant upwai-d force on P 


= ^[OP_00'] ='^,0'P. 
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Hence the upward acceleration of P= - f O'P, i.e., its motion is 
. ml 

simple harmonic about O' as centre, and its time of oscillation, bv Art. 

153, 

It will be noted that O' is the point where the mass would hang at 
rest. For, if it were placed at rest at O', the upward temion would 




= >tg - 


i 


- == ng 


L — r 


-J = mg. 


and would therefore just balance ks weight, 

E». 4. A particle moving with simple harmonic motion in a straight line 
has velocities v^, v<i at distances Xi, x%from the centre of its path. Show that if T 
be the period of its motion, 


r=27r 


Vi 


-«a“ 


Le-t X be the distance of the particle from the centre of motion at any 
time t; and let the acceleration at this distance be l>-x. 

The equation of motion is then 

■■ (i). 




Integrating (1), we get, 




..( 2 ), 


where « is the amplitude. 

Thus we have 

and vf ~ %*) 

Hence" the periodic time is 






Ex. 5. In a S.H.M. the distances of a particle from the middle point of 
its path at three consecutive seconds are observed to be x, j, z. Show that the 
time- of a complete oscillation is 
27r 

llj) 
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Let •>£ be the distance of the particle from the centre of motion at any 
time t. 

The equation of motion is 

,,, 

= 

The solution of (1) is _ 

x~a cos {V e) (2) 

So we have ' _ 

y=a cos (V -\- e) ....(3) 

and z=a cos {V e) (4) ..r 

A'-f ^ = cos (V,T(‘'tt)-f.<r) CO.S V/i 

or x+z=2y cos V p, 

\ p—CQS ^ -X . 

2>' 

Hence the time of a complete oscillation is 
27r __ 2'Jr 

"~co.s ~Lv+^' 

2;, 

EXAMPLES. XXVI. 


1. A particle moves in a straight line with simple harmonic motion 
find the time of an oscillation from rest to rest when 

(1) the acceleration at a distance 60 cm is 120 cm/sec. units; 

(2) the acceleration at a distance 7-5 cm is 2 70 cm/sec. units ; 

(3) the acceleration at a distance 30 cm is SOw^/sec. units. 

2. In each of the cases in the previous example, find the velocity 
""when the point is passing through the centre of its path, the amplitudes 

of the motions being respectively 60 cm, 7-5 cm, and 30 cm. 

3. .A particle moves in a straight line with simple harmonic motion, 
and its i^eriods of oscillation are (1) 2, (2) tV> (3) jr seconds, respec- 
tively; the amplitude of its motion in each case is 30 cm ; find the velo- 
city of the particle when moving through the centre of its path. 

4. A point, moving with S.H.M., has a velocity of 120 cm per second 
when passing through the centre of its path, and its period is n seconds; 
what is its velocity when it has described 30 cm from the position in 
which its velocity is zero ? 

5. .A point move.s with S.H.M.; if, when at distances of 90 .and 

1200 cm from the centre of its path, its velocities are 240 and 180 cm 
per second respectively, find its period and its acceleration when at 
its greatest distance from the centre, . 


XXVI 
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_ 6. A mass of one graiiime vibrates through a millimetre on each 
side of the middle point of its path 256 times per second; assuming its 
motion to be simple harmonicj show that the maximum force upon 
the particle is tV {5]2 ;t)“ dynes. 

7. A horizontal shelf moves vertically with whose complete 

period is one second; find the greatot amplitude in centimetres that it 
can have, so that objects resting on the shelf may always remain in 
contact with it. * » 

8. A mass of 5-44 kg is hanging by a light spiral spring which 
si^etches 25-4 mm for each 0-454 kg/wt. of tension. If the upper 
end of the spring be instantaneously raised 101*6 mm and then held 
fast, find the amplitude and period of the subsequent motion of the 
mass. 

9. A weight is attached to the lower end of a light spiral spring 
whose upper end is fixed and is released. If it oscillates in a vertical 
line through a space of six inches, what is the period of its oscillation? . 

10. An elastic string, 'to the middle point of which a particle is 
attached, is stretched to twice its natural length and placed on a smooth 
horizontal table„ and its ends are then fixed. The particle is then 
displaced in the direction of the string; find the period of oscillation. 


II. A rod AB is in motion so that the end i? moves with uniform 
speed a in a circle whose centre is C, whilst the end A moves in a straight 
line passing through C. If AB=BC~a, and AC~x, show that the 

velocity of A is u and that it moves with simple harmonic 


[Hence we have a method of obtaining practically a simple harmonic 
motion. Let CB be a revolving crank and BA a connecting rod, of 
length equal to CB, attafched to a point A, which, as in the case of the 
piston of a steam engine, is compelled to move in a straight line CA. 
Then the niotion of A is simple harmonic.] 


12, A body performing S.H.M. in a straight line OF(lhas its velocity 
zero when at points F and Q.w'hose distances from O are .v and j> respec- 
tively, and has velocity v when half-way between them. Show that the 

Tff V’— A*) 

complete period is — 


13. In a S.H.M., if/ be the acceleration and v the velocity at any 
instant, and T is the periodic time, then /®T'3-t-47r®a® is constant. 
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14. A particle of mass m moves on straight line under an attraction. 
mn^x towards a point O on the line, where .v is the distance from 0. 
Show that, if x—a and x~u when 0, then at time t, 

x=a cos nt-\- ~ sin nt. 

15. .A. particle x’ests in equilibrium under the attraction of two centres 
offeree which attract directly as the distance, their attractions per unit 
of mass at unit distance being ;t and /r'. The particle is displaced to- 
wards one of them; show that its motion is oscillatory, of period ■~r=====^r. 

V/t + jij, 

157. Extension to motion in a curve. 

Suppose that a moving point P is describing a portion, 
AQA\ of a curve of any shape, starting from rest at .4 
and moving so that its tangential acceleration is always 
along the arc towards 0 and equal to p . arc OP, then the 
propositions of Art. 153 are true wit^ slight modifications. 

For let O'B be a straight line equal in length to the 
arc 0A\ and let P' be a point describing it with acceleration 
jii . O'P ' also let O'P'— arc OP. 

Since the acceleration of P' in its path is always the 
same as that of P, the velocities acquired in the same 
time are the same, and the times of describing the' same 
distances are the same. 



Hence 

(1) The velocity of P=the velocity of P' 

VjAp^-O'P'^)^ Vp{(arc 04)2^ (arc OPf},. 
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(2) The time from A to P=time from B to ?' 
1 

and (3) The time from A to A‘ and back again = 


/0'P'\ 

1 /arc OP\ 

U'p) 

\arc Ori/' 




PENDULUMS. 

158. Simple peadwlttwi. A particle tied to one ejid 
of a string, the other end of which is fixed, and which 
oscillates in a vertical circle halving the fixed point as centre, 
is called a simple pendulum. 

The time of oscillation depends on the angle through 
which the string swings on each side of the vertical. 

If however this angle of oscillation be small, ^ we shall 
show in the next artidle that the time of oscillation of the 
pendulum is approximately constant. 

159 . Theorem. If a particle be tied by a string to a 
fixed point, and allowed to oscillate through a smaH angle about 
'th vertical position, show that the time of a complete 


^ I, where I is the length of the string. 


is 27 t 

. 11 - 

Let 0 be the fixed point, OA a \’'ertical fine, 
portion of the arc described by 
the particle, and l^t the angle 
AOP be 8. 

If PT Be the tangent at P 
meeting OA in T, the acceleration 
of the bob along PT 
z=zg sin 8 . 

~g8, approximately, it 6 be small 
= |xarcriP. 
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The acceleration along the tangent to the path there- 
fore varies as the actual distance from the lowest point. 

It follows that the motion is harmonic and hence, by 
Art. 157 (3), the time of a complete oscillation is inde- 
pendent of the extent of the oscillation,- and equals 



The fii'st discovery of this principle of the time of swinging of a 
pendulum is said to have been marte by Galileo about the year 1582:^ 
he observed that the gi-eat bronze lamp which hangs from the roof of 
the cathedral at Pisa seemed to have a uniform time of swing, what- 
ever be the arc through which it moved, and he verified the fact by 
counting the beats of his pulse. 

Ex, Find the length of a pendulum which will oscillate .“IG times in 55 
seconds. c 


The time of oscillation is f-f seconds. Hence, if the length of 
the pendulum, we have 

55 /I 22 /T 
56“"V5“7V32’ 

. /Z_A « . 

• • V 32 16' 

/=32 X — — ^ feet=37| inches. 

160, Experimental Verification. The important 
result of the previous article may be easily verified to 
a fair degree of accuracy. We cannot actually make use 
of the “ particle ” and the “ massless string ” of the mathe- 
matical demonstration; but a small sphere, made of brass 
or other metal, with a hook firmly fastened to it and a 
light strong silk thread will make a very good approxi- 
mation. 

First, to show that the time varies as the square root of the 
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Take several such spheres, and to them attach threads 
the other ends of which are attached to fixed points; for 
example by passing the threads through eyes screwed into 
a fixed horizontal bar, and then tieing their other ends to 
some convenient support. Adjust the lengths so that the 
distances measured from the centre of the spheres to the 
points from which the strings swing are in the ratios- 
-of 1, 4, 9, 16. . . [Foe example, let the lengths be 6 in., 
2 ft, 4 ft 6 in., 8 ft...] Start the balls all swinging, 
tnrough small angles, at the same instant. Their times of 
oscillation will be found to-be as 1, 2, 3, 4,, . i.e., as the 
square roots of tlieir lengths. This will be best seen 
if the observer sets only two swinging at a time. For ex- 
ample the first will be found to swing in half the time 
of die second, and hence will be found to complete every 
second complete swing at the same time as the second 
pendulum completes its swing. 

So the first pendulum will be found to oscillate three 
times for each oscillation of the third pendulum, and hence 
every third oscillation of the first pendulum will be found 
to end simultaneously with successive swings of the third 
pendulum. 

Similarly for any other case. 

Secondly, to show that the time of oscillation is independent, 
approximately, of the \naterial of which the bob is made. 

Take sphez'es, of the same size approximately, but made 
of different materials, provided that these materials are not 
made of very light substances such as cork. As in the first 
experiment attach them by strings of the same length and 
set them all swinging together. This may be done by 
pushing the spheres all sideways to the same extent by 
means of a board, and then sharply withdrawing the board. 
The pendulums will then be found to swing in the same 

E. D.— 8, ■ , , ' 
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time for a large number of oscillations provided the lengths 
of the strings have been carefully adjusted so as to be 
equal. After some time the spheres, made of the lighter 
material, will be found to lag behind the others; tliis is 
because the resistance of the air has more effect on tJie 
lighter than on the heavier spheres. 

Tliirdly, to find the value of g by means of a simple pendu- 
lum. 

Take one of the spheres and adjust the length of its 
string to a convenient distance^ say about two feet. Care- 
fully measure the distance from the point of suspension of 
the silk thread to the centre of the sphere. Set the sphere 
swinging and find the time T of a complete oscillation. 
This is best done by obseiwing the time of (say) 40 ob- 
servations and dividing the result by 40. [An ordinary 
watch with a seconds hand will give .sufficiently accurate 
results.] 

Then in the formula 

of Art. 1 59, we now know both I and T, so that the value of g 



By the use of a logarithm Table, or by ordinary cal- 
culation, we now easily obtain the value of g correct to 
tire second place of decimals in foot-second units: 

Similarly, if we measure I in centimetres, we shall get 
the value of in the C.G.S. system. 

161. Seconds Pendulum, A seconds pendulum is 
one which vibrates from rest to rest (i.e., makes half a 
oscillation) in one second. 
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Hence, if I be its lengtli, we have 

1= “ feet. 

Since g varies at different points of the earth’s surface^ 
we see that the lengtij of the seconds pendulum Is not the 
same at all points of the earth. 

* For an approximate value, putting ^=32*2 and 
we have • 

/=:3'26feet— 39-12 inches. 

If we use the centimetre-second system we have, by putting ^=981, 

^ =99-3 centimetres. 

For the latitude of London more accurate values are 39-13929... 
inches and 99-413... centimetres. 

EXAMPLES. XXm 

[In the following examples, ir may be taken to be -V-] 

1. If ;f=981, what is the length of a pendulum vibrating in 2-5 
seconds? 

2. ,Tlie time of a complete vibration at a given place of a pendulum 
64 metres long is 16 seconds; show that the corresponding value of^ 
is 987 cm/sec. units. 

3. A pendulum, 91-41 cm long, is observed to make 700 oscillations 
in 671 seconds; find approximately the value of 5. 

4. Given that the length of a seconds pendulum is 39-12 inches, 
find the lengths of the pendulums which will vibrate in (1) half a second, 
(2) one qu.arter of a second, (3) 2 seconds. 

.5. How^many oscillations will a pendulum, of lengtli 53-41 centi- 
metres, make in 242 seconds at a place where g is 981 ? 

6. Show that a pendulum, 1584 metres in length, would oscillate in 
39 seconds nearly. 

7. A pendulum, of length 37*8 .inches, makes 183 beats in three 
minutes at a certain place; find tlie acceleration due to gravity there. 

8. How many oscillations will a pendulum, of length 121*9 cm, 

make in one day? 
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9. A pendulum, 137*16 metres long, has been suspended in the 
Eiffel Tower; prove that it makes a complete oscillation in about 23*57 
seconds. 

162. The result of Art. 159, although not matliematically accurate, 
is very approximately so. If the angle a through which the pendulum 
swings on each side of the vertical be 5°, the result is within one two- 
thousandth part of the accurate result, so that a pendulum which beafei 
seconds for very .small oscillations would lose about 40 seconds per day, 
if made to ^ybrate through 5° on each side of the vertical. 

163. The simple pendulum of which we have spoken * 
is idealistic. In practice, a pendulum consists of a wirg 
whose mass, although small, is not zero and a bob at the 
end which is not a particle. * Whatever be the shape of 
the pendulum, the simple pendulum which oscillates in 
the same time as itself is called its simple equivalent 
pendulum. 

The discussion of the connection b^etween a rigid body 
and its simple equivalent pendulum is not within the range 
of this book. We may, however, mention tluat a uniform 
rod, of small section, swings about one end in the same 
time as a simple pendulum of two-thirds its length. 

164. Acceleration due to gravity. Newtqn discovered, 
as a fundamental law of nature, tliat every particle at- 
tracts every other particle with a force which varies directly 
as the product of the masses and inversely as the square 
of the distance between them. 

From this fact it can be shown, -as in any treatise 
dealing with Attractions, that a sphere attracts any particle 
outside itself just as if the whole mass of the sphere were 
collected at its centre, and hence that the acceleration 
caused by its attraction varies inversely as the square of 
the distance of the particle from the centre. 

Similarly the attraction on a particle inside the earth 
can be shown to vary directly as its distance from the 
centre of the earth. 
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Hence, if be the vaiue of gravity at a height h above 
the earth’s surface, g the value at the surface, and r the 

earth’s radius, then ^ i 




So, if ^2 be the value at the bottom of a mine of depth 


4 we have value of g is therefore greater 

at the earth’s surface than either outside or inside the earth. 


165. We shall now investigate the effect on the time of oscillation 
of a simple pendulum due to a small change in the value off, and also 
the effect due to a small change in its length. 

If a pendulum, of length I, makes n complete oscillations in a given time, 
show thfii 

* n G 

i 1 ) ^fi changed to f + G, the number of oscillations gained is r . 

• S 


(2) If the pendtdum be taken to a height h above the earth's surface, the, 
number of oscillations lost is n ~, where r is the radius of the earth, 


(3) ^ If it he taken to the bottom of a mine of depth d, the number lost is ^ 


(4) If its length be changed to IfL, the number lost is ^ j. 

Let The the original time of oscillation, T' the new time of oscillation, 
and n' the new number of oscillations in the given time, so that 
nT==n'T'. 


(1) In this case T~lrr esj^-uxid sj '~T^‘ 


n’ T L , G : , 1 G 
_ = ~ = ^/ 1 -j — = 1 -f - — . approximately, 
n 1 ^ e iB 


I by Binomial Theorem, squares of — being neglectedj. 


Hence the number of oscillations gained— «'—«== 2 7* 


So, if f becomes g— G, the number lost is 2 | 




• -?• 
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(2) If g—G be the value of gravity at a height H, we have 
Therefore G=g—, and hence, as in (1), the number of oscillation,-:; 

y . . h 

lost IS a 

r 

(3) If G be the value at a deptlx £f,^we have g~G:g'. ir—d: r 

so that tlie number of oscillations lost = - - = ^ 

2^ 2r ^ 

(4) When the length I of the pendulum is changed to l-i-L, we 
have 

r*=27r and r=2^ 

•** approximately. 

tiL 

Hence the number of oscillations Iost=«— n^— ^ 

From this article it follows that the height, of a moun- 
tain, or the depth of a mine, could be found by finding 
the number of oscillations lost by a pendulum which beats 
seconds on the surface of the earth. 


166. Ex. 1. A pendulum, which beats seconds at the surface of^ the* earth, 
is carried to the top of a mountain 5 miles high; find the number of seconds it 
will lose in a day, assuming the radius of the earth to be 4000 tniles. 

Let g and gi be the accelerations due to gravity at the sea -level and 
the top of the moun tain respectively. 

1 1 ■ 

^■^‘*'4000'' • 4005®' 

. g /4005y® /801\® 

-<-noi“\ 800 r 


Then 


' uooo; 

Since the pendulum beats seconds at the earth’s surface, ' 

ri 




2 have 

,...( 1 ). 

Also, if T be tlie time of oscillation at the top of the mountain, 
have 

..( 2 ). 
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Dividing (2) by (I), we have 

N gy 800 


Hence the number of beats in a day at the top of the mountain 
86400 800 


JDtUU OW 

'T- = m 


86400 X — ~- 


=86400-108. • 

Therefore the number of beats lost is 108. 


Ex. 2. ^ A faulty seconds pendulum loses 20 seconds per day; find the required 
alteration in its length, so that it may keep correct time. 


The pendulum beats 86380 times in 86400 seconds, so that its time 
of oscillation is seco\ids. Hence, if I be its length, 

• /i m 

8638 V g 


Let i+x be the true length of tlie .seconds pendulum at the place. 
Then 


Subtracting the square of (1) from die square of (2), we have 
/8640\^_ .V 
\8()38j 


f4{-a4 


8640/ . J” 

32x4 9 . J__ 
484' *8640' 


ttH 18638/ 'J: 

32x72r, , 4 ,1 . , 

~"22^ L ^ S6i6~ ^ J approximately 

49 , . 


Hence the pendulum mast be shortened hy *018 inch. 


167 . Verification of the law of gravity by means of the moori’s 
motion. We may show roughly the truth of the law of 
gravitation, by finding the time that the moon would take 
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fiave/: so that/ = 


to travel round the earth, on the assumption that it is kept 
in its orbit by means of the earth’s attraction. 

Let/ be the acceleration of the moon due to the earth’s 
attraction; then, since the distance between the centres of 
the two bodies is roughly 60 times the earth’s radius, we 
g 

■ 3600* 

Let V be the velocity of the moon round the earth, sg 
that, by Art. 135, 

g 

60r 3600’ 

..I' 

Hence the periodic time of the moon 
=2'!TX60r-f-j:;=27r . 60 X 


/607 

VT 


seconds. 


Taking the radius of the earth to be 4000 miles, and g 
as 32*2, this time is 27*4 days, and this is approximately 
the observed time of revolution. >► 


EXAMPUES. XXVin. 


^1. A pendulum which beats seconds at Greenwich, where ^?=«32’2, 
is taken to another place where it loses 20 seconds per dayj find the 
value of g at the latter place. 

2. A seconds pendulum, which gains 10 seconds per day at one 

place, loses 10 seconds per day at another; compare the accelerations 
due to gravity at the two places. *" 

3, Assuming the values of g in foot-second units at the equator 
and the north pole to be 32*09 and 32-25 respectively, find how many 
seconds per day would be gained at the north pole by a pendulum 
which would beat seconds at the equator. 

4, A clock with a seconds pendulum loses 9 seconds per day; find 
roughly the required alteration in the length of the pendulum. 

5. A clock gains five seconds per day; show how it may be made 
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6. If a pendulum oscillating seconds be leng^ened by its hundredth 
part, find the number of oscillations it will lose in a day. 

7. A simple seconds pendulum is lengthened by wjth inch; find 
the number of seconds it will lose in 24 hours. 

8. A simple pendulum performs 21 complete vibrations in 44 
seconds; on shortening its length by 47'6875 centimetres it performs 
2 1 complete vibrations in 33 seconds; find the value of g. 

9. A simple seconds pendulum consists of a heavy' bait suspended 
' by a long and very fine iron wire; if the pendulum be correct at a 

temperature 0“G., find how many seconds it will gain, or lose, in 24 
ISsurs at a temperature of 20°G., given that the iron expands by ’000233 
of its length owing to this rise of temperature. 

10. If a seconds pendulum loses 10 seconds per day at the bottom 
of a mine, find the depth of the mine and the number of seconds that 
the pendulum would lose when halfway down the mine. 

11. A clock, which at the surface of the earth gains 10 seconds 

a day, loses 10 seconds a day when taken down a mine; comjjarc the 
accelerations due to gravity at the top and bottom of the mine and 
find its deptli. ^ 

12. If a seepnds pendulum be carried to the top of a mountain 
805 metres high, how many seconds will it lose per day, assuming 
the earth’s centre to be 6440 km from the foot of the mountain, and by 
how much must it be shortened so that it may beat seconds at the summit 
of the mountain ? 

13. , Show that- the height of a hill at the summit of which a seconds 
pendulum loses n beats in 24 hours is approximately 245 *b feet. 


14. A balloon ascends with a constant acceleration and reaches^ 
a height of 274 metres in one minute. Show that a pendulurn clock,* 
which has a seconds pendulum and is carried in the balloon, will gain 
at the rate of about 28 seconds per hour. 

15. A cage-lift is descending with unit acceleration; show that a 
pendulum cjock, which has a seconds pendulum and is carried with it, 
will lose at the rate of about 56 seconds per hour. 

16. Show that a seconds pendulum would, if carried to the moon, 
oscillate in 2| seconds, assuming the mass of the earth to be 81 limes 
that of the moon, and that the radius of the earth is 4 times that of the 
moon. 

17. A railway train is moving uniformly in a circular curve at 
the rate of 97 km per hour, and in one of the carriages a seconds 
pendulum is observed to beat 121 times in 2 minutes. Show that the 
radius of the curve is ^ibout 402 metres. 
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18. A particle would take a time t to move down a straight tube 
from the surface of the earth (supposed to be a homogeneous sphere) 
to its centre; if gravity were to remain constant from the surface to 
the centrcj it would take a time t'; show that 

t:t': ;w:2V2- 

19. A simple pendulum swings under gravity^ in such a manner 
that, when the string is vertical, the force which it exerts on the bob 
«is twice its -jifeight; show that the greatest inclination of the string to the 

vertical is g. ^ 

20. A mass is hung on the end of a string 243-8 ern long and swin|s 
to and fro through a distance of 76-2 mm. Find approximately the 
periodic time of the swing, the acceierations at tlie ends of the swing,, 
and the velocity at the middle. 


CHAPTER XII. 

UNITS AND DIMENSIONS. ^ , 

168 . When we wish to state the magnitude of any 
t%oncrete quantity we express it in terms of some unit of 
the same kind as itself, and we have to state, 

(1) what is the unit we are employing, and 

(2) what is the ratio of the quantity we are con- 

sidering to that unit. 

This latter ratio is |:alled the measure of the quantity in 
terms of die unit. Thus, if we wish to express tiie height 
of a man, w^ may say that it is six feet. Here a foot is 
the unit and six is the measure. We might as well have 
said that he is 2 yards, or 72 inches high, 

measure will vary according to the unit we employ. 
The measure of any quantity multiplied into the unit 
employed is always the same (e.g., 2 yards =6 feet=72 
inches) . * 

Hence, if k and // be the measures of a ph>'sical quantity 
when the units used are denoted by [iT] and [iT'], we have 
=k'W], / 

and hence | p 

' „ . , . . 1 ' , ■ 
so that, by the definition of variation, we have [A'joc ^5 i.e., 

ike unit in terms of which any quantity is measured varies in- 
versely as the measure and conversely. 
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169* A straight line possesses length only, and no 
breadth or thickness, and hence is said to be of one 
dimension in length. 

An area possesses both length and breadth, but no 
thickness, and is said to be of two dimensions in length. 
The unit of area usually employed is that whose length 
and breadth are respectively equal to the unit of length. 
Hence if we have two different units of length in the 
ratio A : 1, the two corresponding units of area are in tlur 
ratio : 1, so that, if [d] denote the unit of area and 
[Z] the unit of length, then 

M oc[Z]‘^. 

For example, 12 inches ma.ke 1 foot, but 144 (i.e., 12^) 
square inches make one square foot. 

A volume possesses length, breadth, and thickness, and 
is said to be of three dimensions in length, "'ifhe unit is 
that volume whose length, breadth, and thickness are each 
equal to the unit of length. As in the case of areas, it 
follows that, if [F] denotes the unit of volume, then 
[F]cc[Zp. 

Since tiie units of area and volume depend on that of 
length, they are said to be derived umts, whilst the imit 
of length is called a fundamental unit. 

Another fundamental unit is the unit of time, usually 
denoted by [T]. A period of time is of one dimension in 
time. 

The third fundamental unit is the unit of mass, denoted 
by [M]. Any mass is said to be of one dimension in mass. 

lliese are the three fundamenfeal units; all other units 
depend on these three, and are therefore called derived 
units. 
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17©6 In Art. 9 we defined the unit of velocity to be 
the velocity of a point which describes the unit of length in 
the unit of time. Hence if the unit of length, or the unit 
of time, or both, be altered, the unit of velocity will, in 

general, be altered. 

For example, let the units of length and time b*e changed 
from a foot and a second to 2 feet and 3 seconds. The 
aew unit of velocity is the velocity of a point which 
describes 2 feet in 3 seconds* i.e., which describes f foot in 
one second, i.e., is equal to f-rds of the original unit of 
velocity. 

Similarly, since a bo5y is moving with unit acceleration 
when the change in ^ts velocity per unit of time is equal to 
tlie unit of velocity, it follows that the unit of acceleration 
depends on tlie units of velocity and time, i.e., it depends 
ultimately upon tlie units of length and time. 

Again, the unit offeree is, by Art. 61, that force which 
in tile unit oY mass produces the unit of acceleration. 
Hence the unit of force is altered when either the unit 
of mass, or the unit of acceleration, or both, are altered. 
Hence the unit of force depends ultimately upon the units 
of length, time, and mass. 

171. 'l^eorem. To show that the unit of velocity varies 
directly as the unit of length, and inversely as the unit of time. 

In one system let the units of length, time, and velocity 
be denoted by [I], [T], and [F], and in a second system by 
[I/], [T']', and [F']; also let 

and [r]=«m* 
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Then a body is said to be moving 
with the original unit of velocity 

when it describes a length [X] in time [ TJj 
therefore with velocity m \V\ 

when it describes a length m [L] in time [T];. 

therefore with velocity ^ [F] , 

when it describes a length m[Z,] in time IT; 
therefore with velocity ^ [F] * 

when it describes a length [L'] in time [2"']. 

But it is moving with velocity [F'J when it describes a 
length [X'] in time [T']. 

[F'] =^[F]. 

[F'] :[F]::m:« 

"[n'm* 

jience, by the definition of variation, 

[F]a^, i.e., oc[i][r]-i. 

172. llieorem. To show that the u?iit of acceleration 
paries directly as the unit of length, and inversely of the square 
of the unit of time. 

Take the units of length and time as before, and let 
[F] and [F'] denote the corresponding ixnits of acceleration. 

Then a body is said to be moving 
with the original unit of acceleration 

when a vel. of [F] per [T] is a(^ded on per [Tjj 
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therefore with acceleration ?m[F] 

when a vel. of m[L] per [T] is added on pci' [T] ; 

therefore with acceleration ~ [F] 

when a vei. of m [L] per n [ T] is added on per [T] ; 
therefore with acceleration -^[F] 

when a vel of ^'[1,] per n [TJ is added on per n f T] ; 
iSierefore with acceleration —fin 

when a vel. of [■h']’*per [T'] is added on per [T']„ 

But now the body is moving with the new unit of accele™ 
ration [F'J; 

. ■ m . m 

■ ■ [T'f ‘ [TT 

Hence, by the’ definition of variation, 

[FJee J^,i,e.,cc[i][r]-^. 

173. Bss. i If the units of length and time be changed from afoot^ and 
a second to feet and ,,50 seconds respectively, find in what ratio the mils of 

velocity and acceleration are changed. 

The new; unit of velocity is a velocity of 100 feet per 50 seconds, 
ie., a velocify of 2 feet per second. Hence the new unit of velocity i» 
twice the original unit of velocity. 

Again a body is moving with the new unit of acceleration, 

when a velocity of 100 feet per 50 seconds is added on per 50 sec., 

i.e., ,.,,2 feet per I ....per 50 sec,, 

i.e,. 3*5 feet per second «... ........per sec. 

Hence the netv unit of acceleration is j(bth of the original unit ot 
acceleration. 
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Otherwise tlinss Taking the same notation as in Ai’ts. 171 and 
1 72, we Have 

[i'j -100[Z,], and [r']=50[r], 

•' [F] “ miTT^ “ “ 50 

and [TT- _ 100^ .50.-. „ .ipO ^ ^ 

[F] “ [L] [71-2 - - 2500 25’ 

•so that th® new units of velocity and acceleration are respectively 
double and one twenty-fifth of the original units. 

Ex. 2. Find the measure of the acceleration due to gravity in the yard- 
minute system, assuming Us value in the foot- second system to be 32-2. 

In a falling body a velocity of 32'2 ft per sec. is added on per sec., 

60 X 32-2 ft per minute is added on 

per sec,, 

602x32‘2 ft per minute k added on 

* per min., 

60‘^ 

-^x32*2 yd. per minute is added 

on per minute, 

. . the required measure g J3640, 

IThifl may be more concisely put as follows: 

Let x be the new measure; then 

*X[F']=32-2x[F], , , 

■ ^-32.2 X H3- - 32-2 x SB^ITL- 32.9 ■< L_. 

60“ 

, =32-2 X ^ = 38640, as before. 

Ex. 3. if the acceleration of a falling body be taken as the unit of accelera- 
tion, and the velocity generated in a falling body in 'one minute as the unit of 
velocity, find the units of length and lime. 

Using the same notation as in Arts. 171 and 172, the same accele- 
ration is in the two systems represented by 
32.[F] and L[i?']. 
i.[7i’l=32[F]. 

[L'][ri-“=32-[L][r]-“ .................( 1 ). 

In It/sec. units tlie velocity generated in one rainute==60 X 32. 

Hence 60x32.[F] and l.[Fl represent the same velocity. Hence, 
l.[I.lCri-*=60x32[I.][71-i. .......(2). 
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Wviding the square of equation (2) by (1), we have 

fins '!93 

[£^]=SiL|£[i]=^603x32feet. 

Hence, from (2), 

•'•[2“']— 60[T]=60 seconds=one minute. 
EXAMPLES. XXIX. 

a 1. If the unit of length be one metre, and the unit of time one 
minute, find the units of velocity and acceleration. 

2. If the unit of length be one kilometre and the unit of time 4 
seconds, find the units of velocity and acceleration. 

3. If the imit of velocity be a velocity of 30 miles per hour, and the 
unit of time be one minute, find tlie units of length and acceleration. 

4. If the unit of acceleration be that of a freely falling body, and 
the unit of time be 5 seconds, show that the unit of velocity is a velocity 
of 160 ft per sec. 

5. What must be the unit of length, if the acceleration due to 
gravity be represented by 14, and the unit of time be five seconds? 

6. If the unit of velocity be a velocity of 4’83 km per hour, and 
the pnit of time one minute, find the unit of length. 

7. If the acceleration of a falling body be the unit of acceleration, 

and the velocity acquired by it in 5 seconds be the unit of velocity, 
show that the units of length and time are 243-84 uieti-es and 5 seconds 
respectively. , 

8. What is tlie measure of the acceleration due to gravity 

(1) when a foot and l%alf a second are the units of length and time, 

(2) when tlie units are a mile and eleven seconds, 

(3) when die units are 10 yards and 10 minutes respectively? 

9. Find the measure in the centimetre-minute system of the accelera- 
tion due to gravity, assuming a metre to be 39-37 inches. 

10. The acceleration produced by gravity being 32 in ft/sec. 

units, find its measure when the units are of ^.n hour and a 

centimetre, given 1 centimetre =*0328 ft. 

11. If the area of a ten-acre field be represented by 100, and the 
acceleration of a heavy falling particle by 58|, find the unit of lime. 
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174, . Dimensions. Def, When we say that ' - the di-' 
mensions of a physical quantity are a, and y in lengthy time, 
and mass respectively, we mean that the unit in terms of which 
the quantity is measured varies as 

Thus the results of Arts. 171 and 172 are expressed by 
saying that the dimensions of the ufiit of velocity are 1 in'" 
length and --1 in time; while those of the unit of accele- 
ration are 1 in length and ~ 2 in time. 

Tlie cases in Arts. 171 and 172 have been fully written 
out, but the results may be obtained more simply as in the 
following article. 


175, (1) Velocity. Let v denote the numerical mea- 

sure of the velocity of a point which undergoes a displace- 
ment whose numerical measure is s, in a time whose nu- 
merical measure is t, so that 

s~vL 


If [jL], [T], and [F] denote the units of length, time, 
and velocity respectively, we have, as in Art 168, 

1 . . 1 , 1 




and V oc 


[vr 


Hence 


1 1 1 
[F] cc [Z.][T]-1. 


(2) Acceleration. Let v denote tlie velocity ac- 
quired by a particle moving with acceleration /for time i, 
so that 
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If [F] dcjiiotes' the unit of acceleration, we have, 


■ - . _L_L ■ ■ 

[F]“'[F][3T 

Hence ’ [F] oc [F][r]-i oc iL]{TYK 

•> (3) Density. Let d be the density of a body whtjse 

mass is m and volume so that m.==du. 

If [D] and [T/] denote the units of density and volume, 
we have 

'1 1 

M [X>] [{/]• 

[D] cc [M] [H]-i oc;[iV/];[£]-8 
If the body be very thin, so that it may be considered 
as a surface only, we see similarly that the^unit of surface 
density . 

oc[M][£]-2 

So, if the body be such that its bi-eadth and thickness may 
be neglected (so that it is a material line only), we have 
unit of linear density oc [M] ’i 

(4) Force. If p be the force that would produce 
acceleration /in mass m, we have p—mf. ■ 

Hence, iffP] denotes the unit offeree, we have 
m oc [AFJ [F] X [M] [L] [rr. 

(5) Momeatem. If k be the momentum of a mass 
m moving with velocity v. we have 

k~mv. 

Hence, if [F] denotes the unit of momentum, 

[F] xJM] [FJ X [M] [£] m-i. 
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(6) Impulse. If i be the impulse of a force p acting 
for time t, we have 

i—pt 

Hence, if [/] denotes the unit of impulse, 

■[/]oc[P][r]oc[Af][i:][m 
so that an impulse is of the same dimensions as a mo» 
mentum. « ■ - , 

(7) Kinetic Energy. If e be the kinetic energy of 
a mass m moving with velocity we have 

Hence, if [£^] denote the unit of kinetic energy, 

[E] oc [M] [Vr oc IM] [Zjs [T]-K 

(8) Work. If w be the work done when a force p 
moves its point of application through a distance s, then 

w—ps. 

Hence, if [ W] denotes the unit of work, 

[IT] oc [P] [L] oc [MJ [IP [rj-^ 

Hence work and kinetic energy are of the same dimensions. 

(9) Power or Rate of work. If h be the power at 
which work w is done in time then 



Hence, if [/f] denotes the units of power, 

[H] oc [W] [Tj-i oc [M] [Lf [T]-®. 

(10) Angolar velocity. If w be the angular ve- 
locity of a point which moves with velocity v in a circle of 
radius r, we have 

w = (Art. 26.) 

Hence, if [,$2,1 denote the unit of angular velocity, then 
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ns. Ex, 1. If the unit of mass be 112 lb., the unit of length, one mile, 
and the unit of time one minute, find the unit of force. 

The unit of force is (Art. 61) the force which in unit mass produces 
unit acceleration, 

i.e., which in 112 lb, produces an acceleration of 1 mile per niin. 

per min.. 


in 112 

lb. ... 



1 •! «. 


in 112 

lb. ... 



60 

min., 

I 

in 112 

lb. 


- 

60® ■ 

1760 x 3,. 

sec.. 

in ! 

lb. ... 



1760x3x112 

per 

sec.. 





60® “ 

per 


sec. per sec. 


„ K " % rr 1760x3x 112 

Wencc the new umt of force = gp- poundals 

164^*^ poundals =wt. of about 5 lb. 

OSk^rwise By Art. 175 (4), we have 

„ 110. j76o.3xf60i-® 
[P]“ [M][L}[rr^ - 11- XI 760 3 X (60) 

112 x1760-3 ,,,, , . - 


= I64tV, as before. 


Ex. 2. The kinetic energy of a body expressed in the foot-pound-second 
system is 1000,* find its value in the Tnetre-gramm-minute system, having given 
|/oei=30*5 m, and 1 /^,=450 grammes, approximately. 

Let .X be the measure in the new system, so that 

.■c[E'] = 1000[£:],, 

i.e., x[M^][LTiTT^=^mQ[M}iLY{rp. 

But [Mj-450rAT], [L]=-305[Z,'], and 

/. v = 1 000 X 450 X [-305] 2x60® 

=-150,700,500. 
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Ek, 3. • If the unit of velocity be 12 feet per second, the imii of aecekration 
2A foot-second units, and the unit of force 20 powidds, what are the units qf mass, 
length, and time ? 

Find also the corresponding unit of work. 

The unit of velocity [F'] is equal to 12 [F]. 

The unit^if acceleration [F'] is equal to 24 [F] 

" 

The unit of force [P'] is equal to 20 [P], 

/. [M'][iq[rr®=20 [^ClCi:]ET'j-s...(3). 

Dividing (2) by (1), we have 

[rr^=2[r]-h 

[7'']==i[7']-=*5 second. 

Dividing the square of (1) by (2), we have 

[i']=^'W-6CX]=6fCet. 


Dividing (3) by (2), we have 

[M3-n[M] = |lb. 

Hence the required units of mass, length, and time, are 
I lb., 6 feet, and | sec. 

Also, by Art. 175 (8), we have 

Wl _ 


I X (6)’ X (.})' 


[W'] [W^ = I20 foot-poundals. 


EXAMPLES. . XXX. 

1 . If 39 inches be the unit of length, 3 seconds the unit of time, 
and 1 cwt. tlie imit of mass, find the unit of force. 

2. If die units of mass, length, and time be 10 gin, tO cm, and 
iO seconds respectively, find the units of force and work. 
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. 4 . If the unit of mass be 1 cwt., the unit of force the weight of one- 
ton, and the tmit of length one mile, show that the unit of time is -^/SS 
seconds, 

5. If the unit of velocity be a velocity of 1*609 km per minute, 

■ the unit of acceleration be the acceleration with which this velocity 
would be acquired in 5 minutes, and the imit of feree be equal to the 
weight of 508 kg, find the units of length, time, and mass. 

6. If 50-8 kg be the unit of mass, a niinute the unit of tjme, and the 
, unit of fqrce the weight of ,0-45 kg, find the unit of length. 

7. If the imit of force be equal to the weight of 5 oimces, the unit 
of time be one minute, and a velocity of 60 feet per second be denoted 
by 9, find the units of lengtli and mass. 

8. If 5*025 metres be the uni? of length, a velocity of 91*4 cm per 
second the unit of velocity, and 82800 dynes the unit of force, w*hat is 
the unit of mass ? 

9. Taking as a rough approximation 1 foot=30*5 cm, 1 !b.i=458 
grammes, and the acceleration of a falling body=32 ft/sec. Units, show 
that 

(i) 1 Pou»dai= 13816 Dynes, 

(ii) 1 Foot-Poundal==42I403 Ergs, 

(iii) 1 Erg=7*416x lO”*’ Foot-Pounds, 

(iv) 1 Horse-Power= 7*416 X 10® Ergs per seci 

10. In two difterent systems of units an acceleration is represented 
by the same number, whilst a velocity is represented by numbers in the 
ratio k 3; compai^ tlie units of length and time. 

If further the momentum of a body be represented by numbers in 
the ratio 5:2, compare the units of mass. 

11. If the units of length, velocity, and force be each doubled,® 
show tliat the units of time and mass will be unaltered, and that of energy 
increased in the ratio 1:4. 

12. If the unit of time be one hour, and the units of mass and 
force be the mass of 50*8 kg and the weight of 0*-i54 kg respectively, 
find the units of work and momentum in absolute units. 

13. Find a system of units such that the momentum and kinetic 

emergy of a mass of 4 lb,, moving with a velocity of 5 feet per second, 
may each be numerically equal to unity, and such that the unit offeree 
may be the weight of one pound. . ^ 

14. If the unit of acceleration be that of a body falling freely, the 
uni!, of velocity the velocity acquired by the body in 5 seconds from rest, 
and the unit of momentum that of one pound after falling for 10 seconds, 
find the- units of length, time, and mass. ' 
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15. If- the unit of work be that done in lifting 50*8 kg through 
2-743 metres, the unit of momentum that of a mass of 121-S cm which 
has fallen vertically 0-454 kg under gravity, and the unit of acceleration 
three times that produced by gravity, find the units of length, time, 
and mass. 

16. Find die units of length, time, and mass supposing that when 
a foi'ce equal to the weight of a gramme acts on the mass of 16 grammes 
the acceleration produced is the unit of acceleration, that the work done 
m the first four seconds is the unit of work, and that the force is doing 
work at unit rate when the body is moving at the rate of 9« cm per " 
second. 

17. Tlie velocity of a train running at the rate of 97 km per hour 
is denoted by 8, the resistance the train experiences and which is equal 
to the weight of 735 kg is denoted by 10, and the number of units of 
work done by the engine per mile by 10. Find the units of length, 
time, and mass. 

18. In a certain system of absolute units the acceleration produced 
by gravity in a body falling freely is denoted by 3, the kinetic energy of a 
272-1 kg shot moving with velocity 488 metres per second is denoted 
by 100, and its momentum by 10; find the units of length, time, and 
mass. 

19. If the kinetic energy of a train, whose mass b 100 tons and 
whose velocity is 45 miles per hour, be denoted by 1 1 , whilst the impulse 
of the force required to bring it to rest is denoted by 5, and 40 horse- 
power by 15, find the units of length, time, and mass, and show that 
the acceleration due to gravity is denoted by 2016, assuming its measure 
in foot-second units to be 32. 

20. If the unit of force be the weight of one kilogramme, what must 
be the unit of mass so that the equation P—vif may still be true? 

Veadfication of formulae by means of counting 
tiae dimensions. 

177. Many formulae and results may be tested by 
means of the dimensions of the quantities involved. Sup- 
pose we have an equation between any number of physical 
quantities. Then the sum of the dimensions in each term 
of one side of the equation in length, time, and mass 
respectively must be equal to the corresponding sums on 
the other side of the equation. For suppose that the 
dimensions in length of one side of the equation differed 
from the corresponding dimensions on , the other side of 
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the equation; then, on altering the unit of length, the two 
members of the equation would be altered in different 
ratios and would be no longer equal; this however would 
be clearly absurd ; for two quantities which are equal must 
have the same measures whatever (the same) unit is used. 
For example, if two sums of money are the same, their 
measures must be the same whether we express th^ amounts 
in pounds, shillings, or pence. 

■'Again, suppose an equation gives us as a result that 
3 feet=10 seconds; this wou^d be clearly incorrect. 

So such an equation as 

must be incorrect; for twt) of the terms are of no dimensions 
in mass, and the third term, 5m«2, is of one dimension in 
mass. This latter term is therefore the one that is probably 
incorrect. , 

Consider again the possibility' of the equation 

where the symbols have the meanings we have used 
throughout this’book. ' 

Let us set down the dimensions only; they are, for the 
several terms, 




i m ) ° m 
[7]=’ 


i,e., 

The equation is thus hopelessly incorrect; for the terms 
have neither the same dimensions in mass, nor in length, 
nor in time. 


So again if, in solving a question where we want the 
work done, we get an answer of the form 
,Work=M?o+3Mi!/; 
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this is clearly incorrect, 
of a Work are 


For, by Art. 175, the dimensions 

Also the dimensions of MPv are 

, j-j-p Yry ^ [r]^’ 

which is of wrong dimensions in both mass and time. 
Also, the dimensions of 3Mh/ are »* 

im] i.e.. 

which is of the wrong dimensions in time. 

178. Much information may be often easily obtained 
by considering the dimensions of the quantities involved. 
Thus the time of oscillation of a simple pendulum (which 
consists of a mass m tied by means of a light string of 
lengtii / to a fixed point) may be easily sholvn to vary as 

For, assuming the time of oscillation to be inde- 
pendent of the arc of oscillation, the only quantities "that 
can appear in the answer are tn, /, and g. Let us assume 
the time of oscillation to vary as rtf-Pg'^. 

„ The dimensions of this quantity expressed in the usual 
way are 

WT ^ 

or [M]“ 

Now the answer is necessarily of one dimension in time,, 
and of none in mass, or length. Hence we have 
^a — 0, |8-hy~0, and ---2y==l. 
y=--| and ^=|, 

and the time of oscillation therefore oc 


Vi- 


[Art. '159.] 
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Table of Dimensloias and Values of 
Fundamental Qsiaatities, 


Dimensions in 


Physical Quantity 

Mass 

length Time 

Volume density 

1 

-3 

Surface density 

1 

-2 

X<ine density 

.1 

-1 

Velocity 


1 -1 

Acceleration 


1 -2 

Force 

1 

1 ~2 

Momentum 

1 

1 -1 

Impulse 

1 

1 -1 

Ednetic energy 

1 

2 -2 

Power or Rate of work 1 

2 -3 

Angular velocity 

.9 ^ 

-1 


Values of ‘ 


Tlace 

Ft 1 sec. units 

Cm 1 sec. units 

The equator 

32-091 

978-10 

Latitude 45° 

32-17 

980-61 

Paris 

32-183 

980-94 

London 

32-191 

981-17 

Nortli Pole 

32-252 

983-11 


Length of the seconds pendulum at London 

=39'139 inches=99-413 centimetres. 


1 centimetre 
1 foot , 
i gramme 
1 lb. 

1 dyne 
1 poiindal 
1 fooi-poundal 


= •39370 inches = -032809 feet. 
=30-4797 centimetres. 

= 15-432 grains =-0022046 lb, 
=453-59 grammes. 

=weight of gramme approx. 
= 13825 dynes. » 

=421390 ergs. 
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CHAPTER XIIL 

VECTORS. 


1. Pure numbers and physical quantities which do not*" 
require direction in space for their complete specification 
are called scalar quantities ^ or simply scalars. Examples of 
such quantities are mass, tem|5erature, length and energy. 

A vector quantity or simply a vector, is a quantity which 
needs for its complete specification both magnitude and 
direction. Examples of such quantities are velocity, mo- 
mentum and force. 

A vector may be represented graphically by an arrow 
drawn between two points. The length between these 
points denotes the magnitude of the vector quantity. Vi/e 
shall represent vectors by letters in bold face type and 
scalars in light face italics. « 

Vectors may be localised or free. '’A localised vector is 
one which is confined to a definite line. In some cases it 
is necessary to consider a vector to be localised. For in- 
stance, while calculating the moment of a force, the line 
of action of the force is relevant. A vector is said to be 
free when it is completely specified by its magnitude and 
direction. Thus it can be drawn in any convenient posi- 
tion. 

2. Addition and subtraction of vectors. 

From definition it follows that a vector behaves in the 
same manner as the rectilinear displacement of a point. 
So vector addition is reduced to a composition of linear 
displacements. 
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Let us consider two vectors A and 
B as shown in Fig. 1, The vector 
C is obtained by moving a point 
along A and then along B. It is 
called the sum of the vectors A and 
B and, is written as G-A+B. 

From the nature of definition of vector addition it is 
ev*ident that 

A-1-B=B+A 

and hence we conclude that vector addition is commutative. 

For the addition of seterai vectors A, B and G, we first 
find the sum of A and B and then that of A+B and C. 
The result is easily sedh to be the same as first finding the 
sum of B and G and then that of B-|-G and A. Thus we 
show that vector addition is associative. 

The* difference of t^o vec- 
tors A and B, which is wiitten 
as A-— B, is obtained by 
adding •— B to A as shown 
in Fig. 2. 

Fig. 2 

3. Multiplication of a vector by a scalar. 

Let us consider the product of a vector A by a scalar 
n and which we write as «A. The result of such multipli- 
cation yields a vector whose magnitude is the product of 
the magnitudes of w and A and has the direction of A or 
opposite to it, according as w is positive or negative. 
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4. Unit vectors aad composients^ of a vector^ 

A vector having unit magni- 
tude is called a unit vector. A set 
of important unit vectors is that 
which has the directions of a 
right-handed cartesian co-ordi- 
nate system as shown in Fig. 3. 

The vectors i, J, k are unit 
vectors having the directions of 
Xf y and ^-axis respectively. 

We can use these units vectors to write a vector in terms 
of its components along the axes of co-ordinates. So we 
write 

A=iAx +34y 4- 

where Ax, Ay and Az are the projections ofrA on the axis 
X, y^ z respectively. 'v 

It can be seen from a diagram that the magnitude of the 
vector A is VAx^+Ay^+Az^ '■ 

5. Position vector. 

We choose an arbitrary point 0 as origin. Then tire 
vector directed from O to a point P, determines the position 
vector of P wdth reference to the origin 0. 

6. Section; ratio. 

Let A and B be two given points whose position vectors 
with reference to 0 as origin are a and b respectively. 
Let R be a point on AB^, dividing it in the ratio m : n. The 
position vector of P is denoted by r. 
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Since 


m 


m 

n 


We liave n AR—m RB, (the 
arrow mark indicates vector) 
i.e., n(r~-~a) 

r-"= 1 — 



«N, B. When R is on AB produced, ^is negative. 


7. Scalar product of two vectors. 


The scalar product of two 
vectors a and b is defined as 
ab cos 0^ where a and b are the 
magnitudes of a and h and 
6 is the angle mcluded 
between a and fo . 1 1 is deno ted 
as a . fe. 



Fig. 5 


From the definition it follows that a . b=b , a and thus 
we see that scalar product of two vectors is commutative. 


8. Wector prodnc| of two vectors. 

Tire vector product of two vectors a and fe is defined by a 
vector wdiose magnitude is equal to 
the product of the magnitudes of a 
and fo with sine of the angle between 
them, and is perpendicular to a and b. 

It is denoted as axfe. The direction 
of this veemr is given by the motion 
of a right-handed screw rotating from 
a to fe. Fig. 6 

It easily follows from the definition of axb that 
bXa=— axfe. . r. 

This means that the vector produet of two vectors is 
not commutative. 






MISCELLANEOUS EXAMPLES. 


1. A particle falls freely from the top of a tower, and during the 
last second of its motion it falls |ths of the whole height; what is the 
height of the tower? 

2. A man ascends tlie Eiffel Tov/er to a certain height and drops 
a stone. He then ascends another*'100 feet and drops another stone. 
The latter takes half a second longer than the former to reach the 
ground. Neglecting the resistance of the air, find the elevation of 
the man when he dropped the first stone and the time it took to drop. 

3. A bullet moving with a velocity of 1200 ft per sec. has this 
velocity reduced to one-half after penetrating one inch into a target. 
Assuming the resistance to be uniform, how^-far will it penetrate before 
its velocity is destroyed? 

4. Two scale-pans, each of mass 7 oz. are connected by a jight 
inextensible string which passes over a smooth pulley. If a mass of 
5 oz. be placed in one pan and one of 8 oz. in the other, find the 
pressures of the masses on the scale-pans. 

5. Two equal masses, attached by an inextensible weightless thread 
which passes over a light pulley, hang in equilibrium. Show that the 

tension of the thread is unaltered when -th of its mass is added to one, 

and ; ' -'" th of its mass removed from the other. 

7H-2 

6. A weightless string, of length a, with masses m and 3m attached 
to its ends is placed on a smooth horizontal table perpei'jjlicular to an 
edge with the mass m just over the edge. If the height of the table 
above the inelastic floor be also a, show that the mass 3m will strike the 
floor at a distance a from the mass m. 

7. A particle falling under gravity describes 100 feet in a certain 
second; how longrwill it take to describe the next 100 feet, the resistance 
qf the air being neglected ? 

If owing to resistance it takes -9 sec,, find tlie ratio of the re.sistance 
(assumed to be constant) to the weight of the particle. 
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8 . The bob of a simple pendulum is held so that the string is hori- 
zontal and stretched, and is then let go. Show that during the subse- 
quent motion the tension of the string varies as the vertical distance of 
the bob below its initial position. 

9. A particle hanging vertically from a fixed point by means o :a 
string of length r is projected horizontally with velocity V%n Show 
that the tension of the string when the particle is at the end of a hori- 
zontal diameter is to its tension when the particle is at»the highest 

»pointas4:l. • 

® 10. A locomotive engine draws a load of vi kg up an incline of 
inclination a to tlie horizon, the coefficient of friction being ii. If 
starting from rest and moving t'^ith uniform acceleration, it acquires, 
a velocity in f seconds, show that the average horse-power at which 

the engine has worked is j^^-1- p, cos a+sin aj. 

11. A body is thrown up in a lift with a velocity k relative to the 
lift and the time of flight is found to be t. Shew tliat the Uft is moving 

up with an acceleration®^—-®. 

J2. The smoke from a steamer which is sailing due north extends 
in the direction E.S.E., whilst that from another sailing with the same 
velocity due south extends in the direction N.N.E.; show that the wind 
blows in the direction N.E. with a velocity equal to that of the steamer. 

13. A horse gallops rftund a circus, whose radius is 60 feet, with 
a velocity of 15 miles per hour; show that the least value of the coeffi- 
cient of friction between his hoofs and the ground is about 

14. A slip-carriage was detached from a train and brought to rest 
in n minutes during which time it described a distance of s feet. Assijra- 
ing the retardation to. be uniform, find the velocity with which the 
train was moving when the carriage was slipped. 

15. A ship sailing south-east sees another ship, which is steaming 
at the same rate as itself, and which ahvays appears to be in a direction 
due east and to be always coming nearer. Find the direction of the 
motion of the second v^essel. 

16. A perfectly elastic particle is projected witfi velocity rat an 
elevation 0. A smooth plane passes through the point of projection 
and is inclined at an angle a to the horizon. Show that the particle 
vrill return to the point of projection provided cot a cot (0~a) is an 
integer. 
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17. A particle moves from, rest in a straight line with alternate 
acceleration and retardation of magnitudes f and f' during equal 
intervals of time at the end of 2« such intervals prove that the space 

it has described is [(2n+ 1)/— (2«— 1)/']. 

18. A particle is placed upon a rough horizontal plate (coefEcicut 
of friction /t.) at a distance a from a vertical axis about which the plate 
can rotate jt find the greatest number of revolutions per minute which 
the plate can make without the particle mcfving relatively to tlie plate 

^9. J A cannon ball has a range i? on a horizontal plane. If h 
h' are the greatest heights in the two paths for which this is possible, 
prove that R—4Vhh'. * 

20. Find the greatest angle through which a person can oscillate 

on a swing, the ropes of which can just support twice the person’.? 
weight when at rest, ,, 

21. Two masses, m and ?«', are connected by a string of given 
length passing through a small smooth ring which turns freely about 
a vertical axis. The particle m' is made to rotate witli angular velocity w 
in a horizontal circle, so that the particle m remainsrat rest hanging 

freely from the ring. Show that the distance of m' from the ring is 

22. Two inelastic balls of equal size, but of masses m and m', lie 
in contact on a smooth table. The former receives a»blow in a direction 
through its centre making an angle a with^the line of centres. Show 
that the kinetic energy of tlie balls is 

sin^ a) 

OT(m'+msin"a) 

of what it would have been if the balls had been interchanged and m' 
had received the blow. 

23. A heavy particle projected with velocity u strikes at an angle 
of 45° an inclined plane of angle J3 which passes througlf the point of 
projection. Show that the vertical height of the point struck above the 

. K® 1+cot^ 

point oi proiection is — s-r-s 

^ ^ ^ 2+2 coti9+cot®/J 

24. An elastic' body is projected from a giyen point with a given 
velocity V and after hitting a vertical wall returns to the point from 
which it started. Show that the distance of the point from the ■wall 

e 

must be less than , where e is the coefficient of restitution. 

g’ , ... , - 
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25. Two particles, of masses m and m', are moving ip parallel 
straight iines at a distance a apart with given velocities v and ?/; the 
particles are connected ly a string of such a length that at the instant 
when it becomes taut it is inclined at an angle ct to the two parallel 
straight lines; assuming that v>v', show that the impulsive tension on 

the .string at the instant it tightens is cos cx. 

26. A smooth wedge, of mass M, is placed on a horizontal plane 
and a particle, of mass ni, slides down its slant face whiai is inclined 
at an angle a to the horizon. Show that the acceleration of m relative 

„ , 1 i- • . 

ib the plane lace is -tt'- r-i; — . g sm cc. 

^ M+msm“a 

27. A particle is placed on tHe face of a smooth wedge which can 
slide on a horizontal table ; find how the wedge mvist be moved in order 
that the particle may neither ascend nor descend. Also find the pres- 
sure between the particle and the wedge. 

28. A particle, of mass mj, is fastened to one end of a string, and 
one of mass to the middle point, the other end of the string being 
fastened to a fixed point»on a smooth horizontal table. The particles 
are then projected so that the two portions of the string are always 
in the same straight line and so that the particles descrifc horizontal 
circles; show that the tensions of the two portions of the string are as 

2mi+m^ :2mi. 


39. At one end of a light string posing over a small fixed pulley 
a weJght of 3 lb? is suspsjnded and a light pulley is suspended at the 
other end, Over this pulley another light string passes with weights 
of 2 lb. and. 1 lb. suspended at its ends. The whole system is let go 
from a position of rest; find the pressure on the fixed pulley while the 
system is moving and also the acceleration of the greatest weight. • 

30. In a system of three movable weightless pulleys in which all 
the strings are attached to a beam, the highest string after passing 
over a fixed pulley has a mass of 3 lb. attached to it, and the lowest 
pulley has 41 mass of 28 lb. hung on to it. Show that the largei' mass 

will descend with an acceleration of 


3 1 . Two straight railways converge to a level crossing at an angle a, 
and two trains are moving towards the crossing witli velocities u and e. 
If fl and b are the initial distances of the trains fronl the crossing, show? 
that their least distance apart will be 
{av—bu) sin a 
^Vu^-\-v^~2uv cos a 
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32. If the distance between two moving points at any time be 

if F be their relative velocity, and if a and v be the components of V 
respectively in and perpendicular to the direction of a, show that their 

■ distance when they are nearest to one another is and that the time 
that elapses before they arrive at their nearest distance is 

33. Two particles, ©1 masses M, and M-pot, are connected by a 
light string \nd placed near one another on a smooth table; on the 

■string slides a light smooth pulley, supporting a inass M, which is 
placed just over the edge of the table; find the resulting acceleration gf 
the pulley. 

34. In the system of pulleys where each string is attached to the 
bar which supports the weight, if there be two movable pulleys of 
negligible mass and the power be quadrupled, show that the weight 

will ascend with acceleration 

35. A string, one end of which is fixed, has slung on it a mass of 
3 kg and then passes over a smooth pulley and has a mass of I kg 
attached to its other end; show “that the larger mass descends with 

acceleration f and that the tension of the string is If kg wt. 

36. A cyclist, riding at a speed V, overtakes a pedestrian who can 
move at a speed not greater than v, the two travelling along parallel 
trades at a distance d apart. Show that if the cyclist rings his,, bell 

when at a distance less than- d, he may .safely maintain his" speed 
and keep to his course regardless of the behaviour of the pedestrian. 

37. A boy throws a stone into the air with velocity V at an elevation 

i- • 1 r,.- 2FF' sin (a— a') , , , . 

a; alter an interval of time ^he throws another with 

^[F cos a-f V' cos a ] 

. velocity V' at an elevation a'; show that the second stone will strike the 
first. 

38. A shot, of mass m, penetrates a thickness t of a fixed plate of 
mass Af ; if M be free to move, and the resistance be supposed uniform, 

show that the thickness penetrated is -r- ■ 1. 

M-hm 

39. A string sustains a mass P at one end, then passes over a fixed 
. pulley, then und.'r a movable pulley to which a mass Ji is attached, 

and then over a fixed pulley and is attached to a mass (Tf at its other end. 
Assuming the masses of tlie string and pulleys to be negligible, and that 
the parts of the string not in contact with the pulleys are vertical, find 
the acceleration of P and the tension of the string. 
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40. A wr-dge oi' mass M can slide on a smooth horizontal plane, 
and the wedge has a face isiclined at an angle a to the horizontal. 
Initially the wedge is at rest and a particle of mass m is prcjected dhectly 
up the inclined face. If the particle rises to a height h a^ve the point 
of projection, show that the velocity of projection is 
r„, M+m U 
i If+m sin^a/ * 

_ 4L A particle is at rest on a rough plane (coefficient of friction it) 
Jnclined to the horizon at an angle a. The plane is moved horizontally 
'with a constant acceleration/ in a direction away from the particle; 
pi’ove that the particle will remain at rest relative to the plane if 

cos tt—g sin « 

cos a+ |t sin a * 

42. _ A regular hexagon stands with one side on the ground and 
a particle is projected so as just to graze its four upper vertices. Show 
that the velocity of the particle on reaching the ground is to its least 
velocity as Vs 1 to Vs. .» 

43. In order to raise a weight which is half as much again as his 
own a man fastens a rope to it and passes the rope over a smooth pulley ; 

he then climbs up the rope with an acceleration relative to the rope of^. 

Sh^w that tile weight rises with acceleration and find the tension of 
tlie rope. 

44. A wedge of mass M and angle a can move freely on a smooth 
horizontal plane; ’a smooth sphere of mass m strikes it in a direction 
perpendicular to its inclir?ed face and rebounds. Show that the ratio 
of the velocities of the sphere just before and just after the impact is 

Af+m sin®a tcikf— m sin^a, 
where e is the coefficient of restitution. 

45. Over a smooth light pulley is passed a string supporting at 
one end a weight of mass 4 kg and at the other a pulley of mass 1 kg. 
A string with masses 2 kg and 3 kg attached to its ends passes over’ 

9ff 

the second failley; show' that the acceleration of the 4 kg mass is 

46. A string, of natural length a, is stretched on a smooth table 
between tw'o fixed points at a distance na apart and a particle ol' mass 
m is attached to the middle point of the string; the particle is tlien 
displaced towards one of tlie fixed points through ^ distance not ex- 
ceeding a and then liberated; show that it will perform oscilla- 
tions in a period which is independent of n and of the distance through 
which it is displaced... 
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47. If. the unit of kinetic energy be that of 5 lb. which has fallen 
50 feet from rest, the unit of momentum the momentum thus generated, 
and the unit of length the distance through which the particle has fallen, 
find the unit of time. 

48. A particle P moves in a circle, of which OA is a diameter, and 
OT is drawn perpendicular to the tangent at P. Show that the velo- 
city of T relative to P is equal to the velocity of P. 

49. Two men, of masses M and Af+m, start simultaneously from 
the ground "a-nd climb with uniform vertical accelerations up the free 
ends of a weightless inextensible rope which passes over a smooth pulley 
at a height h from the ground. If the lighter of the two men reaches 
the pulley in t sec., show that the heavier cannot get nearer to it tha^i 

50. A train, of mass M, is travelling with uniform velocity on a 
level line; the last carriage, whose mass is m, becomes uncoupled and 
die driver discovers it after travelling a distance I and shuts off steam. 
Show that when both parts come to rest the distance between them is 

M . . 

I, if the resistance to motion be uniform and proportional to the 
weight, and the pull of the engine be constant. 

51. A small smooth pulley of mass M is lying on a smooth table; 
a light string passes round the pulley and has masses m and m' attaclfed 
to its ends, the two portions of the string being perpendicular to the 
edge of the table and passing over it so that the masses hang vertically; 
show that the acceleration of the pulley is 

4»inz' o 

M 

52. Show that, if the effect of a horizontal wind on a projectile 
be an accleration / in the direction of the wind and the effect of the 
resistance of the air be neglected, the latus-rectum of the path of a 
particle projected with velocity v at an angle a to the horizon in the 
same vertical plane as the direction of the wind'is 

2v^{g cos a+f sin a)^ 

(7h?)? ■ 

53. A particle lies on a smooth horizontal table at the foot of a 
smooth wedge of angle a and height h, and the wedge is made to move 
along the table with constant acceleration f. If / > g tan a, prove 
that the particle will ascend the plane. Show also that if the wedge 
moves in this w'ay for time t, and then moves with constant velocity 
equal to that gained, the particle will just reach the top if 

sec a 

/(/cos a— g sin a)' ^ 
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54. Weights of 10 lb. and 2 lb, hanging by vertical strings balance 
on a wheel and axle. If a mass of 1 lb. be added to the smaller weight, 
find the acceleration with which it will begin to descend, and the 
tension of each rope, neglecting the mass of the wheel and axle. 


55. In die differential wheei-and-axle c is the radius of the wheel, 
and a and b the radii of the two parts of the axle. A weight P attached 
to the wheel-rope just keeps the system in equilibrium; if P be doubled, 
prove that it descends with acceleration 

* - 2c 

^ ^ a—b+4c^ 

the mass of the wheel and axle being neglected. 

56. A perfectly elastic particl§ is projected with a velocity y in a 
vertical plane through a_ line of greatest slope of an inclined plane of 
elevation a; if after striking the plane it rebounds vertically, show 
that it will return to the point of projection at the end of time 

,, 6y 

^[l-h8sin2a]^’ 


57. Two pulleys, each of mass m, are connected by a string hanging 
over a smooth fixed pulley ; a string with masses 2m and Sm at its ends 
is hung over one pulley, and one with masses m and 4?n over the other. 
If the system is free to move, show that the acceleration of either pulley 


58. A rough vertical circle, carrying a bead, turns in its own plane 
about its centre with uniform angular velocity greater than 

Vfl.H-il'. 


where fl is the radius and /t is the coefficient of friction. Show that the 
bead will never slip. 


59. A pjirticle is projected along the inside of a vertical hoop from 
its lowest point with such a velocity that it leaves the hoop and returns 
to the point of projection again. Find the velocity of projection and 
determine where the particle leaves the hoop. 


60. A particle which hangs from a fixed point by a string of length <i 
is projected horizontally from the position of equilibrium, with a velo- 
city due to a height a+b. U2b<3a, show that the string will be loose 
for a time t given by the equation 

27gaV=32bi9a^-U^). 
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61. A heavy particle is attached to one end of an elastic string, 
the other-end of which is fixed. The modulus of elasticity of the string 
is equal to the weight of the particle. The string is drawn vertically 
down dlJ it is four times its natural length, and then is let go. Show 
that the particle will return to this point in time 

,y?[2V3+t|. 

where a is the unstretched length of the string, 

62. Two*, men, .d and B, each of mass m, sit in loops at the ends 
of a light flexible rope passing over a smoGth pulley, yl being h feet ' 

higher than B. In B’s hands is placed a ball, of mass tvhich he in?- 

s tantly throws up to A, so that it just reaches him. Prove that by the 
time A has caught the ball he has mdv^ed up through the distance h, 
and that he wdi cease ascending when he has ascended a total keight 
of 5'oT 

63. A smooth ring, of mass M, is threaded on a string whose ends 
are tlien placed over two smooth fixed pQlleys witli masses m and m' 
tied on to them respectively, the various portions of the string being 
vertical. The system being free to move, show that the ring will remain 
at rest if 

M m m' ‘ .sj 


64. A particl r, of mass m, is placed on the face of a smooth wedge, 
of mass Af, which moves along a smooth horizontal table being pulled, 
horizontally by a string which, after passing over a smooth pujley 
carries a mass M' hanging vertically, the motions being all in a wn tical 
plane passing through a line of greatest sloped Show that the accelera- 
tion of m relative to the wedge is 

sin cos a 

^ sin® a 

where o is the inclination of the face. Find also the pressure of m on 
the wedge. 

65. A smooth wedge is free to move on a horizontal plane in the 
direction of the projection of the lines of greatest slope and is held 
whilst a particle is projected up its face in a direction inenned to the 
lines of greatest slope, and is then immediately released. Show that 
the track of the particle on the plane is a parabola. 

66. A perfectly elastic ball is thrown from the foot of a plane inclined 
at an angle a to the horizon. If after striking the plane at a distance I 
from the point of projection it rebounds and retraces its former path, 
show that the velocity of projection is 


n/ 


g/(l+3 sin® 
2 sin a 
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67. A heavy mass Af, which can slide along a straight horizontal 
bar is attached to a fixed point at a distance c from the bar by a spiral 
spring of natural length a less than c such that a mass m hung ou to 
it will stretch it by a length e; show that the time of a small oscillation 
of M along the bar, when it is slightly disturbed, will be 

\mg {£-a)j 

68. A railway carriage is travelling on a curve of radius r with 
velocity v; if h be die height of the centre of inertia of die carriage 
’above the rails (which are*at the same horizontal level) and 2a be the 

distance between them, show that the carriage will upset if 




gra 
h ' 


69. A wedge ol' mass M rests*widi a rough face in contact with a 
horizontal table and with another face which is smooth inclined at an 
angle a to the table. The angle of friction between the wedge and the 
table is f . A particle of mass m slides down the smooth face. Find 
the condition that the wedgS may move; and prove that, if it moves 
its acceleration is 

m cos a sin (a— f ) —M sin e 
M cos e+m sin a sin (o— e) 

70. A windiaw is supported by two cords passing over pulleys in 
th<^ frame-work of the window (which it loosely fits), the other ends of 
the cords being attached to weights each equal to half the weight of 
the window'. One cord breaks and the window descends with accelera- 

tionV*. Show that/=^ ^ coellicieiit of friction, and 

ii is the height and b the lifreadth of the window. 

71. A weight of 300 lb. is lifted by a vertical force which varies 
continually as the weight is raised according to the following table ; 

Height in feet above the ground; 0, 1, 2, 3, 4, 5, 6,' 

Lifting force in lb. wt, : 4.50, 320, 270, 410, 480, 610, 900. 

Find at the time when it is 5*5 feet frorh the ground (i) the potential 
energy stored in the mass, (ii) the kinetic energy of the mass, (iii) the 
work done by tlie force. 

72. A mass of 10 lb. is attached to the ground by a spring which 
requires a pull of 10 lb. weight to stretch it one inch. The mass is 
lifted by a force which continually varies with the height as in the 
following table: 

.V in inches: 0, 1, 2, 3, 4, ^ 5, 6, 

Force in lb. wt.: 22, 36-2 , 44*5, 49, 52, ^51*8, 48. 

Estimate the kinetic and potential energies of the mass when it 
has been lifted 2 inche.s and 4 inches respectively and estimate the 
velocity when it has been lifted 6 inches. 






IJill? 
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73. An engine pumps water through a hose, and the water leaves 
the hose With a velocity v\ show that the rate at which the engine is 
working varies as a®. 

74. The weight supported by the driving wheels of a locomotive 
engine is 24 tons and the coefficient of friction between the wheels and 
die rails is if the engine be of 700 H.P., show that the maximum velo- 
city ■which the train can have, so that the wheels do not slip, is about .30 
miles per hour. 

75. A railway train, of mass M, goes fpom rest at one station to- 
rest at a second station, a distance I, in t seconds; the friction of the 
rails, etc. causes a resistance of R lb, wt, and for a portion of the 
distance the engine exerts a constant pull equal to P Ib. wt. Show that 

Rgf^-IMV 

and that P acts for a time 

Rgt' 

76. A cyclist and his machine together are of mass M lb.; if he 
rides, without pedalling, down an incline of 1 in m with a uniform speed 
of V ft per sec., show that to go up an incline of 1 in « at the same rate 
he must work at a rate equal to 



77. A cyclist rides at the rate of 12 miles per hour on the level 
and 5 miles per hour Tip an incline of 1 in ^0. The resistance to his 
motion other than that due to the incline being supposed constant, find 
this resistance, and also his greatest velocity down an incline of 1 in 
|00, if the weight of the rider and his machine be 180 lb., and if he 
always works at a constant H.P. 


78. Find the velocity acquired by a block of wood, of mass M lb, 
which is free to recoil when it is struck by a bullet of mass m lb. moving 
with velocity d in a direction passing through its centre of gravity. 

If the bullet be embedded a feet, show that the resistance of the wood 
to the bullet supposed uniform is 


Mm 

M+m2ga 


lb. wt., 


and that tlie time of penetration is — sec. during which time the block 


will move a feet. 

M-\-m 


ANSWERS TO THE EXAMPLES. 

L (Pages 13—16.) 

* 4, 100 metres. ' 5. 120"*. 

, 7 . At an angle cos“^- (— |), i.e., 126° 52' with the 
current; perpendicular to the current so that his resultant 
direction makes an angle tan'll-!, i.e., 59° 2', with the current. 

S. 4^3 kni per hour; 12 km per hour. 

9. At an angle of 150° witli AB produced; it will 
strike X at right angles ut the end of fifteen minutes. 

W. At an angle of cos-i (— f) with the direction of the 
car’s motion. 

11. (,=5-38 . . . .) at an angle of elevation of tan“t| 
( ==21° 48') with a horizontal line which is inclined at tan~i | 
(=53° 8') north of east. 

12. (V3-~l)?^; (V6~V2)|. 13. 60°. 

14. 14 at an angle cos~i 47') with the greatest 

velocity. 

IL (Pages 21— 23.) , 

1. metres per sec. at an angle tan"^(~y^) with 
the direction of the train’s motion. 

2 . 20dcm per hour at an angle tan-’ | ( = 36° 52') 
west of north. 

3. 15 km per hour north-east. 

4. 10 km per hour towards the south-east. 

5. 39 km. per hour in a direction cos~i-A (=67° 23') 
north of east. 

6. 52-4 km per hour. 

7 . 2'</2 km per hour at 45° to the vertical. 
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8, 7 .V 5 — 2 \/2 ( — 1 0-3 1 ) km per hour. Draw OA. ( = 1 4) 
towards the east and OB ( = 7) towards the south-east and 
complete the parallelogram OABC. Then OC i.s the re- 
quired direction. 

1®. 5-455 sec. 13. 24 minutes ; 6 km. 

14. 2jV ft per sec. at tan"t f (~36° 52') with BA; 3 feet 
at the end of 1|| seconds. 

16. 4y'2 km per hour towards the south'Cast. ■ 

17. Towards the east. 18. 3y and y. ® 

III. (Pages' 25 — 27.) 

- 207r ,. 

1 . radians per sec. 

2. Stt radians per sec. ; 1 2f metres per sec. 

3. cm per sec, ; radians^per sec. 

4. 1 : 20 : 360, 5. 2| mile.s per hour. ^ 

6 . V. 8 . 

D u 

10. OOv^S ( = 103*9) km per hour at^d: 30°\o the hofizon. 

11. radians per sec. ; 36 km per hour. 

^ 12. -V- radians per sec . ; 36 km per hour. 

13. 32 km per hour; 16 km per hour at 4:60'" to 
the horizon; IGVS km per hour at 4:30® to the horizon, 

IV. (Pages 28-29.) 

2. 5 km per hour in a direction tan~t | north 
of west. 

3. 5 metres per see. at 120° with its original velocity. 

4. 20v'^t^ (:^-d5*31) metres per sec. towards 

N.N.W. 

5. 4 metres per sec. at 120° with its qriginal direction. 


ANSWERS 


¥, 


(Pages -12 — 45,) 


1 . 

(1) 17 cm per sec. ; 474 cm. 

(2)0 

; 24-1 

cm. 


(3) -l-f; IJ^-sec. (4) 3 

ft per sec. ; £ 

) sec. 

2 , 

40 cm per sec. ; 400 cm. 

3, 10 

min. 


4 . 

20 cm-sec. units. 

5. 10 

sec. ; 

150 cm. 

. 6 . 

In 50 sec.; 25 metres. 

7. 540 cm- 

•sec. units. 

8 . 

300 cm per sec^. ; -—6 cm-sec 

. unit. 


<* ■ 

9 . 

570 cm per sec. ; 90 cm-sec. 

units; 

1805 

cm. 

10 . 

5 sec,; 3-75 metres. 11. 

16 cm-i 

see, units; 30 cm 


per sec, 

12. 900 cm per sec.; — 6t) cm-sec. units. 

13. 10 metres. 

and sec, respectively. 


14. ■ 


3’ 3 ’ 3 

15. In 2 secs, at 480 cm from 0. 16. Yes. 

17. Its displacement is V6l-\-^2\/2 ( = 10*97) cm at i 

angle tan—^ (=48° 42') north of east. 

18. 10 sec. or 30 sec. 20. 36| miles per hour. 

21. 323.5 feet; in the 4th sec.; 24 ft-sec. units. 

22’. 372-5 fdct; | ft-sec. units. 




-52.) 


VI. (Pages 50- 

1. 872 cm; f sec. and 2 sec. 

2. (i)^ In I sec.; (ii) in 1|- sec, 

3. In 2 and 6 sec.; 5886 cm. 

4 . (1) 49050 cm; (2) -g— sec.; (3) 1962 cm per sec. 


upwards. 

5. 13243-5 cm. 6. 44 sec. 

8. 545 cm pe,r sec.; -f sec. 9. 10-2 sec.' 


» 25/3 

7. ^ sec. 


10 V 3 
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1§, 218 metres; 6f secs. 11. 980 cm-sec. units, 

12. 20723| cm; 6-| sec. 13. 3065f cm. 

14 . 122621- cm. 15. 4410| cm. 

16 , 7848 cm per sec.; 31392 cm. 

17 . £=5; 1962 cm per sec. 18. 784 ft. 

19. 1 120 ft per sec. 20. 150 metre.s. 

¥n. (Pages 53— -54.) 

1. 8829 cm; 6 sec. 2. 654 cm per sec. ; 3| sec. 
3. 30°. 4! 1:4. 

5. (1) -89|- ft; -60-^ ft per sec. 

(2) 217-1 ft;'92| ft per sec. , 

6.30°. 7. cos-ij, i.e., 75° 3!'. 


Vm. (Pages 58— 61.) 

1. 39240 cm. 2. 1 sec.; l|sec. ^ 

3. 3924 cm per sec. ; 1962 cm per sec. 

4. The first will have fallen through one-quarter of the 

height of the tower. ^ « 

3/i 


5. 


8 ‘ 


6. V ghf and 0, where h is the height of tlie plane. 

7. At tiic end of time - the starting of 

1 ' 

the first particle and at a height of — {u^ — ^gH'^). 

8. 15 sec. 9. 2943 cm. 10, 6008| cm; 3433-5 cm 
per sec. 

11. The parts ai'e 981, 2943, and 4905 cm; 3 sec. 

19. cosec a sec. 20. y .a(3-^)- 


ANSWERS V 

24» i4f cm-sec. units; 29^ cm-sec. units; 63 Ian 360 

metres per hour. 

25. 95 km 40 metres per hour; 44 sec.; 580 metres 80 
cm. ; 8 sec. 

2$. i| m-sec. units; 40 m per sec. 

29. 0‘0745 m~sec. units; 0-311 m-sec. units; 2 hr. 
min. ^ : 

IX* (Pages 70--73.) 

(i) i (2)|r (3) ^ ft-sec. units. 

3*vl05 

5. 27x10® dynes; (2) gm wt. 

6. 1200 gm wt. « 7. 15| lb. wt, 

8, 1471|- cm-sec. units; 22072|- cm. 

9. 14 : 981 ; 140 (jm per sec. 

10. 4 sec.; 1308 cm per sec. 11. 2 min. 12 sec. 

.^12. 20 sec. 14. 529 m 74 cm. 

15. 363i cm per sec.; 181f cm.; 21800 cm. 

1 6. 49-05 kilogrammes. 17. 81f kg. 

18* 5-4 kg. • , 19. 3-5 kg wt.; 107-5 kg wt. 

20. They are equal. 21. 55 kg wt. 

24. 4000 cm per sec. 

X. (Pages 85— -86.) 


L |;7ikgwt. 

2. (1) 122f cm-,sec. units; (2) 7|- kg wt. ; (3) 613^ cm 
per , sec. ; (4) 1532-J-| cm. 

3 . (1) 327 cm per sec.; (2) 654 cm per sec.; (3) 19620 
cm and -T 5696 cm respectively. 

4 . 4'4l,. .metres; 495 grammes’ mU. 6, By 2 kg wt. 



9. 4904 cm. 


8 . 
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10, '(1) (2) sec.; (3) — cm per sec. 

11 , 2 sec. 

12. (1) cm-sec. units; (2) 2|| kg wt.; (3) i83f| cm 
per sec. ; (4) 275|| cm. 

13. g-, i(V2+l) sec. 14. 1226i cm. 

15. 24 lb. iO oz. 16. 312| gm. 17, In ratio 19 : 13, 
18, 21 and Sikgwt.; |. 19. 9-05 metres. 


1 . 

3. 

5, 

6 , 

8 . 


9. 

* 10 . 
11 . 

13. 

14. 
16. 
18. 


1 . 

3. 


XL (Pages 90— 92.) 

iiS) *3- 2. 40-6 ft pjpr sec.; 96 feet. 

, . V2 981 V2 

• 1 . 4. sec. ; — ^ — cm per sec. 

, 98U/5 

I i/5 .sec.; — cm per sec. 

20V3 g cm per sec.; 20a/15 g cm per sec. 

The larger mass descends with acceleration 
2V3-3 


The particles do not move. 

55504*5 cm approx. 

605 : 18, 12, (i) 5 min. 8 sec.; (ii) 6776 feet. 

1 rnin. 42-| sec. ; 2258f feet. 

5*825 metric tonnes. 15. 1 mile 1408 yds. 

1120 metres. 17. 125*4 metres, 

5*34 metric tonnes wt.; 1 in 77 about; 1 in 50. 

_ XII. (Pages 97—101.) 

Zero, 2. (i) 10 kg wt.; (ii) kg wt, 

66f kg wt. ; 33|- kg wt. 4, f . 

^ O 


AMWERS 


6. 297 grammes' wt.; 270 and 264 grammes’ 


; 2-| oz. wt. ; 3 oz. wt. 


•938 ton’s wt. 9. 44-2 kg wt. nearly. 

7521 lb. wt. nearly. IS. 10 hang vertically. 

3:5. 16# 26| metres. 18. 7 metric tonnes. 

2 :1. 22. l-9...sec. 23. .15^. 

W-{-AP 


m goes up with acc. || ; M goes clown with acc. 


, , 4mm . . tn—m 

— . acc. IS ; ; 

?n--m m+m 


ft-sec. units. 28, 

97-5 metres; 45-1 km per hour. 


XIII. (Page 185—106.) 

, metres per sec. 4. 120 cm per sec. 

600 cm per sec. 6. 6*8. ..ft. 

. 9|^| tons’ wt, 8. 436*2 metres per sec. nearly. 


XIV. (Page 109—110.) 

, 160. 2. 213^. 3. 119*46. 

, 14*685 lb. w£. 5. 21-|. 6. 68^^^. 

7,3^2,000 ft lb. ; 7*46 h.p. 8. 152 ft ib. 

209*2 . . .tons’ wt. 


XV. (Pages 116.) 

1. (i) 24059025 X 1 0^ units, (ii) J X 24039025 X 1 0^ 
units, (iii) 0, units of kinetic energy. 

2. 15625. 3. 125x109. 
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4, 625x1010; 3125x108. 5. 437'5 metre kg. 

6. i : 2; 15 : 1 ; 4140000 and 8280000 dynes; 182-9 and 
6-1 metres. 

XVI. (Pages 119—121.) 

3. 1344 X 10’ units of impulse; 120 cm. 

4. 21-8 cm; xW 1<>(==-226. ..) sec.; |. 

5. 7*997 cm per sec.; 40775 grammes! wt. nearly. 

6. 5.28 metric tonnes wt. 

7. The masses move with velocity of 735| cm per sec, 

8. 327 cm per sec.; 327 V2 cm per sec. 

11. -5 where u is the common velocity. 


12. 13. 7 ft; 261 sec. 

M-\-m m’ ^ 

14, The velocities become ultimately equaj. 

16. 0-172 : 1 approx. 17. 20^/2 ft per sec.; 560, (X)0 
ft lb. per sec.; 77500 m-kg. 

18. llf^ tons’ wt; 28, 233, 333J ft-lb. 

19. 1 1 -64 metric tonnes. 21. 3520 ft-lb. 


22 . 10 ^ 4 - 


23. 


88i2n 


24. 3 lb. wt.; 24| lb. wt. 

26. 33-lr units; 1^^^ lb. wt. ; ^-|g- H.p. 

27. 69-12 lb. wt. 


XVn. (Pages 132— 133.) 

1. (1) 490-S. cm.| 2 sec,; 1962 VS cm. (2) 2299/^ cm.; 
4.33 sec; 

5-795 sec. ; 4414-J cm; (4) 6897|| cm; 7i- sec. ; 

36787-1 cm. 


ANSWERS k 

2, (i) 981 cm; (2) 8829 cm; (3) 24525 cm. 

3, 2609*58. . .metres; 652-39- . .metres. 

4, 4-04 sec.; 20 metres. 

2452 1 cm per sec. 7. 2k; 

8 . 80*5 km per hour at tan“i ( =28“ 36') to the hori- 

zon. 

^ 981 VT? • 

9 . (1) — cm per sec. at tan" 1 4(=75° 58') with 

the horizon. 

(2) - — ^ cm per* sec. at tan"^- 6 (=80“ 32') 

with the hoiizon. 

m 52974 Vs cm. * 11. 13 sec.; 102024 cm. 

13. 1 962 V2 cm pq?: sec. at 45° to the horizon. 

14. 80V110 (=839*04) ft per sec.; 48V110 (=503*4) 
ft per sec. 

is. 1 : V3; 1 : 1* 17. (1) 4.5°; (2) 30°. 

is. 15° or 7.5°. 

XVHI. (Page 138.) 

1. 2 km 299 m 21|- cm; 21*7 sec. 

2. At a distance (VS- 1); —. 

3. 2G16(W-i) cm;|-(3V2 — V^)3i*6'V‘2sec. nearly; * 
2616 cm.» 

4 . (1) 4905 metres; (2) 34*335 km. 

5. 11716 ft and 27 sec. nearly; 10718 ft and 25*9 sec. 

nearly; 19048 ft. and 34*4 sec. neai'ly; ft and 

nearly 30 sec. . 

6 . 4905(2-- V^ metres; 4905 (2+ V2} metres. 

8, 84*95 metres; 441*4 metres. 
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XIX. (Pages 143-- 146.) 

1. A circle of about 147-15 km radius. 

2. About tan'^Y^-j (i.e., 5° 43') to the horizon. 


3. 99-1 cm: 2-8 m. 


4. 2310 cm. 


5. In 'gijth sec. at a point whose horizontal and vei'tical 
distances 4rom the first gun are 47-63. ..and 27-46 ft. 


8. 30°. 


‘-v'f 


15. The rifle must be pointed at the balloon ; the bullet 
will strike the body when it has fallen 16 ft. 

18. 1-022 kg. 19. 5-6 ft; 29-32 ft. 

28. 83 m; 98-75 m; 68-6 m. 

21. “ (sin aihcos a) sec., where u is the velocity, and a 
the angle, of projection. 

23. 1962 cm per sec. . 

XX. (Page 153.) 

1. 243 cm. 

' 6. 2\/l3 (-7-2) metres per sec. attan-i ( — 16° 6') 


with the plane. 




8. (1) 4-\/43(— 26-2) ft per sec. at tan"i — ~(-— 52°25') 
with the plane; 

(2) 20^/2 (=28’ 3) ft per sec. at tan~^ f(=36° 52') 
with the plane; 

(3) 4\/57 (—30*2) ft per sec. at tan~i ^^(=23°25') 
with the plane. 


answers 

XXL (Pages 159—161.) 

1 . and 4-| metres per sec. 2. 3f and metres 
per sec. 

3. The first remains at rest; tlie second turns back 
with a velocity of 6 metres per sec. 8. I* 

9. (1) The masses are as 3 : 1; (2) the velocities are 
as- 1:2. 

11, 5'66. . . .and 2-5 sec. 

"*17. 5V5w(-?ix 1M80...) at tan-iK=26“ 34'), and 
V^u{ = M X 14-3 1 8 . ?.) at tan-i 2° 6') with 

the line of centres. 

XXn. (-Pages 167—169.) 

3. 1839f cm; 3-464 secs. 4. 8 sec.; 7848\/3 cm. 

6. At a distance /*from the foot of the tower. 

9. At a iJoint distant of the circumference from 
theistarting point. 

46. 4el sin^ a cos a. 17. 2 V3 we (1 -f^) ft. 

I#. Draw BM perpendicular to the vertical plane, and 
produce to C so th.s.uBN=s . CM’, the required direction 
is then .dC. 

XXin, (Page 177.) 

1, 1080 gmwt.. 2. 38-18. 3. 95-45. 

5. 981 cm per sec, 6. About 13-4. 

7. 1-0245 metric tonnes wt. 8. 2-46 metric tonnes wt. 

XXIV. (Pages 183—186.), 

1, 4 kg wt; 327^ cm per sec. • 

4, 12 ft per sec. ll’9*^tn. 

7. 7-4 cm. ^ 8* 15-03 cm. 




xii DTMAMICS 


10. *60 about 108. 

13, 371 : 369 : 370. 

16. m{g—47r^n^h) ; ^ 

18. V 2gc. 

19. mv^ : 

2® ’ V / 

^ 27rV ni'ic-a)- 


21. It must be reduced to one 'quarter of its original 

value, , 

22. 1 : V2; 5V2 V'2-2 gfec. 23. a/ 

2 Y m a 

25. (1) *56 metric tonne’s wt. on the inner rail approx. ; 
(2) -78 metric tonne’s wt. on theiouter rail approx. 

XXV. (Pages 195—198.) 

1. (1) 62 1 '2 cm per sec.; 1072 X 10^ dynes wt. ; 

(2) 457-5 cm per sec.; 33625 x 10^ dynes wt. 

2. 6*64 m per sec.; 15 kg wt. 

3. 420-2 cm per sec. ; 3 mg. 

9Gl\/2 

4. (1) 490^- cm per sec.; (2) — — cm per sec.; 

327 Vs ... 

(3) — 2 — cm per sec.; (4) 245f cm per sec. 

5. 6 times the wt. of the particle; 12-192 m per sec. 

6. 448 ft per sec. ; wt. of 9 cwt, ; wt, of 4|„cwt. 

9. If of the radius of the circle. 

10. — and where d is the diameter of the circle, 

ol ol 

11. e—-}. 13. 7V3?n lb. wt. ; 5'\/377z lb. wt, 

14. |V^fl(28— 2 V2). 18. 12 ft per sec. ; 9 in. 

20. 80 cm nearly. 


AMSWEm 


xni 


XXVL (Pages 210—212.) 

1. (1) |7r\/2sec. ; (2) ^ sec.; (3) 1 sec. 

2. 60-\/2, 45, and SOtt cm per sec. 

3. (1) SOtt, (2) 96077 and (3) 60 cm per sec. 

^4. sVlO cm per s^. 5. tt sec.; 600 cm s%c. units. 

7. 25 centimetres nearly. 8. 101-6 mm; Ml sec. 

9. - ^72 sec. =-56 sec. 

o • 

10. TT /y/ where a is the unstretched length of the 

string, A its modulus of elasticity, and m the mass of the 
, particle. 

•XXVII. (Page 217—218.) 

I. 620-9 cm. 3. 982-62. 

(1) 9-78 in.; (2) 2-445 in.; (3) 156-48 in. 
i.330. • 7. .^2-16.. 8. 77756 nearly. 

XXVIII. (Pages222— 224.) , 

1. 32-185. 2.1-00046:1. 3. About 215. 

4. It must be .shortened by -008 inch. 

5. It njust be lengthened by -0045 inch. 

6.432. 7.55. 8.981. 

► 9. It loses about 10 sec. 10. 1630 yar^; 5 sec 

11. 1-0005 : 1; 1-852 miles. 

12. 10-8 sec.; about 0-254 mm. * 

20. TT sec.; 76-2 mm per sec. 

64 . 



xiv DYNAMICS 

XXIX. (Page 231.) 

1. I cm per sec.; cm sec. units. 

2. 250 metres per sec,; 6250 cm'sec, units. 

3. 880 yards; ft-sec. units. 

5. 57} feet. 6. 80'5 metres, 

a (1) 8, (2) (3) 384000. . 9. 3511303. 

10. 126if 11. 11 sec. 

XXX. (Pagis 236—238.) 

1 . 40| poundals. 2 . 1 dyne; 10 cm-dynes. 

3. } sec. 5. 8050 m; 300 sec. ; 55-4 metric tonnes. 

6. 314 metres. 7. 400 ft; 90 lb. 

8. 4-99 kg. 10 . 1 : 9; 1 : 3; 2 : 15. 

12 . f X 1 204 ; 1 1 5200. 13 . 1 ft ; | sec^ ; 8 lb. 

14. 800 ft; 5 sec.; 21b. ' 

15. 12900 m; 21 sec.; 3-6 grammes. 

16. 18*21 .. .metres; 5-45 sec.; 4-30... grammes. ' 

17. 1*609 km; 8 minutes; 101*3 metric tonnes. 

18. 183 m; 7| sec.; 545 kg. 

19. 2||} miles; 15| minutes; 88 tons. 20. g kg. 



AMSWERS 

MISCELLANEOUS EXAMPLES. 
[Pages 24S — 256.] 

2. 576 feet; 6 sec. 


1- 4414-5 cm. 

3. 1^- in. 

^7. -77. . .sec.; 217 : 162. 
15. South-west. 


4. 7'| 02 . wt. ; 5|- 02 . wt. 

3W’ • 




2®. 60° on each side of th^ vertical. 

27. With an acceleration g tan a. toward the side on 
which the particle is ; sec^ a times the weight of the particle. 


29, 5f} lb. wt.; 


33 2M+» > 

6M+3tte’ 


0. -yi- times the weight of the man. 


p 0. A' 


47. ,1 \/2 sec.. 


54. 2x\ lb. wt.; 10|f lb. wt. 

at a point where the radius makes an 


59 . ^ 


13. 


angle of 30” with the horizon. 

M-\-M' —M' tan a 


64. ???? cos a- 


M “I- M' -f m sin^ a ' 


..... r • • 1 COS a sm a 

6§. .1 he coeihcient of friction must be < -tt-t s— . 

€05“ a 

71. 1650 ft-lb.; 737-5 ft-ib.; 2387-5 ft-lb. . 

72, 2-45. . . and 3i ft-lb.; 3-89.. . and 10 ft-lb.; 3-9 ft 

per sec... \ 

77. 3y\ lb. wt; 27-.j^ miles per hour. 


E. D.— 11 
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